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Abstract
The emission of electromagnetic radiation in the whistler mode within burning plasma has
been studied in the presence of low-frequency kinetic Alfvén wave (KAW) turbulence. This
process occurs through wave–particle interactions driven by a nonlinear force. The nonlinear
force arises from the resonant interaction between ions and the modulated field, which leads
to instabilities. Using a Maxwellian model for the particle distribution function, the fluctu-
ating parts of the ion distribution were obtained. These fluctuations generate a nonlinear
force. By applying the ion momentum equation and the ion continuity equation, a nonlin-
ear dispersion relation for the whistler mode was derived that incorporates this force. The
growth rate of the whistler mode was then estimated using experimental data from fusion
devices. The results suggest that whistler mode instabilities can develop in burning plasma
when kinetic Alfvén wave turbulence is present.

Key words: Burning plasma, Kinetic Alfven wave turbulence, ion-acoustic wave, wave-
particle interaction, Nonlinear force

1 Introduction

Radiation phenomena associated with plasma inhomogeneity are a common feature in burn-
ing plasma. Burning plasma is a self-organised complex system consisting of energetic par-
ticles—these include electrically charged fusion products as well as superthermal ions and
electrons, generated both by fusion reactions and by external power sources used for heating
and current drive [1]. The study of plasma instabilities driven by large-amplitude electro-
magnetic waves, based on plasma maser theory, has long been an active field of research
in burning plasma. The energy density of fast ions and charged fusion products forms a
significant fraction of the total plasma energy density.
Whistler modes, meanwhile, are naturally found high above Earth in the ionosphere, a layer
of the atmosphere located approximately 50 to 600 miles above the Earth’s surface. Whistler
waves in the 100–200 MHz range are produced when lightning bolts generate pulses of elec-
tromagnetic waves that travel between the Northern and Southern hemispheres. As these
waves propagate, their frequency shifts, and when converted into audio signals, they produce
a sound similar to whistles. Remarkably, similar whistler waves have now been discovered
in the hot plasma inside a tokamak [5]. Whistler modes are stabilised as the magnetic field
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increases, consistent with wave–particle resonance mechanisms.
Kinetic Alfvén wave (KAW) turbulence is supported by plasma inhomogeneity in burning
plasma, which is associated with strong confining magnetic fields. Therefore, an inhomo-
geneous particle distribution model is considered in this investigation. Among the various
collective electromagnetic instabilities in burning plasma, low-frequency kinetic Alfvén waves
are regarded as the primary drivers of anomalous transport phenomena. In these inhomoge-
neous regions, KAW instabilities are excited by superthermal energetic particles [13,14,15].
This creates a strong possibility that resonant interactions allow KAWs to exchange energy
with such particles.
Resonant interactions between kinetic Alfvén waves and whistler waves occur in burning
plasma, as both may be slowed down by Coulomb collisions, which are naturally present in
such systems. The important role of KAWs and their interaction with energetic particles in
burning plasma was recognized in pioneering works by Belikov et al. [6], Rosenbluth and
Rutherford [7], and Mikhailovskii [8].

Thus, in the inhomogeneous regions of burning plasma, kinetic Alfvén waves—excited
by superthermal energetic particles [2,3,4]emerge as a low-frequency mode strongly coupled
with plasma particles. Among the possible collective instabilities, KAWs are considered the
most significant contributors.

In this investigation, we wish to analyse how kinetic Alfven wave turbulent energy along
with the nonlinear force E ×B which initiates kinetic drift motion may transfer its energy
through acceleration of alpha particles to non-resonant whistler wave on the basis of non-
linear wave energy up-conversion process called plasma-maser effect. Plasma-maser effect,
which is especially important in strongly magnetised plasma where Ωi > ωpi was proposed
by Nambu [18,19], where mode-mode coupling is considered among waves. Plasma-maser
effect occurs when resonant as well as non-resonant waves are present in the system. The
resonant waves are those for which the Cherenkov resonant condition ω − v.k = 0 is sat-
isfied. Whereas the nonresonant waves are those for which both the Cherenkov resonant
condition and the nonlinear scattering conditions are not satisfied i.e Ω − (K.v) ̸= 0 and
Ω−ω−(K− k).v ̸= 0. Here, ω and Ω are frequencies of the resonant and nonresonant waves
respectively and k and K are the corresponding wave numbers.

