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Abstract: Topological indices play vital role in mathematical chemistry. The first entire Zagreb index (FEZI) is one among them. This
parameter has proven to be essential in various real-life scenarios, such as networking businesses and traffic management on roads. In
this paper,explore the first entire Zagreb index for various class of generalized fuzzy transformation graphs. This research paper is also
deals with the bounds for FEZI for generalized fuzzy transformation graphs in terms of elements of a fuzzy graph G.
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1. Introduction

It is quite well known that graphs are simply models of
relations. A graph is a convenient way of representing
information involving relationship between objects. The
objects are represented by vertices and relations by edges.
When there is vagueness in the description of the objects or
in its relationships or in both, it is natural that we need to
design a ’Fuzzy Graph Model’. Nowadays, due to various
applications of fuzzy graph theory (FGT), a huge number of
researchers are working on topological indices (TIs). In 1965,
the idea of fuzzy set (FS) was first introduced by Zadeh [22].
Motivated by this, in 1975, Rosenfeld [14] defined the fuzzy
graph (FG). At the same time, Yeh et al. [21] also introduced
the FG independently and defined some connectivity
parameters of a FG and their applications. In [19, 20], Sunitha
et al. studied the fuzzy block (FB), fuzzy bridge (FBg), fuzzy
cut vertex, fuzzy tree (FT), fuzzy forest, partial fuzzy
subgraph (PFSG), fuzzy subgraph (FSG), complete fuzzy
graph (CFQG), etc. Samanta and Pal discussed a fuzzy planar
graph in [18-36]. In [16, 17] Sahoo and Pal provided a
product of intuitionistic fuzzy graphs.

In the field of molecular chemistry, TIs are molecular
descriptors which are calculated on the molecular graph
(MG) of a chemical compound. These TIs are numerical
quantities of a graph which describes its topology. Zagreb
index M (G) is one such TIs which is degree-based TI and
introduced by Gutman and Trinajstic in 1972 [4] and this TI
is used to calculate z-electron energy of a conjugate system.
One of the most useful topological indices are the Zagreb
indices which are defined as:

M(G) =3 dy(v)’

and
M,(G)= Z dg(u)d;(v)
uveE(G)
where M and M, are the first and second Zagreb indices
respectively.

First entire Zagreb index (FEZI) [9] have an important role

for finding strength of vertices. The strength of vertices is
important in fuzzy graph theory. Thus, in this section the
FEZI of a fuzzy graph is initiated. Various properties and an
application of FEZI for fuzzy graphs is given.

Definition 1. Let G be an FG. Then, the FEZI of G is
indicated by M,? and is defined by:
z 2 2
M = Z (o(u)d;(u))” + z (u(u)d;(e))
vel' (G) ecE(G)
The total degree of an FG with respect to vertices is indicated
by T(G) and is defined by T,(G) Z d.(v).
vel (G)
Additionally, the total degree of an FG with respect to edge
is indicated by 7,(G) z d.(e).

ecE(G)

Example 1. Let G be an FG with vertex set V={vi,v,,v3,v4}
such that o(v1)=0.8,0(v2)=0.7,06(v3)=0.6,0(v4)=0.4, whereas
u(viv2) = 0.6,u(v213)=0.5 and u(v3v4)=0.4. Then dg(v1)=0.6,
de(v2)=1.1, dg(v3)=0.9 and dg(v4)=0.4. Further, dg(e1)=1.1,
dc(22)=1.0 and ds(e3)=0.5. The total vertex and edge degrees
of G are T.(G)=0.6+1.1+0.9+0.4=3.0 and
T.(G)=1.1+1+0.5=2.6. Hence
M{(G)= Y (od,w)’ + Y. (u(u)d,(e))
veV (G) ecE(G)
=[(0.8)x(0.6)]*+[(0.7)x(1.1)]?
+[(0.6)%(0.9)]*+[(0.6)x(1.1)]*4[(0.5)x(1.0)]*+[(0.4)x(0.5)]?
=1.8405.
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Figure 1: A fuzzy graph

In this article, the F-index for fuzzy graphs is introduced
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which is a more generalization of the first Zagreb index for
crisp graphs and it is extensively used in spectral fuzzy graph
theory, fuzzy network theory, fuzzy graph theory and several
fields of fuzzy mathematics and chemistry.

