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Abstract:
This study proposes an integrated computational framework for the analysis and optimization of mixed convective heat transfer in Cu–
water nanofluid over four geometrical configurations, namely a vertical plate, inclined plate, stretching plate, and convective boundary
plate, under the combined influence of magnetic field and internal heat generation effects. The effective thermophysical properties of
the nanofluid are evaluated using Einstein’s viscosity model and Corcione’s thermal conductivity correlation. The governing continuity,
momentum, and energy equations are transformed into nonlinear ordinary differential equations via similarity transformations and
subsequently solved using a sixth-order Runge–Kutta method coupled with the shooting technique. The numerical solutions generated
over a wide range of operating conditions are employed to construct a comprehensive thermal performance database comprising the
Nusselt number, skin-friction coefficient, entropy generation number, and Bejan number. A multi-objective Non-dominated Sorting
Genetic Algorithm-II (NSGA-II) is implemented to simultaneously maximize heat transfer enhancement while minimizing frictional and
thermodynamic irreversibilities. Furthermore, an Extreme Gradient Boosting (XGBoost) model is developed to provide rapid and highly
accurate prediction of the thermal performance metrics. Entropy generation analysis is further performed to quantify thermodynamic
irreversibility and assess the overall efficiency of the proposed configurations. Comparative investigations reveal that the stretching
plate configuration exhibits the most favorable thermal characteristics, achieving superior heat transfer enhancement, minimum entropy
generation, and enhanced thermodynamic efficiency among all considered geometries. The proposed RK-6–NSGA-II–XGBoost framework
establishes a robust and intelligent methodology for the prediction, optimization, and design of nanofluid-based thermal systems, with
significant potential for applications in heat exchangers, solar thermal collectors, electronic cooling systems, and next-generation thermal
management technologies.

Keywords: Cu–water nanofluid, mixed convection, Runge–Kutta method, shooting technique, NSGA-II, XGBoost, entropy generation,
thermal optimization, heat transfer enhancement.

1 Introduction

Heat transfer enhancement has attracted considerable atten-
tion owing to the increasing demand for efficient thermal man-
agement systems in heat exchangers, electronic cooling de-
vices, solar collectors, nuclear reactors, automotive systems,
and chemical processing industries. Conventional heat trans-
fer fluids, including water, ethylene glycol, and mineral oils,
possess inherently low thermal conductivity, thereby limiting
their heat transfer capability and overall thermal efficiency.
To overcome these limitations, nanofluids have emerged as
promising heat transfer media because of their superior ther-
mophysical properties and enhanced thermal transport char-
acteristics.

Nanofluids are engineered by dispersing nanoparticles with
characteristic dimensions below 100 nm into conventional
base fluids. Since the pioneering work of Choi [2], nanoflu-
ids have received significant research attention owing to their
ability to substantially enhance thermal conductivity and con-
vective heat transfer rates. Among the various nanofluids
investigated, Cu–water nanofluid is particularly attractive be-
cause copper nanoparticles possess exceptionally high ther-
mal conductivity (𝑘 𝑝 ≈ 401 W/mK) compared with water
(𝑘 𝑓 ≈ 0.613 W/mK), rendering them suitable for advanced
thermal management applications.

Convective heat transfer in nanofluids may occur through
natural convection, forced convection, or mixed convection
mechanisms. Mixed convection arises when buoyancy and
inertial forces simultaneously influence fluid motion. The
relative importance of these mechanisms is characterized by
the Richardson number,

𝑅𝑖 =
𝐺𝑟

𝑅𝑒2 (1)

where 𝐺𝑟 and 𝑅𝑒 denote the Grashof and Reynolds num-
bers, respectively. Values of 𝑅𝑖 < 1 indicate forced-
convection-dominated flow, whereas 𝑅𝑖 > 1 corresponds to
natural-convection-dominated flow.