The plasma maser process is best understood in terms of a high-frequency nonlinear
force [18,19]. This force arises from the resonant interaction between energetic ions and
modulated fields, which are produced by the coupling of high-frequency whistler waves with
low-frequency kinetic Alfvén waves in burning plasma. The nonlinear force can either ac-
celerate or decelerate energetic ions, and the accelerated ions may then emit electrostatic or
electromagnetic radiation.
In this work, using a local approximation, we apply a modified Maxwell distribution function

Paper ID: SR26701223120 DOI: https://dx.doi.org/10.21275/SR26701223120 77 

International Journal of Science and Research (IJSR) 
ISSN: 2319-7064 

Impact Factor 2025: 7.089 

Volume 15 Issue 7, July 2026 
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal 

www.ijsr.net 



for inhomogeneous plasma [20] and derive the nonlinear force responsible for the emission
of electromagnetic radiation in the whistler mode in the presence of kinetic Alfvén waves in
burning plasma. Furthermore, we estimate the growth rate of the whistler wave by employ-
ing the ion momentum equation and the ion continuity equation in a tokamak environment.

2 Formulation of the Problem

We assume tokamak plasma in presence of kinetic Alfven wave turbulence with whistler
mode as super imposing perturbation field in the system.The confining magnetic field with
small gradient is taken along the z-direction B0 = B0(y) and the system has spatial gradient
in y-direction.

Fig.1:Geometry of the model: k = (k⊥, 0, k∥) is the propagating vector of kinetic
Alfven wave K =(0, 0, K∥) is the propagating vector of Whistler wave, ∇n0(y) is the density
gradient along the negative Y-direction, ∇B0(y) is the magnetic gradient along the positive
y-direction.

For such an inhomogeneous plasma [24] the particle distribution function [25] is consid-
ered as
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where f0i(y,v) is the distribution function for the guiding center: i refers to the ion
(i), vx = v⊥cosθ, v∥ and v⊥ are the components of velocity along and perpendicular to the
direction of the external magnetic field, θ is the phase angle of the particle in the orbit,
Ωi = eB0

mc
is the ion cyclotron frequency, λ =

[
− 1

f0i

df0i
dy

]
y=0

is the density gradient and

F = F ŷ is the external force applied in the y-direction which is responsible for drifting
motion of alpha particles in equation of motion as follows

dv

dt
= Ωi(v × ẑ) +

F

m
ŷ

Due to this external force applied perpendicular to magnetic field would result drifting
velocity

VF =
F×B0

eB2
0

at the zeroth order [22].

In present case we have

VF =
F

miΩi

x̂

The interaction of high frequency whistler mode with low frequency kinetic Alfven wave
turbulence is governed by the Vlasov-Maxwell equations.[

∂

∂t
+ v.

∂

∂ r
−
{

e

mi

(
E+

v× B0

c

)
+

F

mi

}
.
∂

∂v

]
F0i(r,v, t) = 0 (2)

∇× E = −1

c

∂B

∂t
(3)

∇×B =
1

c

∂E

∂t
+

4π

c
J (4)

J = −eni

∫
vf0i(r,v, t)dv (5)

∇.E = 4πeni

∫
f0i(r,v, t)dv (6)

On the basis of linear response theory [23] the unperturbed ion distribution of a turbulent
plasma can be expressed as
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F0i = f0i + ϵf1i + ϵ2f2i (7)

E0i = ϵEl + ϵ2E2 (8)

and

B0i = B0 + ϵBl (9)

where ϵ is a small parameter associated with the kinetic Alfven wave turbulent field
El=(El⊥, 0, El∥) and Bl=(0, Bly, 0) with propagating vector k=(k⊥, 0, k∥), f0i is space and
time average part, f1i, f2i are fluctuating part of the distribution function. E2 is the second
order electric field.
Putting these in Eq.(2), we have to the order of ϵ

[
∂

∂t
+ v.