Preliminaries

Here, we provide some fundamental definitions and theorems
which are crucial to devel-oping the later sections. A fuzzy
graph G=(V,o,u) corresponding to the crisp graph G* is a
non-empty set V together with a pair of functions 6: V — [0,
1] and u: VXV — [0, 1] such that for all a, bEV,u(a,
b)<min{o(a),o(b)}

We assume that S is finite and nonempty,u is reflexive and
symmetric. In all the examples o is chosen suitably. Also, we
denote the underlying graph by G*: (¢*,u*) where o*={u &S:
o(u)>0} and p*={(u,v)ESXS: u(u,v)>0}. A fuzzy graph H:
(z,£) is called a partial fuzzy subgraph of G: (o, 1) if 7(u)<o(u)
for every u and =(u,v)<u(u,v) for every u,v. In particular we
call a partial fuzzy subgraph H: (7, E) a fuzzy subgraph of G:
(o,u) if 7(u)=0(u) for every u & * and =(u,v)=u(u,v) for every
arc u,v€=*. Now a fuzzy subgraph H: (z,E) spans the fuzzy
graph G: (o,u) if ©(u)=o(u). A connected f-graph G: (o,u) is a
fuzzy tree(f-tree) if it has a fuzzy spanning subgraph F: (7, &)
which is a tree, where for all arcs (x, y) not in F there exists a
path from x to y in F whose strength is more than u(x, y)) is a

weakest arc of G. Here Pi: x, w,v is an a-strongest u-v path
whereas Ps: x, u,v is a f-strong x-v path.

Fuzzy Transformation Graphs

Let G=(V,0,u) be a fuzzy graph with underlying crisp graph
G=(V,o*,u*). Then fuzzy transformation graph
G®=(X,0%, u®), where X=VUE. Let o and B be any two
elements of G® then we say that the associativity of aand S
is+if they are adjacent or incident in G otherwise. Let a and b
be two permutation of the set {+.-}. For more details on
transformation graphs refer [2, 3, 12, 15]. Then we define the
four kinds of fuzzy transformation graphs based on the
permutations of a and b. These fuzzy transformation graphs
are defined as follows:

Definition 2. Let G=(V,0,u) be a fuzzy graph with underlying
crisp graph G=(V,o*,u*). Then the vertex set of fuzzy
transformation graph V(G™)=VUE. The adjacency and
incidence relations and their values are defined as follows:
o(u) if veo
o) =quu) if ueu
0  otherwise

o(v)no(v)) if v,v.eo andareadjacentin G
Rt (o) | TN j

0 otherwise
/u++(ei’e/'):{0 lfei’eje;u
. ue) ifviec liesontheedge e, eu
ur(v,e)= .

0  otherwise

Definition 3. Let G=(V,0,u) be a fuzzy graph with underlying
crisp graph G=(V,o*,u*). Then the vertex set of fuzzy

transformation graph V(GY)=VUE. The adjacency and
incidence relations and their values are defined as follows:

o) ifuec . . .
. . . o(v)ro(v,) ifv,v.eoc andareadjacentin G
o (w=qpu@w) ifuepy &u(v,v)= ’ !
) / 0  otherwise
0  otherwise
a 0 it & otherwise
H (e‘.,e/.)—{ Hene e #ose)) = u(e)) ifv,eoc liesontheedge e eu

Definition 4. Let G=(V,0,u) be a fuzzy graph with underlying
crisp graph G=(V,o*,u*). Then the vertex set of fuzzy

ou) ifueo
o (u) = p(u)

0  otherwise

ifue u

,u’*(e,.,e/.):{o ife,e,eu  &u'(v,e)

