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Abstract: The Wiener index of a graph G is defined as the sum of the distances between all unordered pairs of vertices. In this paper
the Wiener index and hyper-Wiener index of interval-valued Pythagorean fuzzy graph, interval-valued complex Pythagorean fuzzy
graph, interval-valued picture fuzzy graph, interval-valued intuitionistic fuzzy graph, and interval-valued Fermatean neutrosophic graph

are investigated.
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1. Introduction

Fuzzy graph theory is a combination of graph theory and
fuzzy set theory which have been applied in various fields of
science and engineering [1].An interval-valued fuzzy graph
[IVFG] generalizes standard fuzzy graphs by assigning
membership degrees as subintervals [0,1].An uncertainties
are well expressed using picture fuzzy set, picture fuzzy
graph would be prominent research direction for modeling
the uncertain optimization problems [2].The concept of
antipodal interval-valued fuzzy graphs and self-median
interval fuzzy graphs were introduced by H. Rashmanlou
and M. Pal [3].The concept of m-PIVFGs and complement
of m-PIVFGs were introduced with illustrative examples in
[4].An interval-valued picture fuzzy set (IVPFS) is one of
the generalizations of an interval-valued fuzzy set to handle
the uncertainties in the data during analysis [5].The concept
of interval-valued weak fuzzy graphs and Fermat’s weak
fuzzy graphs were introduced in [6].The definition of a self-
centered IVIFG and the necessary and sufficient conditions
for an IVIFG to self-centered was given in [7].An overview
on the fuzzy graph and its various kinds appear in
[8].Interval-valued intuitionistic fuzzy graphs has various
uses in modern science and technology, especially in the
fields of neutral networks, computer science, operation
research, and decision-making [9].The properties of various
types of degrees, order and size of intuitionistic fuzzy graphs
and a new definition for complete intuitionistic fuzzy graph
and intuitionistic regular fuzzy graph have been studied in
[10].The development of interval-valued Pythagorean
neutrosophic set provides a more comprehensive framework
for handling uncertainty, ambiguity, and incomplete
information in various fields, leading to more robust
decision-making processes, improved problem-solving
capabilities, and better management of complex systems
[11].Pythagorean fuzzy graph theory plays significant role
in modeling many real-world problems containing
uncertainties in different fields such as decision-making
theory, computer science, optimization problems, data
analysis, networking etc.[12]. V. N. S. Rao Repalle
introduced the concept of interval-valued intuitionistic fuzzy
line graphs (IVFLG) and explored the results related to
IVFLG [13]. Some Kulli-Basava indices and Kulli-Basava
polynomials were studied for spherical fuzzy graph by
considering membership degree (a), neutral membership

degree (B) and non-membership degree (y) in the interval
[0, 1] in [14].

The Wiener index was introduced by Harold Wiener in
1947, to study the boiling points of paraffin [15]. The
Wiener index of connected graph G is denoted by W(G) and

is defined as the sum of distances between all unordered
pairs of vertices in G i.e.

Wiener index = W(G) = %Zu,veV(G) dg(u,v), @

where dg (U, V) is the distance between two vertices.

The hyper-Wiener index was introduced by M. Randic
[16][17][18] as:

Hyper-Wiener index =
1
WW(G) =7 Yuvevelde (W v) +dg(u,v)?].2)

Below are five types of interval-valued fuzzy graphs defined
in terms of conditions for vertices and edges of the graph G
(V,E).

Interval-valued Pythagorean fuzzy graph:

Let G= (V, E) be a crisp graph. An Interval-Valued

Pythagorean Fuzzy Graph (IVPFG) [19-20] on G” is an
ordered pair G(A,B) where:

A is an interval-valued Pythagorean fuzzy set on the vertex

set V, and B is an interval-valued Pythagorean fuzzy relation
on the edge set E.

For every vertex vE V,
AW) = ([LAW), mE WL [VE (W), VEWD).

where: 0< pk(v) < pi(v) < 1,0< vik(v) < Vvi(v) <1,
and the Pythagorean conditions are
(MEOW)? + (VEW)? < L, (MEM)? + (VA(M)? < 1.

For every edge uve E,

B(w,v) = ([ug(u, v), up (u, V)], Vg (w, v), v (u, v)]),
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such that: (U (u, v))? + (vi(u, v))? < 1, (ug (u,v))? +
(ve(wv)* <1,

and
ug (u, v) <min(ug (), ux (), ug (u, v) <min

(MR (W), pE (),

vE(u,v) = max(vi (u), vi(v)), vg (u, v)
> max(v§(u), v ().

