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Abstract: In this paper we give some recurrence relations satisfied by marginal and joint moment generating functions of generalized
order statistics from a two-parameter exponential distribution. These recurrence relations would hence enable one to compute all the
higher order moments of the generalized order statistics from those of the lower order in a simple recursive way.
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Note that for two- parameter exponential distribution we
have

f(x)= l(l —F(x)), n=x<w, oc>0. (13)
a

1. Introduction

A random variable X is said to have a two-parameter
exponential distribution (Exp (p, o)) if its probability
density function (pdf) is of the form

Let {X,, n> 1} be a sequence of independent and identically

=z N . .
fx)=—e © L<x<®, >0 (11) distributed random \farlables with .cd.f F(x) and pdf f(x).
G Let X in denote the j-th order statistic of a sample (X,
and the cumulative distribution function is of the form Xs....Xn ). Assume thatk>0,n e N,m € Zand y, = k +
S (n—r) (m+1) > 0. If the random variables X(r,n,m,k), r =1,
Fx)=1-e ° ,pnu<x<w, >0 (12)

2, ...,n, possess a joint pdf of the form

n-1 n-1
X1 nmk),  Xinnmk ] i1
prlamb Xeonb(y v .x,)= 1{ ?r][l_l(l— F(x,)f f(xj)]il—F(xn)F‘ flx,,).
=1 j=1
F'0H) <x, <..<x, <F'().
(1.4)
then they are called generalized order statistics of a sample
from a distribution with cdf F(x), (cf. Kamps (1995 a)).

"

c =117 r=12...1
For convenience, let us define X (0, n, m, k) = 0. It can be Fl
seen that for the case when m = 0, k = 1, we have the joint £, (X)=h_(x)-h_(0) X< [0. 1).
pdf of the ordinary order statistics, and when m = —1 we 1
obtain the joint pdf of the k-th upper record values (cf. — _(] _x]m'l .m=-1
Dziubdzicla and Kopocifiski (1976)). The pdf of the r-th ~ D= =7 m+1 I
generalized order statistic obtained on using (1.4) is given by —log(1-x) ’

fReem () = 22 (1-F@)" 7 fx) ¢ (F().x <R

The joint pdf of X (r, n, m, k) and X(s, n, m, k), r <s, is

(r—1)! = .
(15) given by
Where

fEnmiXEnmb (¢ ) = Cot (1-Fx)"f(x) g-'(Fx)) [h,,(F(y))-h,, (Fx)} ™
(r — 1)!(5 -r— 1)‘

(-Fy) 'y . X<y,

(1.6)

Volume 15 Issue 7, July 2026
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal

WWW.ijsr.net

Paper |D: SR26724001228 DOI: https://dx.doi.org/10.21275/SR26724001228 2237


http://www.ijsr.net/

International Journal of Science and Research (IJSR)
ISSN: 2319-7064
Impact Factor 2025: 7.089

(cf. Kamps (1995 a,b)). generating functions of generalized order statistics from a
two-parameter exponential distribution.
2. Relations for Marginal Moment Generating
Functions We shall first establish the existence of M X(r,n,m,k)(t) .

) ) ) Using (1.5), we get
Let us denote the marginal moment generating function of

X(r,n,m,k) by M X(r’n,m’k)(t) and its j-th derivative by c

My (oo (t) = =5 [e* (1= F(x))" ™ fx) g5 (F(x)) dx
(r-1)

M()g) )(t) . The relation in (1.3) shall be employed to -t

(r,n,m,k

derive the recurrence relations for marginal moment

@.1)

Further, on using (1.1) and (1.2) in (2.1) we obtain

c,, 1 -1\ & I G (S S
MX(r,n,m,k)<t>=(r;11), ;( | Se 1){ ] fene (e g
: U

m+1 py

) (rcfi)! (mll ) Z“)U (S e
-l O e
{1—( to )”r}l, to<(m+1)r—1-j)+y, .

m+1)(r—1—j

—

It can easily be seen that Mx(m’m,k)(t) exists and is analytic in t, — 00 < t <00 where to < (m + 1)(1‘ -1- ])+ Y, ,forj
=0,1,2,....,r-1.

Theorem 2.1: Fix a positive integer k. Forn e N ,m €Z , 1<r<nandj=1,2,...,

( Yr+1 —t O-) Mgzrﬂ,n,m,k) (t) :j G Mgggrl-zl,n,m,k) (t)+ Yr+l M()gzr,n,m,k) (t) N (22)

Proof: Forn e N ,m €Z, 1<r <n, it follows from (1.5) that

Mixet.ame ()= % [e™(1-Fe)" " fx) g5, (F()) dx

2.3)
Integrating (2.3) by parts taking {(l - F(X))Y”' - f(X)} as the part to be integrated, we get

— [e* (1-F)™ g, (F(x) dx

r+l —o

MX(Hl,n,m,k) (t): MX(r,n,m,k) (t)+ %

Upon using (1.3), we obtain

t K - r
Myatnmio (t) = Myamio () + Y—G [e* (1=Feo) ™ g, (F(x) fx)dx

t
= MX(r,n,m,k)(t) + Y_O-MX(r+l,n,m,k)(t) . (24)
r+l

Differentiating both sides of (2.4) j times with respect to t, we obtain for 1 <r<n,n €N, m €Z that
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M()-(i)(r+],n,m,k) (t) = M()g()r,n,m,k) (t) + —M(X)(H—lrn m,k) ( )+_M§g(2'1 n,m.k) (t)

r+1 r+1

Which, when rewritten, gives the recurrence relation in equation (2.2).