Definition 5. Let G=(V,0,1) be a fuzzy graph with underlying
crisp graph G=(V,o*,u*). Then the vertex set of fuzzy
o(u) ifueo

o ()= { plw)
0 otherwise

,u”(ei,ej)z{O ife,e;eu &,u(vi,ej)z{

Example for G™": Consider a graph G in Figure 1. Then
according Definition 1, the fuzzy transformation graph
G*shown in Figure 2 has vertex set
V(G )={vi,va,v3,vs,e1,€2,€3} such that

&ﬂ7+(vi’vj) :{

ifueu &u (v,v,)=

transformation graph V(G)=VUE. The adjacency and
incidence relations and their values are defined as follows:

0 if u(vi,v)>0
oc(v)ro(v)) otherwise
ue;) ifv,eo liesontheedge e;eu

0  otherwise

transformation graph V(G )=VUE. The adjacency and
incidence relations and their values are defined as follows:

0 if p(v;,v)>0
o(v,)ro(v,)  otherwise

0 ifv,eo
He))
0(v1)=0.8,0(v2)=0.7,0(v3)=0.6,0(v4)=0.4,6(e1)=0.6,0(e2)=0.5
and

o(e3)=0.4.Further, u(v1,v2)=0.6, 1(v2,v3)=0.5, tu(v3,v4)=0.4, u(v1
,e1):0.6,#(\/2,61):0.6,/1(\/2,62):0.5,/1(\13, 82):0.5,/1(\13,63):0.4

lies on the edge e; e u

otherwise
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and u(vs4,e3)=0.4. By Lemma 1,
dgr(u)=2>" p(u,v) and d;; (e) =2u(u,v).
u#v

Therefore, we have vertex and edge degrees as follows:
do(v)= D w(v,v,)=2(0.6)=12

VI £V,
de(»)=2(1.1)=2.2, dc(v3)=2(0.9)=1.8, ds(v4)=2(0.4)=0.8,
de(e)=2u(viv2)=2(0.6)=1.2, dg(e2)=2u(v2v3)=2(0.5)=1,
dG(€3):2,Lt(V3V4):2(0.4):0.8, dG(V1V2):2.2, dc(VzV3):3,
do(v3va)=1.8, dc(vse3)=0.8, do(esv3)=1.8, ds(ev3)=1.8,
de(ev2)=2.2, dg(ev2)=2.2, ds(eivi)=1.2, Therefore, the M/

of G"is given by
Mi(G)= ¥ (0Gd )+ Y (uwd,.(@)
veV (G*) ecE(G™)

=[(0.8)x(1.2)1>+[(0.7)x(2.2)]*+[(0.6)x(1.8)]*+[(0.4)x(0.8)]?
+[(0.6)x(1.2)]?+[(0.5)%(1.0)]*+[(0.4)x(0.8)]*+[(0.6)x(2.2)]
+[(0.5)x(3.0)]?+[(0.4)x(1.8)]>+[(0.4)x(0.8)]*+[(0.4)x(1.8)]?
+[(0.5)%(0.8)1?+[(0.5)%(2.2)]+[(0.6)x(2.2)]*+[(0.6)x(1.2)]?
=14.8452.

(0.8) 04)
06 v Vi IN\(0.4)
e 10 0.6) 04
G (( _f‘ble 0.4)
06
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05N, A05)
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Figure 3: The Transformation Graph G **