∂

∂ r
−
{

e

mi

(
v× B0

c

)
+

F

mi

}
.
∂

∂ v

]
f1i =

e
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(
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c

)
.
∂

∂v
f0i (10)

Using Fourier transforms according to

A(r,v, t) =
∑
k,ω

A(k, ω)exp[i′(k.r− ωt)] (11)

and integrating along unperturb orbit, the fluctuating part f1i of the low-frequency tur-
bulent field is obtained from Eq.(6) as

f1i(k, ω) =
e

mi

∫ 0

−∞

(
El +

v×Bl

c

)
.
∂f0j
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exp[i′{k.(r′ − r)− ωτ}]dτ

=
e
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∫ 0

−∞

(
El⊥

∂f0i
∂vx

+ El∥
∂f0i
∂v∥

)
exp[i′{k.(r′ − r)− ωτ}]dτ

= i′
∑ e
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[
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Tik⊥
El⊥{1−

(
k∥v∥ − ω − λTik⊥

miΩi

)
Mab}f0i − El∥

∂f0i
∂v∥

Mab

]
(12)

where

Mab =
∑
ab

Ja(αi)Jb(αi)exp[i
′(b− a)]

aΩi + k∥v∥ + ω − k⊥VF + i′0+
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αi =
k⊥v⊥
Ωi

VF =
F

miΩi

which represent the F × B drift, ω and k are frequency and wave number of kinetic Alfven
wave fields and i′0+ represents small imaginary part of ω.

After applying perturbation to the quasisteady state by a high frequency test whistler
wave field µδE with a propagating vector K = (0, 0, K∥), electric field δE = (Eh, 0, 0), mag-
netic field δB = (0, Bh, 0) and a frequency Ω, the total perturb electric field, magnetic field
and the particle distribution function becomes

δE = µδEh + µϵδElh + µϵ2∆E (13)

δB = µδBh + µϵδBlh + µϵ2∆B (14)

δfi = µδfhi + µϵδflhi + µϵ2∆fi (15)

Where δElh,∆E, δBlh,∆B are the modulation fields, δflhi, ∆fi are particle distribution
function corresponding to modulating fields and δfhi is the fluctuating part of particle distri-
bution function due to a high frequency whistler wave. Linearising Vlasov equation Eq.(2)
we obtain

[
∂
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+ v.

∂
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e
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c
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}
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∂
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+

e
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2
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c
+

F

mi

}
.
∂
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]
× (f0i + ϵf1i + ϵ2f2i

+ µδfh + µϵ∂flh + µϵ2∆f) = 0 (16)

To the order of µ, µϵ, µϵ2, after omitting the second order field quantities we have

Pδfhi =
e

mi

(
δEh +

v× δBh

c

)
.
∂f0i
∂v

(17)
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e
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where the operator P is given by
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)
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}
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Using the Fourier transformation and method of characteristics[27] We have evaluated the
fluctuating parts δfhi, δflhi, ∆fi of the particle distribution function over the particle tra-
jectories
We have from Eq.(13)

δfhi(K,Ω) =
e
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From Eq. (14)

δflhi(K− k),Ω− ω) =
e
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= I1lh + I2lh + I3lh(say) (21)
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×exp[i′{(K− k).(r′ − r)− (Ω− ω)τ}]dτ
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where
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∑
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Js(αi)Jt(αi)exp[i
′(s− t)θ]

(K∥ − k∥)v∥ − sΩe + ω − Ω− k⊥VF
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3 Nonlinear Force
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e

mi

(
El +

v×Bl

c

)
.
∂δflhi
∂v

+
e

mi

(
Elh +

v×Blh

c

)
.
∂fli
∂v

= G (25)

Introducing Fourier transformation in space and time we obtain

∆fi(K,Ω) =
F (K,Ω)

i′(K∥v∥ − Ω)
(26)