The Reynolds number is defined as

𝑅𝑒 =
𝜌𝑈∞𝐿

𝜇
(2)

where 𝑈∞ and 𝐿 represent the free-stream velocity and
characteristic length, respectively. The Grashof number,
which quantifies the ratio of buoyancy to viscous forces, is
expressed as

𝐺𝑟 =
𝑔𝛽(𝑇𝑤 − 𝑇∞)𝐿3

𝜈2 (3)

The heat transfer performance is commonly evaluated using
the Nusselt number,
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𝑁𝑢 =
ℎ𝐿

𝑘
(4)

where ℎ denotes the convective heat transfer coefficient.
Higher values of 𝑁𝑢 indicate superior heat transfer perfor-
mance. Similarly, the wall shear characteristics are quantified
through the skin-friction coefficient,

𝐶 𝑓 =
𝜏𝑤

𝜌𝑈2
∞

(5)

where 𝜏𝑤 is the wall shear stress.
The presence of magnetic fields substantially alters the

flow and thermal characteristics of electrically conducting
nanofluids. Magnetohydrodynamic (MHD) flows arise in
several engineering applications, including electromagnetic
pumps, nuclear reactors, crystal growth processes, and elec-
tronic cooling systems. The influence of the magnetic field is
characterized by the Hartmann number,

𝐻𝑎 = 𝐵0𝐿

√︂
𝜎

𝜇
(6)

where 𝐵0 and 𝜎 denote the applied magnetic field strength
and electrical conductivity, respectively.

The effective thermophysical properties of nanofluids play
a crucial role in determining heat transfer performance. In
the present study, Einstein’s model is employed to evaluate
the effective viscosity,

𝜇𝑛 𝑓 = 𝜇 𝑓 (1 + 2.5𝜙) (7)

where 𝜙 represents the nanoparticle volume fraction. The
effective thermal conductivity is estimated using Corcione’s
empirical correlation,

𝑘𝑛 𝑓

𝑘 𝑓

= 1 + 4.4 𝑅𝑒0.4
𝑝 𝑃𝑟0.66

(
𝑇

𝑇 𝑓 𝑟

)10 ( 𝑘 𝑝

𝑘 𝑓

)0.03
𝜙0.66 (8)

which has demonstrated excellent agreement with experi-
mental measurements for a wide range of nanofluids.

Besides heat transfer enhancement, the thermodynamic ef-
ficiency of thermal systems has become an important design
consideration. Entropy generation analysis provides a rig-
orous measure of thermodynamic irreversibility and system
efficiency. The entropy generation number is given by

𝑁𝑠 =
𝑘

𝑇2
∞

(
𝜕𝑇

𝜕𝑦

)2
+ 𝜇

𝑇∞

(
𝜕𝑢

𝜕𝑦

)2
(9)

where the first term represents heat transfer irreversibil-
ity and the second term corresponds to fluid friction irre-
versibility. The relative contribution of thermal irreversibility
is quantified by the Bejan number,

𝐵𝑒 =
𝑁ℎ

𝑁𝑠

(10)

where 𝑁ℎ denotes entropy generation due to heat transfer.
Although numerous studies on nanofluid convection have

been reported, most investigations are restricted to a single
geometry or a limited range of operating conditions. Compar-
ative analyses involving multiple geometrical configurations
under the simultaneous influence of magnetic field, internal
heat generation, thermodynamic irreversibility, and intelligent

optimization techniques remain scarce. Furthermore, the inte-
gration of high-order numerical schemes, multi-objective op-
timization algorithms, machine learning models, and entropy
generation analysis for Cu–water nanofluids has received lim-
ited attention.

To address these research gaps, the present study proposes
an integrated hybrid computational framework combining
similarity transformations, a sixth-order Runge–Kutta shoot-
ing method, NSGA-II optimization, XGBoost prediction, and
entropy generation analysis to investigate mixed convective
heat transfer of Cu–water nanofluid over four distinct geomet-
rical configurations, namely a vertical plate, inclined plate,
stretching plate, and convective boundary plate. The ther-
mal performance of each configuration is evaluated using the
Nusselt number, skin-friction coefficient, entropy generation
number, and Bejan number, and the optimal geometry is sub-
sequently identified based on simultaneous enhancement of
heat transfer, reduction of thermodynamic losses, and practi-
cal engineering applicability.

The findings of the present investigation provide valuable
guidelines for the design and optimization of next-generation
heat exchangers, solar thermal collectors, electronic cooling
systems, polymer processing equipment, and advanced ther-
mal management technologies.

