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Abstract: In this paper we establish optimality conditions for a composite vector optimization problem over cones where the objective

function and constraint function both are composition of two vector functions. We have introduced an auxiliary problem and use the
notion of cone-increasing functions to derive a Fritz John type necessary condition for a weak minimum of the composite problem. Under

a Slater-type constraint qualification we strengthen this to develop Karush Kuhn Tucker type necessary condition.
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1. Introduction

Composite Vector Optimization problem over Cones are
those vector optimization problems where the objective
functions and/or constraint functions are taken as composition
of functions. Many optimization problems arising from
various directions can be formulated as optimization of some
compositions of functions, such as, minimax problem,
penalty method for constrained optimization problem, etc.

In 1991 Jeyakumar [3] initiated the study of composite
optimization problems. He took up a nonsmooth optimization
problem where the objective function and the constraint
functions are compositions of locally Lipschitz and G ateaux
differentiable functions and presented necessary and
sufficient optimality conditions. Jeyakumar and Yang [4]
considered multi-objective optimization problems where the
objective and the constraints are compositions of convex and
locally Lipschitz functions and G"ateaux differentiable
functions and established optimality and duality results.
Jeyakumar and Yang [5] presented second-order optimality
conditions for convex composite minimization problems in
which the objective function is a composition of a lower
semicontinuous convex function and a C1,1 function. Yang
and Jeyakumar [9] established first-order optimality
conditions for a weakly efficient solution of a convex
composite multi- objective optimization problem subject to a
closed convex constraint set via scalarization and then
extended these conditions to derive second-order optimality
conditions. Reddy and Mukherjee [6] proved generalized
Karush-Kuhn-Tucker sufficient optimality conditions and
duality results for a non- smooth composite multi- objective
programs using V-p-invexity conditions. Bot, et. al. [1]
considered a convex composite optimization problem where
the objective function is the composition of a cone-increasing
convex function and a cone-convex function and the
constraint is taken to be a cone-convex function. They
established optimality conditions and duality results for this
problem using Fenchel-Lagrangian duality results. Then Bot,
et. al. [2] studied a convex multi- objective optimization
problem where each component of the objective function is
the composition of a cone-increasing convex function and a

cone-convex function and the constraint is taken to be a cone-
convex function. They proved necessary and sufficient
optimality conditions for the weakly efficient solutions of this
problem and gave duality results for a multi- objective dual.
Recently, Tang and Zhao [8] considered a class of composite
multi-objective non- smooth optimization problems with
cone constraints and established necessary and sufficient
optimality conditions under cone-generalized invexity and
generalized null space condition.

In this paper we have considered a composite vector
optimization problem where both, the objective and the
constraint function, are composition of two vector functions,
the same problem was considered by Tang and Zhao [8].
Rather than following their approach, we establish necessary
optimality conditions for a point to be a weak minimum of
this problem using the notion of cone-increasing functions.
We relate the composite problem to an auxiliary non-
composite problem and prove the Fritz John type conditions
and under a Slater-type constraint qualification we further
obtain a Karush Kuhn Tucker type necessary condition.

2. Notations and Definitions

Let K €R™ be a closed convex pointed (K N(—K) = {0}) cone
such that int K# ¢, where int K denotes the interior of K. The
positive dual cone K* and strict positive dual cone K> of K
are defined as follows:

K= {A€R™: AT x >0, for all x € K},
K" = (A€ R™: AT x> 0, for all x € K \{0}}

In this section, we recall some of the basic definitions and
results, which are to be used throughout the paper. Let f: R"
—R™ where f= (i, f2,....fm)" and h: R" — R.

The function # is said to be locally Lipschitz at x € R" if there
exists a nonnegative constant L and a neighborhood N (i) of
X such that for all x, y € N (), we have

A (x) —AW)I < Llx—pl
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Also the function 4 is said to be locally Lipschitz on R", if it
is locally Lipschitz at every X € R".

The vector-valued function f'is locally Lipschitz at x € R" if
for eachi=1, 2,....m, fi is locally Lipschitz at x ER" and f'is
called locally Lipschitz on R", if it is locally Lipschitz at every
X €eR"

Now we briefly describe the Clarke’s [11] notion of
generalized directional derivative and subdifferential of a
locally Lipschitz function.

The Clarke generalized directional derivative of a locally
Lipschitz function 4 at X € R" in the direction d € R" is given
as

hiy +td) — h(y)

ho(xd) = limsup |'

y—T =01
where y € R" and 7> 0.

The Clarke generalized gradient or the Clarke subdifferential
of a locally Lipschitz function % at X € R" is given as

Ad°h(T) = {i eR": h" (7, d) = Td, forallde lFi”}

Furthermore, 6% (X) is a nonempty convex compact subset of
R" and

he(%; d) = max {E'd: & € 6 (X)}.