Example for G*: Consider a graph G in Figure 1. Then
according Definition 2, the fuzzy transformation graph G*
shown in Figure 3 has vertex set V(G")={vi,v,,v3,vs,e1,€2,€3}
such that o(v1)=0.8,6(v2)=0.7,0(v3)=0.6,0(v4)=0.4,0(e1) 0.6,0
(e2)= 0.5 and o(e3)=0.4. Further, u(vi,v2)=0.6, w(v2,v3)=0.5,
w3, va)=0.4, u(vi,e3)=0.4, u(vr,e3)=0.4, u(v3e)=0.6,
1(v4,e1)=0.6, u(vi,e2)=0.5 and u(vs,e)=0.5. By Lemma 1,

dy ()=2 ), uwy)  and  d@~(V-2ubw)
u,veVXvV
Therefore, we have do(vi)=dc(v2)=dc(v3)=dc(vs)=1.5,
do(e ) =([V-2)u(u,v)=(4-2)(0.6)=1.2,  da(e2)=(4-2)(0.5)=1,
da(e3)=(4-2)(0.4)=0.8. Therefore, the M of G*is given by
M{(G")= D (od . )+ D, (uwd, (e))
vel (G*7) ecE(G)
=[(0.8)x(1.5)]+[(0.7)x(1.5)]*+[(0.6)x(1.5)]*+[(0.4)x(1.5)
+[(0.6)x(1.2)1+[(0.5)%(1.0)]*+[(0.4)x(0.8)]*+[(0.6)x(1.8)
+[(0.5)%(2.0)]?+[(0.4)x(2.2)]+[(0.5)%(1.5)]*+[(0.5)*(1.5)
[ [
1

2
2
2
2

24
24
24
24

e —
/e
—_

+(0.4)x(1.5)]+[(0.4)%(1.5)]+[(0.6)x(1.5)]+[(0.6)x(1.5)
0.9891.

«

©.7 10.6)
Figure 4: The Transformation Graph G ™

Example for G": Consider a graph G in Figure 1. Then
according Definition 3, the fuzzy transformation graph G
*shown in Figure 4 has vertex set V(G ")={vi,vo,v3,vs,e1,€2,€3}
such that o(v)=0.8, 0(v2)=0.7, o(v3)=0.6, o(v4)=0.4,
0(e1)=0.6, a(e2)=0.5 and o(e3)=0.4. Further, u(vi,v3)=0.6,
ﬂ(V1,V4):0.4, /L(Vz,V4):0.4, ,u(V1,e1):0.6, /.t(Vz,e1):0.6,
H(v2,e2)=0.5, u(v3,e2)=0.5u(v3,e3)=0.4 and u(vse2)=0.4. By
Lemma 1,
dg'(u)=2) (o) ro(v)+ Y. wu,v)and d;'(e) =2 u(u,v).
uvgE uvglE
Therefore, we have
dc(v1)=0.4+0.6+0.6=1.6,dc(v2)=0.5+0.6+0.4=1.5,
do(v3)=0.4+0.4+0.5=1.3, dg(v4)=0.4+0.4+0.4=1.2,
dg(e)=2u(viv2)=2(0.6)=1.2, da(e2)=2u(v2v3)=2(0.5)=1,
dg(e3)=2u(v3v4)=2(0.4)=0.8.
Therefore, the M/ of G™'is given by
MG = D (od, . W)+ D, (uuyd,.(e)’
Vel (G™) ecE(G™)
=[(0.8)*(1.6)]*+[(0.7)x(1.5)]+[(0.6)x(1.4)]*+[(0.6)x(1.2)]?
+[(0.5)%(1.0)]?+[(0.4)x(0.8)+[(0.4)x(2.0)]*+[(0.6)*(1.8)]?
+[(0.4)%(1.9)]?+[(0.4)x(1.4)]+[(0.4)x(1.2)]*+[(0.6)*x(1.6)]?
+[(0.6)x(1.5)]*+[(0.5)x(1.5)]*+[(0.6)x(1.4)]*=10.2598.