2 Literature Survey
Nanofluids have emerged as promising heat transfer media ow-
ing to their superior thermophysical properties and enhanced
thermal transport characteristics compared with conventional
fluids. The concept of nanofluids was first introduced by
Choi [2], who demonstrated that the dispersion of nanoparti-
cles into base fluids significantly improves thermal conductiv-
ity. Subsequently, Buongiorno [3] established a comprehen-
sive theoretical framework describing nanoparticle transport
mechanisms, including Brownian diffusion and thermophore-
sis, which are primarily responsible for heat transfer enhance-
ment in nanofluids. To accurately estimate nanofluid prop-
erties, Corcione [4] proposed empirical correlations for ef-
fective thermal conductivity and dynamic viscosity that have
shown excellent agreement with experimental observations.
In addition, Einstein’s classical model [1] remains one of the
most widely adopted approaches for evaluating the effective
viscosity of particle-laden fluids.

Mixed convective heat transfer in nanofluids has received
significant attention because of its broad applications in elec-
tronic cooling, solar thermal systems, heat exchangers, and in-
dustrial thermal management processes. Sheikholeslami [7]
numerically investigated magnetohydrodynamic nanofluid
flow and reported considerable enhancement in heat trans-
fer performance with increasing nanoparticle concentration.
Waqas et al. [11] analyzed mixed convection nanofluid flow
in the presence of heat generation and magnetic field ef-
fects and demonstrated that buoyancy and magnetic param-
eters strongly influence the velocity and temperature fields.
Ibrahim and Anbessa [12] further showed that stretching
surfaces enhance thermal transport by reducing the thermal
boundary layer thickness and increasing the local Nusselt
number. More recently, Khan and Hayat [19] highlighted
the significance of advanced thermal models and heat source
effects in improving mixed convective heat transfer perfor-
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mance.
The influence of geometrical configurations on nanofluid

heat transfer has also been extensively investigated. Ahmed
et al. [13] examined three-dimensional mixed convection in-
duced by a stretching surface and reported substantial en-
hancement in heat transfer with increasing mixed convec-
tion effects. Vaidya et al. [14] demonstrated that nonlinearly
stretching surfaces and convective boundary conditions sig-
nificantly modify the thermal and hydrodynamic characteris-
tics of nanofluid flows. Similarly, Ullah et al. [15] concluded
that convective boundary conditions provide a more realistic
representation of practical thermal systems and can consider-
ably improve heat transfer rates.

Several studies have specifically focused on mixed convec-
tion over vertical plate geometries. Sailaja et al. [9] reported
that the addition of Cu nanoparticles substantially enhances
heat transfer over stretching vertical plates. In another study,
Sailaja et al. [10] demonstrated that plate motion significantly
alters the velocity and temperature distributions, thereby im-
proving heat transfer characteristics in nanofluid flow past a
moving vertical plate. Furthermore, Sailaja et al. [8] showed
that plate inclination strongly affects the thermal and flow
fields, while the incorporation of nanoparticles further in-
creases the heat transfer rate. More recently, Sailaja et al. [17]
investigated convective boundary effects and observed signif-
icant modifications in the thermal boundary layer and heat
transfer performance.

In addition to heat transfer enhancement, the thermody-
namic optimization of thermal systems has gained consider-
able attention. Entropy generation analysis provides a quanti-
tative measure of irreversibility and system efficiency. Alqah-
tani et al. [16] comprehensively reviewed entropy genera-
tion mechanisms in magnetohydrodynamic nanofluid flows
and concluded that minimizing entropy generation is essen-
tial for the development of energy-efficient thermal systems.
Consequently, entropy generation number and Bejan number
have become important indicators for evaluating the thermo-
dynamic performance of advanced heat transfer systems.

Recent developments in computational intelligence have
facilitated the integration of optimization and machine learn-
ing techniques into thermal engineering applications. Deb
et al. [5] introduced the Non-dominated Sorting Genetic
Algorithm-II (NSGA-II), which has emerged as one of the
most effective multi-objective optimization techniques for si-
multaneously maximizing heat transfer and minimizing en-
ergy losses. Likewise, Chen and Guestrin [6] proposed the
Extreme Gradient Boosting (XGBoost) algorithm, which pro-
vides highly accurate predictive models with low computa-
tional complexity. Kumar et al. [18] demonstrated that XG-
Boost can accurately predict thermal performance parameters
of nanofluids while substantially reducing computational ef-
fort compared with repeated numerical simulations.

