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Abstract: The degree distance index is a distance-based topological invariant that extends the Wiener index by incorporating vertex 

degrees. In this paper, we determine the degree distance of grid graphs (Pₘ × Pₙ). A closed-form formula for the degree distance is 

established by using the transmission of vertices and the degree classification of grid vertices. 
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1. Introduction 
 

Graph theory has a wide range of real-world applications [6]. 

It provides different techniques for solving problems 

involving connectivity, optimization, and graph structure. 

Graph invariants of molecular graphs are useful in analyzing 

the physicochemical properties of chemical compounds. A 

topological index is a numerical value assigned to a graph 

according to a specific rule that remains unchanged under 

graph isomorphism. It characterizes structural features of 

molecular topology and plays an important role in chemical 

applications, particularly in quantitative structure–property 

relationship (QSPR) and quantitative structure–activity 

relationship (QSAR) studies [7, 8]. 

 

In recent years, various classes of graph indices, including 

degree-based and distance-based indices, have been 

extensively studied. Distance-based topological indices are of 

particular interest in graph theory and chemical graph theory 

because they describe structural information through vertex 

distances. The degree distance index, introduced by Dobrynin 

and Kochetova [9], is a degree-weighted analogue of the 

Wiener index and has been widely studied because of its 

theoretical significance and applications. 

 

Several studies have investigated degree distance and related 

indices for trees, composite graphs, and graph transformations 

[1–5]. These results motivate the study of explicit degree-

distance formulae for structured graph families. In this paper, 

we derive a closed-form expression for the degree distance of 

the rectangular grid graph Pₘ × Pₙ. 

 

2. Preliminaries 

 

Let G = (V, E) be a simple connected graph. The degree d(v) 

of a vertex v is the number of edges incident with v. The 

distance d(u, v) between vertices u and v is the length of a 

shortest u–v path. The transmission (or status) of a vertex v is 

the sum of its distances to all other vertices. The degree 

distance index combines the degree of each vertex with its 

transmission, thereby incorporating both local and global 

structural information of the graph. 

 

Definition 2.1 

The transmission of a vertex v in G is  

 T(v) = ∑ 𝑑(𝑢, 𝑣){𝑢,𝑣}∈𝑉  

 

Definition 2.2.  

Degree distance of a connected graph G is 

      DD(G) = ∑ 𝑑(𝑣)𝑇(𝑣)𝑣∈𝑉(𝐺)    

where d(v) is degree of vertex v. 

 

Definition 2.3. Grid graph Pm × Pn 

An m × n Grid graph is cartesian product of Pm and Pn for m, 

n ≥ 2. Its vertex set is V(Pₘ×Pₙ) = {(i, j) | 1 ≤ i ≤ m, 1 ≤ j 

≤ n}. Figure 1 shows the Grid graph P5 × P5. 

 

 
Figure 1: Grid graph P5 × P5 

 

In the m × n grid graph, vertices can naturally be classified 

according to their locations. In an m × n grid graph, Vertices 

are classified according to their positions. The four corners 

have degree 2, the boundary vertices excluding corners have 

degree 3, and the internal vertices have degree 4. These vertex 

types can be divided as in the following table 1. 

 

Since the degree of each vertex depends only on its position 

in the grid, it is convenient to determine the total transmission 

of each vertex class separately. Accordingly, we first compute 

the transmission of boundary vertices, followed by that of 

corner vertices, then that of internal vertices and finally sum these 

results to obtain the degree distance index of the grid graph. 

 

Table 1: Classification of vertices in Grid graph 𝑃𝑚 × 𝑃𝑛   
Vertex types Number of vertices 

Corner vertices 4 

Boundary vertices excluding corners 2(m + n − 4) 

Internal vertices (m − 2) (n − 2) 

 

Paper ID: SR26805190818 DOI: https://dx.doi.org/10.21275/SR26805190818 855 

http://www.ijsr.net/


International Journal of Science and Research (IJSR) 
ISSN: 2319-7064 

Impact Factor 2025: 7.089 

Volume 15 Issue 8, August 2026 
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal 

www.ijsr.net 

In this paper, the degree distance index of Grid graphs is 

determined by finding transmission of three types of vertices 

- i. e., corner vertices, boundary vertices excluding the corners 

and internal vertices. 