(0.8) 04) 04)

05)

Figure 4: The Transformation Graph G *

Example for G—: Consider a graph G in Figure 1. Then
according Definition 4, the fuzzy transformation graph G~
shown in Figure 5 has vertex set V(G )={vi,v2,v3,vs,e1,€2,€3}
such that o(1)=0.8,0(v2)=0.7,
0(v3)=0.6,0(v4)=0.4,0(e1)=0.6,0(e2)=0.5 and  o(e3)=0.4.
Further, u(v1,v3)=0.6, 1u(v1,v4)=0.4, u(v2,v4)=0.4,u(v1,e3)=0.4, u
(v2,€3)=0.4, 1(v3,€1)=0.6,u(v4,e1)=0.6, 1(v1,€2)=0.5 and
U(vs,e2)=0.5. By Lemma 1,
dg (u)= 22;(6(”) Ao(W)+ D w(u,v) and dg (€)= (V|- 2) pu(u,v).

 do(v)=0.4+0.6+0.5+0.4=1.9,
d6(v3)=0.6+0.6=1.2,

Therefore, we have
dc(1v2)=0.4+0.4=0.8,
dc(v4)=0.4+0.4+0.6+0.5=1.9,  dg(e1)=2u(viv2)=2(0.6)=1.2,
dG(ez):Z,u(va):Z(O.5):1, dG(€3):2,u(V3V4):2(0.4):0.8.
Therefore, the M of G™is given by
MG )= D (od, )’ + Y. (uwd, (e)
Vel (G™) ecE(G)
=[(0.8)x(1.9)]*+[(0.7)x(0.8)]*+[(0.6)x(1.2)]*+[(0.4)x(1.9)]?
+[(0.6)x(1.2)]*+[(0.5)x(1.0)]*+[(0.4)x(0.8)]*+[(0.5)x(1.9)]?
+[(0.6)%(1.9)]*+[(0.6)x(1.2)]*+[(0.6)x(1.9)]*+[(0.4)x(3.0)]?
+[(0.4)x(0.8)]*+[(0.4)x(1.9)]=11.5854.
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(0.5)
Lemma 2. [Handshaking Lemma For Fuzzy Graphs] The
sum of degrees of all vertices in a fuzzy graph G=(V,0,u) is
equal to twice the sum of membership values of all edges in
Giie 3 dw)=2 Y u(e).
ueV (G) ecE(G)

Observation 1. For every fuzzy graph G=(V,o,u) the
following are true:

0.7 0.6)

Figure 5: The Transformation Graph G - 1) o(u)<l
2) Z ow)<n
2- Results uel’ (G)

3) w(mv)=A o(u).c(v)<1
Lemma 1. Let G=(V,ou) be a fuzzy graph and  4) z 1(u,v) = z u(e)
H=G"=(VUE,c*,u*) be fuzzy transformation graph. Then uveE(G) ecE(G)
the degree of point vertex and line vertex are given by
di(u)= ZZ,U(u,v) and dj (e) =2u(u,v).

u#v

di (u)=2 z H(u,v)and d; (e) =(V|-2)u(u,v).

u,veVXV

d; (u)=2) (o) ro()+ Y. uu,v)and dg'(e) =2u(u,v).

uvgE uvgk

d; (u)=2 Z (G(Ll) Ao(v))+ Z wu,vyand d; (e) =(V|-2)u(u,v).

uvgE uvgE

Theorem 1. Let G be n-vertex fuzzy graph with m-edges. Then
M (G <’ THG)+m’ T (G) +m’TH(G) +4m’ T, (G)

Proof. Now, the FEZI of G™is given by
M{(G™M)= 3 (od )+ 3 (uwud,. (o)

vel (G™) ecE(G™)
= Y wd, @Y+ Y wd, Y+ Y (uwd, @Y+ Y (ud, (@)
vel (G (G) vel (GTHNE(G) ecE(GT)NE(G) ecE(G™)-E(G)
Since ) (pg)'<Y p'Y ¢', wehave 3 Luvy= Y u(e)

u,veE(G) ecE(G)

Since 0<6<1 and 0<u<l. Therefore, we have

M (G <’ THG)+m’ T (G) +m’TH(G) +4m’ T, (G)
where [(G)= 3, (@ @) a6 = Y @)

vel (G*)NE(G) eeE(G*)~E(G)