Interval-valued complex Pythagorean fuzzy graph:

An Interval-Valued Complex Pythagorean Fuzzy Graph
(IVCPFG) [21] combines fuzzy sets with interval-valued
Pythagorean fuzzy sets. An interval-valued complex
Pythagorean fuzzy graph is structured as G (V, A, B), where
V is the underlying non-empty set of vertices,

A is an interval-valued complex Pythagorean fuzzy set on V,
B is an interval-valued complex Pythagorean fuzzy relation
on VXV.

Vertex set (A):

For each vertex set ve V,
A(v) =

{[u (V)eZTIIO(A(V) uy (V)eZTrlo(A(v)] [\) (V)eZmBA(V) VU(V)eZmBA(v)g

0<pk(™ =Wl < 1,0 < vk(v) S vVi(v) <1,
0<ai(v) <al(v) <1,0 <BY(W) < BY(v) < 1.

Condition:

1) Amplitude: (uz(v))* + (vi(V))? < 1,(A(v))* +
(VAW < 1.

2) Phase:(az(v)? + (BE(v)* < 1, (ag(v))* +
(Ba(M)* < 1.

Edge set (B):

For each edge set: (u,v) € VXV,
B=

(b (u, V)e2mB ),

.U :nL ipU
uLBJ (u’ V) eZm(xB (u,v)]’ [V% (u’ V) eZmBB (u,v), Vg (u, V)eZmBB (u,v)]}_

Upper and lower bounds:
b (u,v) < min[u§ (W), Wy )], w (u,v) <
mln[p’A (u)' Ha (V)]a

vk (u,v)
> max|v§ (), vk (v)], v (1, v) = max[v} (u), vi (v)].

Phase term bounds:

o (u, v) < min(og (u), a3 (v)), ag (u, v)
< min(o (u), ag (v)),

BE(u,v) > max(Bz(w), BX(V)), By (u,v)
> max(Bx (W), BX(V)),

and (ug)* + (Vi)® < 1, (up)* + (vp)? < 1,
(ap)® + (BE)* < 1, (op)® + (Bp)* < 1.
Interval-valued picture fuzzy graph:

Let G* = (V,E) be a underlying graph. An Interval-Valued
Picture Fuzzy Graph (IVPFG) [22-24] on G* is an ordered
pair G = (A,B), where

A is the interval-valued fuzzy vertex set, B is the interval-
valued picture fuzzy edge set.

For every vertex vé V,

AW == {[wwW, W], Iy W,y W], vy @), vy W]},

satisfies, 0 < WY+ <1,
where p is membership interval, 1 — neutral interval
and v is non — mebership interval.

For every edge (u,v)€ E,

B(u,v)

{1y (u, v), 1y (u, W, Iy (u, v),my (v, [ve (, v), vy (u, V)]}

onditions: uE L(u,v) <min(ul(u), (LE (), ud (u,v) <
min(py (W), py (v)),

ng(u, v) <min(mb(w),ny(v)), g (u,v) <min(my (W), ny (v)),

vi(u,v) = maX(Vv(U) (), Ve, v) =
max(vy (), vy (v)),

and 0 < p¥ (u, v)+1¥ (U, v)+vi(u,v) < 1.

Interval-valued intuitionistic fuzzy graph:
An Interval-Valued Intuitionistic Fuzzy Graph (IVIFG) [25]
is denoted by G (V, E), where

Vertex set (V):

For a vertex u€eV,p(u) =
[Vi(u),vY(u)], where p and v
membership and non- membership,
satisfies the condition: 0 < pY(u) +v{(u) < 1.

[1r (), 1wy (W], vy (W) =

denote the degree of

Edge set (E):
For any edge e =

[ (u, v), 13 (u, V)], v, (u, v) = [v

(u,v) €EE, Uy (u,v) =
v (u,v),v¥ (u, v)].

Lower and upper bounds:

ws (u, v) < min[pg(w), py (W], 13 (u v)
< min[p{ (), py (V)],

vi(u,v) > max[vi(u), vk (V)] (u V)
> max[v{ (u), vy (V)],

and 0 < pY(u,v) +vJ(u,v) < 1.
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Interval-valued Fermatean neutrosophic graph:

Let G*= (V, E) be a crisp graph. An Interval-Valued
Fermatean Neutrosophic Graph (IVFNG) [26] on G* is an
ordered pair G = (A, B), where

A is the interval-valued Fermatean neutrosophic vertex set,
B is the interval-valued Fermatean neutrosophic edge set.