 

3. Transmission of Vertex v in a Grid Graph   
 

Let G = Pm × Pn. Then each vertex v in G is (i, j) for 1≤ i ≤ 

m, 1 ≤ j ≤ n. Transmission of each vertex types are 

determined. For vertices (i, j) and (k, l), the distance in the 

Grid graph is the Manhattan distance  

 

d ((i, j), (k, l)) = |i −k| + |j−l|. 

 

3.1 Transmission of Boundary vertices 

 

In a Grid graph  𝑃𝑚 ×  𝑃𝑛, there are 2(n−2) boundary vertices 

on the top and bottom sides and 2(m − 2) boundary vertices on 

the left and right sides. Hence the total number of boundary 

vertices is 2(n − 2) + 2(m − 2) = 2( m + n − 4). 

 

For a top boundary vertex u = (1, j), 

 T(u) = 
𝑚(𝑚−1)

2
 + 

𝑗(𝑗−1)

2
+ 

(𝑛−𝑗)(𝑛−𝑗+1)

2
. 

 

Summing over j = 2 … n −1 gives  

∑ T(1, 𝑗)𝑛−1
𝑗=2  = (n − 2) (

𝑚(𝑚−1)

2
 ) + 

∑ {
 𝑗(𝑗 − 1)

2
 +  

(𝑛 − 𝑗)(𝑛 − 𝑗 + 1)

2
}

𝑛−1

𝑗=2

 

 

By symmetry, the same sum is obtained for the bottom side. 

Similarly, the two vertical sides contribute the analogous 

expression with m and n interchanged. Hence the total 

transmission of all boundary vertices is 

 
∑ 𝑇(𝑢) =𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 

2𝑚3 +3 𝑚2  𝑛−12  𝑚2  +3 𝑚𝑛2−6𝑚𝑛+10𝑚+2𝑛3−12 𝑛2+10𝑛

3
 3.2 

Transmission of Corner vertices 

 

The four corner vertices of grid graph Pm × Pn are (1, 1), (1, 

n), (m, 1), (m, n). 

 

Transmission of corner vertex (1, 1) is  

𝑇(1,1) =   ∑(𝑖 − 1) + ∑(𝑗 − 1)

𝑚

𝑖=1

𝑚

𝑖=1

 

           =  
𝑚2+ 𝑛2−𝑚−𝑛

2
.  

 

Similarly, the transmissions of the other three corner vertices 

can be calculated. Thus, sum of the transmissions of all four 

corner vertices is 2(𝑚2 + 𝑛2 − 𝑚 − 𝑛).  

∑ 𝑇(𝑢) =  2(𝑚2 + 𝑛2 − 𝑚 − 𝑛)
𝑐𝑜𝑟𝑛𝑒𝑟 

  

 

3.3 Transmission of Internal Vertices 

 

All internal vertices of a Grid graph  𝑃𝑚 ×  𝑃𝑛 are u= (i, j), 

where 2 ≤ i ≤ m−1 and 2 ≤ j ≤ n−1. Transmission of all these 

internal vertices is ∑ 𝑇(𝑢)𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙  =∑ ∑ 𝑇(𝑢)𝑛−1
𝑗=2

𝑚−1
𝑖=2   

= 
(𝑚−2)(𝑛−2)(𝑚²−𝑚+𝑛²−𝑛)

3
.   

Theorem 3.1. For the grid graph 𝐺 =  𝑃𝑚 ×  𝑃𝑛 (m, n ≥ 2), 

the degree distance index of G is  

𝐷𝐷(𝐺) =
𝑚𝑛

3
(𝑚2 +  𝑛2 − 2) +

2

3
 (𝑚3 + 𝑛3)

− 2(𝑚2 +  𝑛2). 
Proof: We use the degree classification: corner vertices have 

degree 2, boundary vertices excluding corners have degree 3, 

and internal vertices have degree 4. Hence 

 

𝐷𝐷(𝐺) = ∑ 𝑑(𝑢)𝑇(𝑢)𝑢     

 

    = 3 ∑ 𝑇(𝑢)𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦 +2 ∑ 𝑇(𝑢)𝑐𝑜𝑟𝑛𝑒𝑟  

+4 ∑ 𝑇(𝑢)𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙     

=3. [
2𝑚3 +3 𝑚2𝑛−12𝑚2 +3 𝑚𝑛2−6𝑚𝑛+10𝑚+2𝑛3−12𝑛2+10𝑛

3
] + 2. 