The nonlinear force can be defined as the rate of change of momentum and is given by

GNh =
∂

∂t

∫
miv∆fdv

=
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∫
mi∆fi(K,Ω)exp[i′(K.r− Ωt)]vdv

= mi
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Therefore the Fourier component of the high frequency nonlinear force GNh(K,Ω) acting
on unit volume of fast ion can be written as
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GNh(K,Ω) = minb
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where nb being the ion number density. The z-component of nonlinear force GNh(K,Ω) can
be written as

GNhz(K,Ω) = GNhz1(K,Ω) +GNhz2(K,Ω) (29)

where
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− |K-k|
Ω− ω

v⊥cosθ

)
∂fli
∂v∥

〉
v∥dv
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We have considered the second part of the nonlinear force GNhz2(K,Ω) which is comes
from the polarization coupling term. In the evaluation process taking only the imaginary part
as they only contribute to growth or damping of plasma waves through the plasma maser
interaction for which the condition is ω = k.v (other resonant conditions viz, Ω = K.V
and Ω− ω = (K-k).V are not satisfied)between the whistler wave and kinetic Alfven wave
turbulence. Assuming Ω < Kv∥ and the phase angle θ to be vary vary small, we evaluate
the nonlinear force considering the most dominant contribution to Bessel’s term comes from
the term a = b = s = t = 0.

Substituting the values of δfli(K-k,Ω−ω), and replacing Im
(

1
−ω+kv+i0+

)
by −iπδ(ω− kv),

we finally obtain the nonlinear force GNhz2(K,Ω) after a lengthy calculation retaining the
dominant term only from I1 and I2 as

GNhz2 = −enb

√
πδElhi

(
e

mi

)
Ω2(K∥ − k∥)k

2
∥

K2
∥(vAk∥ + k⊥VF )2|K-k||k∥|vi

(
El⊥

λ

Ωi

+ 2El∥
vAk∥ + k⊥VF

k∥v
2
i

)

×exp

{
−
(
vAk∥ + k⊥VF

vik∥

)2}
(33)

The expression of modulation electric field δElhi(K-k) is obtained by using maxwell’s
equation

∇×Blh =
1

c

∂

∂t
δElhi +

4π

c
J

J = −eni

∫
vflhidv

which is in the form after simlification

δElh =
4πi′eni(Ω− ω)

{(Ω− ω)2 − c2|K-k|2}

∫
v∥δflhidv

Now, we obtain δElh using the values of I1lh, I
2
lh and I3lh as

δElhi =
4πi′eni(Ω− ω)

R{(Ω− ω)2 − c2|K-k|2}

(
e

mi

)2

δEh

∫
v∥

[[
El

[(
1−

K∥v∥
Ω

)
f0i

mi

Ti

(K∥v∥ − Ω)

{(K∥v∥ − Ω)2 − Ωi
2}

−
K∥

Ω

∂f0i
∂v∥

1

K∥v∥ − Ω

]
Nst + El⊥

[(
1−

K∥v∥
Ω

)
f0i

{
mi

Ti

v⊥cosθ(K∥v∥ − Ω)

{(K∥v∥ − Ω)2 − Ωi
2}

+
λ

Ωi(K∥v∥ − Ω)

}

−
K∥v⊥cosθ

Ω

∂f0j
∂v∥

1

K∥v∥ − Ω

]
× mi

Tik⊥

[
1 +

{
(Ω− ω)− (K∥ − k∥)v∥ −

λTik⊥
miΩi

}
Nst

]
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+ El∥
∂

∂v∥

[(
1−

K∥v∥
Ω

)
f0i

{
mi

Ti

v⊥cosθ(K∥v∥ − Ω)

{(K∥v∥ − Ω)2 − Ωi
2}

+
λ

Ωi(K∥v∥ − Ω)