For every vertex setv € V,
AW) = ([TAW), TA M LIEW), XM LIEE (W), FR (W),

such that: (T (v))* + (F(v))® <l,and 0< TE<TY< 1, 0<
I5<1¥< 1, 0< Fi<FJ< 1, where Ta- truth membership
interval, Ix- indeterminacy membership interval, and

Fa- falsity membership interval.

For every edge (u,v) € E,
B(u,v)=([Tg (u,v), Tg (u, v)1,[15(w, v), I§ (u, V) L[F5(u, v),
Fg (u, V),

Subject to:
Tg(u,v) <min[Tg(u), T¥(V)], Tg (u,v) <min[ T4 (u ), TY (v )],

I5(u,v) <min[Ix(w), IZ(V)], I5 (u,v) <min[I{ (u), I(v)], and
F§ (u,v)2max[Fj (), Fx (v)], F§ (u,v)zmax[Fy (u), F§ (v)],
with Fermatean condition: (Tg (u,v))’+ (Fy(u,v))® <I.

The symbols and notations follow standard conventions as
established [27-29]. In this paper the Wiener index and
hyper-Wiener index of interval-valued Pythagorean fuzzy
graph, interval-valued complex Pythagorean fuzzy graph,
interval-valued picture fuzzy graph, interval-valued
intuitionistic fuzzy graph, and interval-valued Fermatean
neutrosophic graph are obtained.

2. Materials and Methods

The graphs of interval-valued fuzzy graphs such as:
Pythagorean, complex Pythagorean, picture, intuitionistic
and Fermatean neutrosophic graphs are represented in
figures (1-5). Membership, neutral and non-membership
values in each case are determined from the respective
graphs. The conditions for vertices and edges in all studied
interval-valued graphs are satisfied. Wiener index and
hyper-Wiener index are distance based topological indices.
The shortest distances for all unordered pairs of vertices are
obtained from the respective graphs.

3. Results and Discussion

Theorem 1: The Wiener index and hyper-Wiener index of
interval-valued Pythagorean fuzzy graph respectively are
0.8449 and 1.5587.

Proof: By using figure (1), table (1) and equations (1-2), we
obtain Wiener index and hyper-Wiener index of interval-
valued Pythagorean fuzzy graph.

The edge weight is defined as:

UL +1y +y1-vy, 2 + 1—VU2
4 )

w(e) =

where |, Ly are the lower and upper membership values

and Vi, Vy are lower and upper non-membership values.
Then the edge length L(e) = 1- w(e).

1
Wiener index = W(G)= 7 Zuvev(c) da(u, v) =0.8449.

Hyper-Wiener index = WW(G) =
1
> Zuvev(elde(u,v) +dg(u, v)?] = 1.5587.
Table 1: Edge, membership value, non-membership value,

edge weight, edge length and shortest distance of interval-
valued Pythagorean fuzzy graph.

Membershi Non- Edge | Edge | Shortest
Edge value p membership| weight | length | distance
value w(e) L(e) d(u,v)

(x,2) | [0.4,0.6] [0.2,0.6] | 0.6947 |0.3051 | 0.3051
(v,2) | [0.4,0.6] [0.2,0.5] | 0.7114 |0.2885 | 0.2885
xy)| [0.5,0.7] [0.1,0.6] | 0.7487 10.2513 | 0.2513

x,[0.5,0.71,(0.1,0.6] x2,(0.4,0.6],(0.2,0.6] 2,10.4,0.61.(0.20.4]
L = J
\
N
N
2y[0.5,0.70,[0.1,0.6)> \ y2,[0.4,0.61[0.2,0.5]
L] y [0.6,0.7],10.1,0.5]

Figure 1: Interval-valued Pythagorean fuzzy graph.

Theorem 2: The Wiener index and hyper-Wiener index of
interval-valued complex Pythagorean fuzzy graph
respectively are 1.85 and 5.2725.