𝑚2+ 𝑛2−𝑚−𝑛

2
 + 4.  

(𝑚−2)(𝑛−2)(𝑚²−𝑚+𝑛²−𝑛)

3
 

 

 𝐷𝐷(𝐺) = 
𝑚𝑛

3
(𝑚2 + 𝑛2 − 2) +

2

3
 (𝑚3 + 𝑛3) 

                                               −2(𝑚2 +  𝑛2). 
 

Thus, the degree distance of grid graph 𝑃𝑚 × 𝑃𝑛 is 

     
𝑚𝑛

3
(𝑚2 + 𝑛2 − 2) +

2

3
 (𝑚3 + 𝑛3) − 2(𝑚2 + 𝑛2).           

                                   

4. Conclusion  
 

In this study, the degree distance of grid graphs has been 

investigated using the structural and distance-related 

properties of these graphs. The regular and systematic nature 

of grid graphs makes them an important class for studying 

degree distance and developing efficient computational 

approaches. The results obtained provide useful insights into 

the relationship between the degrees of vertices and the 

distances between them, and they contribute to a better 

understanding of the degree distance of grid graphs. 

 

The study also highlights the importance of degree distance as 

a graph invariant in analyzing the structural characteristics of 

complex networks. The methods used for grid graphs may be 

extended to other families of graphs and can provide a 

foundation for deriving general formulas and computational 

techniques. Further research may focus on higher-dimensional 

grid graphs, different boundary conditions, and other graph 

classes for which the degree distance is not yet fully 

characterized. 
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    ∑   { u , v } ∈ V  d ( u , v )


    ∑  v ∈ V ( G )  d  ( v ) T ( v )


    P  m ×   P  n    


      P  m ×     P  n


    m ( m − 1 ) 2


    j ( j − 1 ) 2


    ( n − j ) ( n − j + 1 ) 2


    ∑  j = 2  n − 1  T  ( 1 , j )


   (   m  ( m − 1 ) 2   )


    ∑  j = 2  n − 1   {     j ( j − 1 ) 2   +     ( n − j ) ( n − j + 1 ) 2 }


    ∑  B o u n d a r y    T  ( u ) =   2   m  3   + 3     m  2     n − 12       m  2     + 3   m   n 2 − 6 m n + 10 m + 2   n 3 − 12     n 2 + 10 n 3  


  T  ( 1 , 1 ) =       ∑  i = 1  m   ( i − 1 ) +     ∑  i = 1  m  ( j − 1 )


  =       m 2 +     n 2 − m − n 2


  2 (   m 2 +     n 2 − m − n )


    ∑  c o r n e r    T  ( u ) =   2 (   m 2 +     n 2 − m − n )  


      P  m ×     P  n


    ∑  I n t e r n a l  T  ( u )  


    ∑  i = 2  m − 1    ∑  j = 2  n − 1  T ( u )


    ( m − 2 ) ( n − 2 ) ( m ² − m + n ² − n ) 3


  G   =     P  m ×     P  n


  D D  ( G ) =   m n 3  (   m 2 +     n 2 − 2 ) +  2 3    (   m  3   +   n 3 ) − 2  (   m 2 +     n 2 ) .


  D D  ( G ) =   ∑  u  d ( u ) T ( u )


    3   ∑  B o u n d a r y    T  ( u )


  2     ∑  c o r n e r    T  ( u )


  + 4     ∑  I n t e r n a l  T  ( u )


   [   2   m  3   + 3     m 2 n − 12   m  2   + 3   m   n 2 − 6 m n + 10 m + 2   n 3 − 12   n 2 + 10 n 3 ]


      m 2 +     n 2 − m − n 2  


    ( m − 2 ) ( n − 2 ) ( m ² − m + n ² − n ) 3


  D D  ( G )


    m n 3  (   m 2 +     n 2 − 2 ) +  2 3    (   m  3   +   n 3 )


  − 2  (   m 2 +     n 2 ) .


    P  m ×     P  n


              m n 3  (   m 2 +     n 2 − 2 ) +  2 3    (   m  3   +   n 3 ) − 2  (   m 2 +     n 2 ) .  