Remark 2.1: Putting t = 0 in (2.2), we shall deduce the following recurrence relation for the single moments of generalized
order statistics from a two-parameter exponential distribution:

E[XJ (r+1.n,m, k}] - J9 glxi r+lnmk ]+E[XJ (r.n.m, k}] (2.5)

+l

Remark 2.2: On setting m =—1 and t = 0 in (2.2), we shall obtain the following recurrence relation for single moments of k-th
upper record values from a two-parameter exponential distribution:

EMW=%EW?V+EW3P

3. Recursive Computational Algorithm for Evaluation of Single Moments

We shall first obtain an exact expression for E[X(r,n,m,k)]. On using (1.5), we get

o

j (1-FG)" ™ fx) g5 (F(x)) dx

E[X (r.n,m. k) ]—

=

3.1)

which on using (1.2) and (1.3) and simplifying gives

1 @ (x LL} _ (1 _ F(X) ]m+l 1 -1
E[X(r,n, m.k) ]— + dx

to y m+1 m+1

1
I S 13 | . .
Now. expanding ( (X)) + binomially and using (1.2). we get
m+1 m+1
X i oL (LTS fx & .
r.nomk )= — X e .
r—1)) s lm+1) =

which on further simplification reduces to

. — Cr—1 1 = r- K 2
E[X(me‘k)]— - [n1+1] gﬂ:[ } (-1) {((m+1)i+“{,)+((m—l'lji—lﬂfr):}

(3.2)

Starting with the means of generalized order statistics obtained from their exact and explicit expression given in (3.2), the
recurrence relation given in (2.5) could be used in a simple recursive way in order to compute the higher order single
moments of generalized order statistics from a two-parameter exponential distribution.

4. Relations For Joint Moment Generating Functions

Let Mx(r,n,m,k),x(s,n,m,k) (t1 ,t 2) denote the joint moment generating function of X(I’, n,m, k) and X(S, n,m,k) and
Mgi’gz,n,m,k),x(s,n,m,k)(tl , tz) denote its i,j-th partial derivative. The relation in (1.3) shall be employed to derive the recurrence
relations for joint moment generating functions of generalized order statistics from a two-parameter exponential distribution.
Theorem 4.1: For 1 <r<s—1<n,neN meZ,i,j=0,1,2,...... , and a fixed positive integer k > 1 ,

{Ts+1 - tlo-} M;E':j:;:;:k5:X-:s+1:n:m:k:-(tl‘t2 ) :(.] +1 )GM;ﬂJr:In mk ) Xs+lnmk :-(t )+ fs+lM;iJ:—rlllnkl};-:snm k :-( H t} )‘ (41)

and, for 1 <r<n

{Yr+1 - tZG} M()i(’(jr_t—ri,)m,k),X(r+l,n,m,k)(t1 > t ) = (J + 1)(51\/‘[(11(-1211 m, k) (r+1,n,m,k)(tl’ t )+ YrHM(l (Jr-'—ti)m k)(t1+t2 )
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4.2)
Proof: Using (1.6), the joint moment generating function of X (r, n, m, k) and X (s+1, n, m, k) is given by

Mmmkw:n;mﬁ(n.t:)=( JJ I -Fe eh (F®) b, (Fe)-h,FE)]
-[1— F(y)} = (y) f(x) dy dx
j 1-FOF fix) 5'(F®) Ix)dx . (43)
(1— s—1 e

where
r tEHLY 1 Ve =1
1(x) = ["**[h,, (F(y))-h,, (FC))[ ™ I - Fx)]™ ") dy
Solving the integral in I(x) by parts and substituting the resulting expression in (4.3), we get
MX(r,n,m,k),X(s+1,n,m,k)(t1 ’ t2) M X(r,n,mk),X(s,n,m k)(tl ’ t2)

ey e iRl e ()

YS+1 X<y

[h,, (F)=h,, (F)l [ - Fe)™ dy dx.
On using the relation (1.3), we obtain

-
&

M)&(rnmkl);-;wlnmk:(t ) (4 4)

MX-; ramk) X{z+l . nmk :-(tl"tl ): MX:r:n:m:k!-:X-; s:n:m:ki(tl‘ t: )+

sl
Differentiating both sides of (4.4) i times with respect to t; and then (j+1) times with respect to
tr, we get

(1,j+1) (1j+1) .