Proof. Consider figure (2) for IVCPFG with three vertices
(V1, V2, V3) and edges (Vi, V2), (V2, V3) and (Vi, V3). For
an edge e = (uv), the membership amplitude is
(up,Uy ), non-membership  amplitude is (v, vy),
membership phase (<}, ,¢; ) and non-membership phase is

(BL,By ). The term ( ¢}, ) is lower and upper membership
phase values and (B.,By) is lower and upper non-
membership phase values. Edge length is defined as:

Le) = 7[A—m)+ (1= uy)+ @ +vy)] [+
xy) + (BL + Bu)l

The shortest-path distance between vertices u and v is d(u,v)
= min Y, L(e).By using figure (2), table (2) and equations
(1-2), we obtain Wiener index and hyper-Wiener index of
interval-valued complex Pythagorean fuzzy graph as:

Wiener index = W(G)= %ZU,VEV(G) dg(u, v)=1.85.
Hyper-Wiener index = WW(G)
== Tuvev(olda(u, v) +dg(u,v)?]=5.2725.
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Table 2: Edge, membership value, non-membership value, edge length and shortest distance of interval-valued complex
Pythagorean fuzzy graph

Membership amplitude| Non-membership | Membership phase |Non-membership phase| Edge length| Shortest distance
Edge .
(ML, Hy) amplitude (v, Vy ) (CSD) (Br,Bu) L(e) d(u,v)
V1,V2) [0.7,0.8] [0.2,0.3] [0.301,0.401] [0.10m,0.2m] 0.5 0.5
(V2,V3) [0.5,0.6] [0.4,0.5] [0.21m,0.31] [0.3m,0.41] 0.75 0.75
(V1,V3) [0.65,0.75] [0.25,0.35] [0.35m,0.451] [0.15m,0.25m] 0.6 0.6

M: [0.65, 0.75], [0.35m, 0.45n1]
WM: [0.25, 0.35], [0.15m, 0.25r]

M:[0.7,0.8], [0.300, 0.40m)]
MM (0.2, 0.30, [0.10m, 0.2m]

b (0.5, 0.6], [0.2m, 0.3n]
NM:[0.4,0.5],[0.3n, 0.41]

Figure 2. Interval-valued complex Pythagorean fuzzy graph

Theorem 3: The Wiener index and hyper-Wiener index of
interval-valued picture fuzzy graph respectively are 0.7666
and 1.3542.

Proof: Consider figure for interval-valued picture fuzzy
graph with three vertices V; = ([0.60,0.80], [0.10,0.30],
[0.05,0.20]), V2 = ([0.50,0.70], [0.20,0.40], [0.05,0.15]), V3
= ([0.65,0.85], [0.10,0.25], [0.05,0.15]) and edges:(V1, V2),
(V2, V3) and (Vi, V3),the values of edges are represented in
table (3). The interval-valued picture fuzzy graph is shown
in figure (3). The membership interval () = [uY, uY],
neutral interval () = [n* n"] and non —

mebership interval (v) = [v%,vV], where p", uY denote the
lower and upper membership values and n',nY the lower
and upper neutral values and v*, vY lower and upper non —
membership values are used to define edge length. Edge
length is defined as:

) (1-p)+(1-pY)+(E4nY)+l+vY)
e)= :

L( p

By using figure (3), table (3) and equations (1-2), we get the
Wiener index and hyper-Wiener index of interval-valued

([0.60, 0.80], [0.10, 0.30], [0.05, 0.15])

{10.50, 0.70), [0.20, 0.40), [0.05[12:40, 0.801. T0.10. 0.301.0.05. 0.15W] ¢ 85), [0.10, 0.25), [0.05. 0.16))

Figure 3: Interval-valued picture fuzzy graph

Theorem 4: The Wiener index and hyper-Wiener index of
interval-valued intuitionistic fuzzy graph respectively are
2.49 and 8.6901.

Proof: The interval-valued intuitionistic fuzzy graph is
shown in figure (4). The edge length is defined as: L(e) = -

-+ 1]+ [1 = vE] + [1 = vU), where 1 and v

denote the degree of membership and non membership, and

d(Vy, Vy)=d(Vy, V) + d(V,, V,) = 0.7275.

Using figure (4), table (4) and equations (1-2), we obtain the
Wiener index and hyper-Wiener index of interval-valued
intuitionistic fuzzy graph as:

1
W(G)= 5 Zu,veV(G) dG (U, V) =2.49.

Hyper-Wiener index = WW(G) =
1
~ Zuvev(e)[de(u,v) +dg(u, v)?]=8.6901.