Theorem 2. Let G be n-vertex fuzzy graph with m-edges. Then

M{(G) < T2 (G) +m* T (G) + m*T2(G) +(m(n - 2)) TA(G)
Proof. Now, the FEZI of G*"is given by

M{(GT)= Y (ody @)+ 3 (uwd,. (o))’

Vel (G) ecE(G™)

= ) (wd, @)+ Y (ewd, @+ Y (uwd, @)+ Y (uwd, (e)

Vel (G (G) Vel (G*)NE(G) eeE(G*)NE(G) eeE(G')-E(G)

Since > (pq)* <Y p* Y q*, we have
MG Y (o) Y, @)+ Y (ew) DY (dg W)’

vel (G )nl (G) vel (G )NV (G) veV (G )NE(G) veV (G )NE(G)

D I V7)) M SR N ) s D 07(() S S . S () &

ecE(G*)NE(G) ecE(G*)NE(G) ecE(G)-E(G) ecE(G*)-E(G)

< D (C)THG)+ Y (o) Y, (e@)+ DY (uw)'THG)

Vel (G (G) vel (G*)NE(G) vel (G*)NE(G) ecE (G )NE(G)

o (mwy' Y (d (@)

ecE(G*)-E(G) ecE(G*)-E(G)
Since 0<¢<1 and 0<u<l. Therefore, we have
MG <’ THG) +m’ T (G) +m T (G) + (m(n = 2))° T, (G)
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where 1,(G)= D, (d..)’ ad ,(G)= D, (d. (o).

veV (GT)NE(G) eeE (G )-E(G)

Theorem 3. Let G be n-vertex fuzzy graph with m-edges. Then

ME(G™) <wT2(G) + m*TA(G) + mT2(G) + (L =Dy 726

Proof. Now, the FEZI of G'is given by
M{(G™)= ) (o@d @)+ Y (uud,.(e))’

Vel (G™) eeE(G™)

= Y (owd, @)+ Y (owd, )+ Y (uwd @)+ Y (uwd, ()’

vel (GH)nV (G) vel (G )NE(G) ecE(GHNE(G) ecE(G)-E(G)

Since » (pg)* <> p*> q°, wehave
MIGS Y (o) Y @)+ Y, (o) Y (d, @)

vel (G )NV (G) vel (GNP (G) vel (G )NE(G) vel (G )NE(G)
> () Y dae) Y (uw) Y (d @)
ecE(GNE(G) eeE(G 7 )NE(G) ecE(G)-E(G) ecE(G)-E(G)
< Y (TG + Y, (e Y e+ Y (uw)’THG)
vel (G WV (G) veV (GHNE(G) vel (G NE(G) ecE(G M )NE(G)
Y uwy Y ([dg.e)
ecE(G M)-E(G) ecE(G )-E(G)
Since 0<6<1 and 0<u<l. Therefore, we have

n(n-2

M:(G™) <’ TH(G) +m*THG) +m*T*(G) +( ( )) TX(G)

where T,(G)= D, (d..@)" and Tz(G) = > (@ (@) .
vel (G™H)NE(G) eeE(G™)-E(G)
Theorem 4. Let G be n-vertex fuzzy graph with m-edges. Then

MG <’ TX(G) + m’T (G) + m*T*(G) + (”(”2 2, m(n—2)—m)’ TX(G)

Proof: Now, the FEZI of Gis given by
M{(GT)= Y (o(wd, @)+ Y, (uwd, (o)’

vel (GT7) ecE(G™)

= Y wd, )+ Y (ewd, @Y+ Y (udg @)+ Y (uwd, (o)

Vel (G )V (G) vel (G )NE(G) ecE(G)NE(G) ecE(G™)-E(G)

Since Z:(pq)2 < szzqz, we have
MiGT)s Y (o) Y @)+ Y (e Y (d, @)

vel (G- (G) Vel (G )V (G) vel (G)NE(G) vel (G- )NE(G)

Yy Y W, @ Y wwy Y d, @)
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