The Clarke generalized directional derivative of the vector-
valued locally Lipschitz function f: R* — R™ at X € R" in the
direction d € R" is given by,

fo(x; d) = (2 (xX; d), £ (% d),..., fimr (X5 d)T

The Clarke generalized jacobian of a vector-valued locally
Lipschitz function f at ¥ € R", denoted by 0°f(X), is a
nonempty convex compact subset of R™™, the space of mx n
matrices and it is defined as

FAX) = B1(%) XOP(E) X.....x in(),

where the latter denotes the set of all matrices whose i row
belongs to the set 0°f; (¥) for eachi=1,2,...,m

Definition 2.1: The function f'is said to be (P, K)— increasing
(or nondecreasing on R" with respect to (P, K) [7, Definition
4.1]), if for all x, u € R",

x—u€P==f(x)fu) K

For all the below definitions we assume that f is a locally
Lipschitz function and #: R" X R"* — R".

Definition 2.2: [12] The function fis said to be K- generalized

invex at X € R", if there exists # such that for every x € R"
and A€0% (),

Jx) = (X)=Ay (x, X) €K

Definition 2.3: [12] The function f is said to be K- non-
smooth invex at X € R", if there exists # such that for every x
eR",

S&x) )~ f(x; 1 (x, X)) € K.

Definition 2.4: [12] The function f'is said to be K—nonsmoth
pseudoinvex at X € R", if there exists # such that for every x
€ R",

(% 1 (x, %)) € intK = —[f (1) (©)] & intK.

Definition 2.5: [12] The function f'is said to be K—nonsmoth
quasiinvex at X € R", if there exists # such that for every x €
Rn

fix) —f (%) ¢ intK = — f°(x; n (x, X)) EK
3. Necessary Optimalty Conditions

We consider the following composite vector optimization
problem studied by Tang and Zhao [8]

(CVP) K-Minimize (° F) (x) = ((fi °F) (x),(2 °F) (x),....,(fm
°F)(x))"

Subject to

(g 6) (¥) == ((g1°G) (v), (&2 °G) (x),...(g ° G) (V)" €Q,

where f: R"— R™ and g: R" —»RP are locally Lipschitz vector-
valued functions such that /= (fi, f,....fm) %, g = (g1, £2,...,g») .
F: R*— R"and G: R®* — R" are differentiable functions such
that F = (F1, F,....Fn)" and G = (G, G,...,G,)". K € R™ and
QO < RP are closed convex pointed cones with nonempty
interiors. The feasible set of (CVP) is given by

So={x €S:—(g°G) (x) € O}.

Definition 3.1: A point X € S is called a

1) Weak minimum of (CVP), if for all x € So,
(fF) (X)=(fF) (x) & intK

2) Minimum of (CVP), if for all x € Sy,

(foF) (O)~(fF) (x) € K\ {0}

In order to establish necessary optimality conditions we
consider the following problem:

(CVP)! K- Minimize /' () = (fi (1), /o (3)s.cifn ()T

Subject to

—8(2) = ~(81(2), g2A2)....&(2)" €0,

~(F (x)=3) = =(Fi(x)=y1, F2 ()=y2....Fn ()=y)" €P,
—(G(x)=z) = —~(Gi(x)~z1, G2(x)=22,...,Gu(x)~2,)T E P5,
x Ry, z ER"

where P;, P, & R" are closed convex pointed cones with
nonempty interiors.
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The following lemma shows that if a weak minimum of the
problem (CVP) exists, then a weak minimum of (CVP)! also
exists

Lemma 3.1: Let x is a weak minimum of (CVP), f be (P,
K)— increasing and g is (P2, Q)— increasing. Then there exist
¥, Z € R" such that (%, ¥, Z) is a weak minimum of (CVP)!.
Proof: Suppose x is a weak minimum of (CVP). Now we will
prove that (x, y = F (X), Z = G(X)) is a weak minimum of
(CvP)L.

Clearly, (%, ¥, Z) is feasible for (CVP)'.

Now, suppose (%, ¥, Z) is not a weak minimum of (CVP)!,
then there exists (x, , z) feasible for (CVP)! such that

S@)~/(y) €intK ()]
Since (x, y, z) is feasible for (CVP)!, we have
z—=G (x) €EP;

and

—g(z) €Q
Using the fact that g is (P,, Q)- increasing, we get

g(z) —g(Gx) € Q

Adding above two relations, we get

-g (G €Q
that is, x is feasible for (CVP)
Also, due to feasibility of (x, y, z) for (CVP)!, we have
vy —F(x) €P,.
Now, using the fact that fis (P;, K)- increasing, we get
J) ~f(F(x) €K @
Adding (1) and (2), we have that

) ) =f(F(X)~f (F(x) €intK,

which is a contradiction to the fact that X is a weak minimum
of (CVP)

The next lemma will be used in the proof of Fritz John type
necessary optimality conditions for a point to be a weak
minimum of (CVP) and it is proved on the lines of Craven
[10].

Lemma 3.2: Consider the problem
K-Minimize ®(x)
subject to

—-Yx) €0,

where @: R" — R™ and ¥: R" — R are locally Lipschitz
functions. Let X be a weak minimum of this problem, then
there exists (0,0) # (4, u) € K" xQ* such that

0€6 WTD+u ¥ (%)
(WY (%) =0.