}

−
K∥v⊥cosθ

Ω

∂f0i
∂v∥

1

K∥v∥ − Ω

]
Nst

]
+

[(
1−

K∥v∥
Ω

)
mi

Tik⊥

[
1 +

{
(Ω− ω)− (K∥ − k∥)v∥

−λTik⊥
miΩi

}
Nst

]
× mi

Tik⊥

[
El⊥

{
1− (k∥v∥ − ω − λTik⊥

miΩi

)Mab

}
f0i − El∥

∂f0i
∂v∥

Mab

]

+
K∥v⊥cosθ

Ω

∂

∂v∥

[
mi

Tik⊥
El⊥

{
1− (k∥v∥ − ω − λTik⊥

miΩi

)Mab

}
f0i − El∥

∂f0i
∂v∥

Mab

]
Nst

]]
(34)

where

R = 1 +
ω2
pi(Ω− ω)

{(Ω− ω)2 − c2|K-k|2}

∫
v∥

[(
k⊥

|K-k|
+

|K-k|
Ω− ω

v∥

)
f0i

× mi

Tik⊥

[
1 +

{
(Ω− ω)− (K∥ − k∥)v∥ −

λTik⊥
miΩi

}
Nst

]

+

(
K∥k∥
|K-k|

+
|K-k|
Ω− ω

v⊥cosθ

)
∂f0i
∂v∥

Nst

]
(35)

After integrating, retaining the dominant term and using the value [Ref.]

1

R{c2|K-k|2 − (Ω− ω)2}
≈ 1

c2k2
∥

we get

δElhi =

√
πi′e

mi

ω2
pi(Ω− ω)δEhEl⊥K∥

c2k2
∥Ω

2
i (ω − Ω− k⊥VF )

(36)

Therefore,the nonlinear force GNhz2 can be derived using the Eq.’s(32) and Eq.(35) as

GNhz2 = −enbi
′π

(
e

mi

)2

δEh

ω2
piΩ

2(Ω− ω)

Ω2
i c

2vi|k∥|K∥(vAk∥ + k⊥VF )2(ω − Ω− k⊥VF )
El⊥

×
(
El⊥

λ

Ωi

+ 2El∥
vAk∥ + k⊥VF

k∥v
2
i

)
exp

{
−
(
vAk∥ + k⊥VF

vik∥

)2}
(37)
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Therefore,
GNhz2(K,Ω) = i′fh2δEh(K,Ω)

where

fh2 = −enbπ

(
e

mi

)2 ω2
piΩ

2(Ω− ω)

Ω2
i c

2vi|k∥|K∥(vAk∥ + k⊥VF )2(ω − Ω− k⊥VF )
El⊥

(
El⊥

λ

Ωi

+ 2El∥
vAk∥ + k⊥VF

k∥v
2
i

)

×exp

{
−
(
vAk∥ + k⊥VF

vik∥

)2}
(38)

4 Dispersion Relation

Maxwell equation governing the high frequency electromagnetic perturbation can be written
as

∇× Eh =
1

c

∂

∂t
δBh

∇×Bh =
1

c

∂

∂t
δEh +

4π

c
Jh

From these maxwell equation we then obtain

(Ω2 − c2K2)Eh(K,Ω) = −4πiJh(K,Ω) (39)

Following the method of chen[]we use the momentum equation with the nonlinear term as

mn

(
∂ v

∂t
+ v.∇v

)
= −enδEh(K,Ω) +GNh(K,Ω) (40)

Now,the linearized equation of Eq.(40) with the nonlinear high frequency force term as

mn0
∂vh

∂t
= −en0δEh(K,Ω) +GNh(K,Ω) (41)

By Fourier analysis we get

−imn0Ωvh = −en0δEh(K,Ω) + ifhδEh(K,Ω)
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⇒ vh =
i

mn0Ω

(
ifh − en0

)
δEh(K,Ω) (42)

Now substituting the current density equation Jh(K,Ω) = −en0vh in Eq.(39) we have

vh =
Ω2 − c2K2

4πien0Ω
δEh(K,Ω) (43)

Therefore from Eq.(42) and Eq.(43) we get the dispersion relation of electromagnetic
whistler mode in burning plasma in presence of kinetic Alfven wave turbulence field as