Table 4: Edge, [u", uV], [vY, VY], edge length and shortest
distance of interval-valued intuitionistic fuzzy graph.

picture fuzzy graph as: Edge Shortest
Edge [, 1Y [vE,vU] length distance
1 L(e d(u,v
Wiener index = W(G)= gZu,vevm) dg (u, v)=0.7666. Vv | 10102 | 103.04] 0(_ 4) E) 4)
(V,V5) | [0.07,0.17] [0.4,0.51] 03175 0.3175
H}iper—Wiener index = WW(G) (V,,Vy) | [0.01,0.1]] [0.4,0.4]| 0.3275 0.3275
= 21_ Vi, V. 0.15,0.2 0.2,0.3] | 0.4625 0.4625
> Zuvev(e)lde(u, v) +dg(u, v)“]=1.3542. Evivﬁ %0_02,0.1} %0.5,0.6} 0255 | 0255
Table 3: Edge, membership, neutral, non-membership
values, edge length and shortest distance of interval-valued
picture fuzzy graph
Edge | Shortest
Edge | [ub, uY] M1 [vi,vU] | length | distance
L(e) d(u,v)
(V1,V2)] [0.50,0.707] [0.15,0.35]] [0.05,0.20]| 0.2583] 0.2583
(V2,V3)] [0.60,0.80]] [0.10,0.30]| [0.05,0.15]] 0.2 0.2
(V1,V3)] [0.40,0.60]| [0.20,0.40] [0.05,0.20]] 0.3083]| 0.3083
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vy = ([0.1, 0.3], [0.3, 0.3])
([0.1, 0.2), (0.3, 0.4])

vy = ([0.3, 0.4], [0.1, 0.2])

%
o

™
\\-\U
[

([0.15,0.2], [0.2, 0.3])

([ro'¥o] Ti'o‘Lorol)

Vs = ([0.05, 0.4], [0.2, 0.3])

([0.02, 0.1), [0.5, 0.6])
vy = ([0.3, 0.3], [0.7, 0.3])

Figure 4: Interval-valued intuitionistic fuzzy graph

are 1.8916 and 5.4697.

(1-T)+(1-TY)+1L+1Y +FL+FY
. .

Edge length =L(e) =

Using figure (5), table (5) and equations (1-2), we get the
Wiener index and hyper-Wiener index of interval-valued
Fermatean neutrosophic graph as:

1
Wiener index = W(G)=> Yuvev(c) dg(u, v)=1.8916.

Hyper-Wiener index = WW(G) =

1
3 Zu,VEV(G) [dg (wv) + dg (u, V)2]=5.4697.

Table 5: Edge, truth, inderminacy, falsity,edge length and
shortest distance of interval-valued Fermatean neutrosophic

raph.

Theorem 5: The Wiener index and hyper-Wiener index of g P . Edge | Shortest

interval-valued Fermatean neutrosophic graph respectively Edge TE‘“}:I InderimlaaCY FaLlsu%r length | distance
[T T"] [1%,17] [F% FY]

Le) | d(uv)

(V1 V) [0.80,0.90]| [0.90,0.95]|[0.80,0.85]| 0.6333| 0.6333

Proof. The interval-valued Fermatean neutrosophic graph is (V,, V3| [0.85,0.90]] [0.90,0.95] | [0.85,0.85]] 0.6333| 0.6333

shown in figure (5), we take x;=Vi, xo=V2 and x;=V; for (V. V3) | [0.85,0.95]] [0.90,0.957][0.85,0.85] 0.625| 0.625

convenience. The edge length is defined as
< x,,[0.85,0.95), [0.90,0.95), [0.85.0.85] > < [0.80,0.90], [0.90,0.95). [0.80,0.85] > < x3,(0.85,0.90], [0.90,0.95], [0.85,0.90] >
< x4, [0.85,0.95), [0.95,0.95], [0.85,0.95] >
Figure 5: Interval-valued Fermatean neutrosophic graph

Engineering, Taylor and Francis,

4. Conclusion

The distance-based Wiener index and hyper-Wiener index
are obtained for interval-valued Pythagorean fuzzy graph,
interval-valued complex Pythagorean fuzzy graph, interval-
valued picture fuzzy graph, interval-valued intuitionistic
fuzzy graph, and interval-valued Fermatean neutrosophic
graph.
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