MX-::nmL.:-X':HlnmL.:-( 1- ) M}il:rnmki}iisnmkh(tl‘tl ) j X-:r:n:m:kh:X-:s+l:n:m:k:-(tl"tl]

a1

(J + 1] .1}
t— MX{rnmleﬂanmH(tl‘t:) 2
Tert

which, when rewritten gives the recurrence relation in (4.1). Proceeding in a similar manner for the case s = r, the recurrence
relation given in (4.2) can easily be established. One can also note that Theorem 2.1 can be deduced from Theorem 4.1 by
letting t; tend to zero.

Remark 4.1: On setting t;=t,= 0 in (4.1) and (4.2) we shall obtain the following recurrence relations for product moments of
generalized order statistics from a two-parameter exponential distribution for the cases 1< r < s-1 <nand 1 <r < n,
respectively.

Vet E[Xi (rnm k)X (s +1.n,m. k )]: (G+1)o E[Xi(r. nm k)X (s+1.n.mk }]
Ve E[Xi (r.o,m, k)X (s,n,m, k ]] . (4.9)

ForneN, meZ, 1<r<s-1<nandij=0,1,2,...,
and, for 1 <r<n,1i,j=0,1,2,...,

YiE {Xi (rnm k)X r+ 1.0, m. k) I: g+ 1)6E[Xi (rnm k)X (r+1.n.mk) I
7B nm k) | (4.6)

Remark 4.2: Putting m =—1 and t; = t, =0 in (4.1) and (4.2), we shall obtain the recurrence relations for product moments of

k-th upper record values from a two-parameter exponential distribution:
For 1 <p<n-1,i,j=0,1,2,..

E[Y(k) v® J“] U:)O' E[Y“‘) v® ]+E[ Y(k) Y(k))!”]

n+1 n+1

and, for p >1, 1, j=0,1,2,...,

E[(Y(k) v® *1] (J+1)G [(Y(k))i(Y(“))j]+E[(ng))]i+jH.

p p+1 p p+l

5. Recursive Computational Algorlthm for Evaluation Product Moments
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On using (1.6), we obtain

00 00

el Dy (=R e Feop b, P -y Ee

E[X(r,n,m,k)X(s,n,m,k)]=

(1= Fx)"f(y) f(x) dydx .
Further,

ep(enm X6 e m i) e TTX}FU_F(}FW{_(I—F(Y)]mﬂ+(1—F(X)]m+1}s-r_

(s—r—D!r-1)" m+1 m+1

m-+l -1
{—(1—1:(:;)] - ] (1-Fx))™" dydx.

m+1 m+1
on using (1.3).

—(1-F™ | (1-Fe)™ ]s'r'land{—(l—ﬂx)]”*‘ L

.
On expanding |: } binomially and using (1.2), we

m+1 m+1 m+1 m+1
obtain
where
c 1 P P r—1 —-r—1 . me
E|X(r,n,m.k)X(s,n,m,k)|= el _ 1) | x
Ix( X ) (s—r—l)!(r—l)!c‘[m+1) Z}: ;[ )[ ] )( ) .[.I Y
(1 _ F(y)]‘[‘fﬂ. Hm+1)7) (1 _ F(X) ](m+l}[!—:+i—j} d}’dx
_1 - 1 _ e . _x
Coy 1 IZ:sZr: r—1y(s—r—1 (—1]1+J_[X G(x)
(5—1—1) (1—1)'5‘ m+l) 59 ] L
(x )
—{m+1Nz—r —
e I (5.1)
—u)
[y, +@m)j}
G(x) = I}f e ° dy
On solvmg the integral in G(x), we have
. —ir. +(ru+1)]}{x W CF: —y. +{1:1+1j|-_1}(x 2
G(x) = X e

+
{r.+m+1)j} fr.+m+1)jf

Substituting the above expression for G(x) in (5.1), we obtain

] B c,; 1 =2 sl r—1Vs—1r—1 i o
E[X(r,n,m. k)X(s.n.m, k) |= (s—r—l)!(r—l)!cz[m+1] ZZ{ ){ ; ]( 1) "TH(L j).

i=0 j=0
(5.2)
Where
Hi.j)= J- —{fm+ s oy, 10 lu}dx & T (s iy }(x—u)dx
e “ + — | X &
{f5+(m+1)l} {r.+(m+1)j}

On solving and simplifying the integrals in the above expression for H(i,j), we get
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o

2 no’

H(Lj)= 0

4
2a

v, +(@m+Dijfy, +(m +1)(s—r+i)}+ {y.+@m+D)jHy, +@m+1D)(s—r+1)) i

no”

ot @D, +m+D-1+D] 1+ @+ D, + m+DG—1+D)

64

o+ @+ Dy +@+DE-r+Df
Further, on substituting for H(i,j) in (5.2), an exact and
explicit expression for the product moments can be obtained.

Next, by using the exact and explicit expression for the
product moments obtained in (5.2) and also the recurrence
relations given in equations (4.5) and (4.6) in a simple
recursive way one can easily obtain the variances,
covariances and higher order product moments of all
generalized order statistics from a two-parameter
exponential distribution.
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