Proof: This Lemma can be proved by taking F=®, G=Y¥, O
=K, S=0and T = ¢ (the empty set) in the problem (P)
considered by Craven [10] and applying Theorem 2 given by
him.

Below we have the Fritz John type necessary optimality
conditions for the problem (CVP).

Theorem 3.1: Let X be a weak minimum of (CVP). If fis (P,
K)— increasing and g is (P>, 0)- increasing, then there exist A
€ K", t € Q+with (A, ) # 0, such that

0EVF (@) -0 ) (F (1) +VG@D" - "g) (G(X) (3)
(e (Gx)=0 “)

Note: V F(x) = [VFi(X), V Fx(%),...,.VF, (X)]" is the nxs
Jacobian matrix of F at X and for eachi=1,2,....n,
OF, OF, aF "
VE(T) = [ —2, : !
(Z) (E):r.’l e S, )
is the s </ Gradient vector of F; at X. Also

VE(Z) - (N f)(F(T)) denotes the set {VE(@)T¢: &€ (A fIF@)}

Proof: Since x is a weak minimum of (CVP), therefore by
Lemma 3.1, (X, y = F (X), Z = G(X)) is a weak minimum of

0ed

(z.y.z)

(CVP)! and hence by Lemma 3.2 there exist = e Qha
€ P;and [_36 P," with ()T,}T, ﬁ,_B) # 0 Such that

{(X'F,,r'j{;u] + (¥ g)(2) + a¥ (F(x) — §) + ET(G[J'} - "j}

&)

(E g)(z) =0 (6)

al(F(Z)-5)=0

And

B (GE) -7) =0
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By Clarke [11], we have that

s
Nz yoz)

(A" N+ @ 9@ +a" (FE@) -7)+B (6@ -2} <

e {[HTI'“][-FJ =+ {_5'1(})[.;)} x dy {{XI}')W) - u’r'.r,r} % 05 {(;a?'g][z} - _iI”}

Hence (5) can be written as
o {0 ) -a"g} c o i) - o {aT g}
a° {[ﬁ'f’_q][f} - ?’—} C o(uTg)(z) — & {E'I‘z}

M

0 e

0 =

That is, -

V(@ F)(@) + V(8 6)(@) = 0

or,

VE@) @+ Ve@TTB=0 (7)

0ed°(N f)(F(@) - {a)
0 € o°(n" g)(G(T)) - {B}

So,
@ €°(A"f) (F(X)) and B € 0(1i"g) (G(X)) (8)

and hence using (7), we have

0 =V F (x)"a +VG(X)'B € V FX)"-*QA%) (F(X)+VG
()" (W'2)(G(x)).

Also, from (6), we have
R'®(G(x)=0

Now it only remains to show that (A, fi) # 0. Let, if possible,
A=0and pi = 0. Then from (8) we get that @ = 0 = 3, which is
a contradiction to the fact that (A, i, @, B) # 0. Hence (A, i) #
0.

Definition 3.2: (Slater-type Constraint Qualification) The
function g is said to satisfy Slater-type Constraint
Qualification at x if for every B € 0°g(G(X)), there exists x* €
R® such that —BVG(x)x* € intQ.

Theorem 3.2: Let X be a weak minimum of (CVP). If fis (P,
K) - increasing, g is (P2, Q)- increasing and g satisfies Slater-
type Constraint Qualification at x, then there exist A € K*\
{0} and 1 € Q", such that (3) and (4) hold.

Proof: Since x is a weak minimum of (CVP), fis (P;, K) —
increasing and g is (P>, Q)—increasing, therefore by Theorem
3.1 there exist A € K*, fi € Q" with (X, 1) # 0, such that (3)
and (4) hold

Now the only thing remained to be proved is that if g satisfies
Slater-type Constraint Qualification at X, then
X #0.

o {[ﬁ'f'f‘i[ﬂ + {?T(?j{ﬂ} C o (@ F)(x)} + 0 {{ﬁ"'(;‘)(ﬂ}

Let, if possible, A = 0. Then from (3), we have
0€VG )" -0(R" g)(G(X)).
So, there exists { € (1" g) (G(X)), such that

VG (%)'T =0 &)
Now from the chain rule for subdifferentials in [11], we have
0°(u')NG () = u'0°g(G(u)) = {n'B: B € 0°¢(G(u))}

Hence we can say that there exists B € 0°g(G(x)), such that {
= (i"B)" and substituting it in (9), we get

I'BVG @) x*=0 (10)

Since g satisfies Slater-type Constraint Qualification at X, so
there exists x* € R® such that -BV G (%) x* € intQ, which
implies that

"BV G (x)x*<0.

But this not possible as from (10) we have that
"BV G (%) x*=0.
Therefore A # 0.

4. Concluding Remarks

We have established Fritz John type (Theorem 3.1) and under
a Slater-type constraint qualification, we have established
Karush Kuhn Tucker type (Theorem 3.2) necessary
optimality conditions for a point to be weak minimum of the
composite vector optimization problem (CVP) using the
notion of cone-increasing functions and an auxiliary problem
(CVP),.
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