Ω2 − c2K2 − ω2
pi =

−4πei

mi

fh (44)

5 Growth Rate

Now to estimate the growth rate electromagnetic instability in presence of kinetic Alfven
wave turbulence we put Ω = Ωr + iγ in Eq.(44) to Ωr and γ are the real frequency and the
growth rate respectively
gives

Ωr =

(
ω2
pi + c2K2

) 1
2

(45)

γ =
2πefh
miΩr

(46)

Finally substituting the values of fh we obtain the growth rate of whistler mode as

γ

Ω
=

1

2
π

ω4
piΩ(Ω− ω)

Ω3
i |k∥|c2K∥vi(vAk∥ + k⊥VF )2

(
e

mi

)2

El⊥

(
El⊥

λ

Ωi

+ 2El∥
vAk∥ + k⊥VF

k∥v
2
i

)

×exp

{
−
(
vAk∥ + k⊥VF

vik∥

)2}
(47)
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6 Conclusion

In an earlier investigation amplification of whistler wave in presence of kinetic wave turbu-
lence through nonlinear wave particle interaction has considered in magnetosphere plasma.
In the above study it has been predicted that growth rate increases with increase of density
gradient parameter. It suggest that spatial gradient of plasma in magnetosphere may con-
tributed to faster growth of whistler wave. In this present paper we are consider interaction
of whistler wave with kinetic Alfven mode in burning plasma. Here our study is based on
distribution of particles considered inhomogeneity of burning plasma. The particle distribu-
tion consider here include spatial gradient along y-axis with confining field.The transverse
polarization of kinetic Alfven waves implies that the parallel component of electric fields El∥
are must smaller than the transverse component El⊥. so it is reasonable to take |El⊥| ≫ |El∥|

For weak density gradient, we put λ ∼ 0 in Eq.(47) and using
El∥
El⊥

=
k∥
k⊥

the growth rate
for such region is estimated as

γp
Ω

=
πω4

piΩ(Ω− ω)k⊥

Ω3
i |k∥|c2k2

∥K∥v
3
i (vAk∥ + k⊥VF )(ω − Ω− k⊥VF )

(
e

mi

)2

E2
l∥

×exp

{
−
(
vAk∥ + k⊥VF

vik∥

)2}
(48)

For inhomogeneous plasma with density gradient λ, considering |El⊥| ≫ |El∥| and with

the condition (
λv2i k∥

2Ωi(vAk∥+k⊥VF )
> 1 the growth rate is estimated from Eq(47) we obtain as

γp
Ω

=
1

4
π

ω4
piΩ(Ω− ω)k2

⊥vi

Ω4
i |k∥|c2k∥K∥(vAk∥ + k⊥VF )3(ω − Ω− k⊥VF )

(
e

mi

)2

E2
l∥λ

×exp

{
−
(
vAk∥ + k⊥VF

vik∥

)2}
(49)

By using the Helimak experiment observational data: [28]
ωpi ∼ 1.05 × 107Hz,Ω ∼ 2.8 × 109Hz,Ωi ∼ 3.80 × 104Hz, k⊥ ∼ 7.3m−1, k∥ ∼ 10−1m−1

vA ∼ 1.09 × 106ms−1, vi ∼ 2.68 × 102ms−1, e
m

∼ 4.8 × 107Ckg−1, El⊥ ∼ 10−5vm−1, VF =
1.3 × 10−2ms−1, K∥ ∼ 106m−1, λ ∼ 10m−1 to estimate the growth rate for whistler mode
from Eq.(48) as

γp
Ω

∼ 10−2
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For non-negligible density gradient,the estimated growth rate of whistler mode for burn-
ing plasma using Eq.(49) as

γp
Ω

∼ 10−7λ

For tokamak plasma, we put λ ∼ 10

The estimated growth rate of whistler mode for inhomogeneous plasma using Eq.(49) as

γp
Ω

∼ 10−6

which is significant for explaining drift wave instabilities [29] in burning plasma in toka-
mak region.
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