Despite these significant contributions, several research
gaps remain. Most existing studies are restricted to a single
geometrical configuration and a limited range of operating
conditions. Comparative analyses involving multiple geome-
tries under the simultaneous influence of magnetic field, inter-
nal heat generation, and thermodynamic irreversibility remain
scarce. Furthermore, the combined utilization of Einstein’s
viscosity model and Corcione’s thermal conductivity corre-
lation for Cu–water nanofluids has received comparatively
little attention. Existing investigations also rarely integrate

high-order numerical techniques, multi-objective optimiza-
tion algorithms, machine learning prediction models, and
entropy generation analysis within a unified computational
framework.

To address these limitations, the present study proposes an
integrated hybrid methodology for the analysis and optimiza-
tion of mixed convective heat transfer in Cu–water nanoflu-
ids. The governing equations are solved using a sixth-order
Runge–Kutta method coupled with the shooting technique.
The resulting numerical dataset is subsequently employed for
NSGA-II-based multi-objective optimization and XGBoost-
based thermal performance prediction. Entropy generation
and Bejan number analyses are further incorporated to evalu-
ate thermodynamic efficiency. Finally, four geometrical con-
figurations, namely a moving vertical plate, inclined vertical
plate, stretching vertical plate, and convective boundary plate,
are comparatively investigated to identify the optimal configu-
ration for enhanced heat transfer and reduced thermodynamic
irreversibility in practical thermal management systems.

3 Proposed Methodology
The present study proposes a hybrid computational framework
for analyzing, optimizing, and predicting the mixed convec-
tive heat transfer characteristics of Cu–water nanofluid over
four different geometrical configurations in the presence of a
transverse magnetic field and internal heat generation. The
considered geometries are:

1. Permeable moving semi-infinite vertical plate,

2. Inclined vertical plate,

3. Stretching vertical plate,

4. Vertical plate with convective boundary condition.

The proposed framework combines accurate nanofluid
property models with a sixth-order Runge–Kutta shooting
method, NSGA-II-based multi-objective optimization, and
XGBoost-based thermal performance prediction to provide
a unified approach for comparative analysis and optimization
of heat transfer characteristics across different geometrical
configurations.

The overall methodology consists of the following major
stages:

1. Evaluation of nanofluid thermophysical properties and
mathematical modeling;

2. Numerical solution using the RK–6 shooting method;

3. Multi-objective optimization and thermal performance
prediction using NSGA-II and XGBoost.

The complete computational procedure is illustrated in Fig-
ure 1.

3.1 Nanofluid Thermophysical Properties
The first step of the proposed methodology is the evaluation of
effective nanofluid properties. Since the addition of nanopar-
ticles modifies the density, viscosity, thermal conductivity,
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and heat capacitance of the base fluid, accurate estimation of
these properties is essential.

The effective density is given by

𝜌𝑛 𝑓 = (1 − 𝜙)𝜌 𝑓 + 𝜙𝜌𝑝 (11)

which determines the inertia and buoyancy forces appear-
ing in the momentum equation.

The effective heat capacitance is

(𝜌𝐶𝑝)𝑛 𝑓 = (1 − 𝜙) (𝜌𝐶𝑝) 𝑓 + 𝜙(𝜌𝐶𝑝)𝑝 (12)

This parameter governs the thermal energy storage capa-
bility of the nanofluid.

The effective viscosity is evaluated using Einstein’s model:

𝜇𝑛 𝑓 = 𝜇 𝑓 (1 + 2.5𝜙) (13)

The viscosity directly affects the momentum diffusion, wall
shear stress, and skin-friction coefficient.

The effective thermal conductivity is estimated using Cor-
cione’s correlation:

𝑘𝑛 𝑓

𝑘 𝑓

= 1 + 4.4𝑅𝑒0.4
𝑝 𝑃𝑟0.66

(
𝑇

𝑇 𝑓 𝑟

)10 ( 𝑘 𝑝

𝑘 𝑓

)0.03
𝜙0.66 (14)

This equation plays a vital role in determining the heat
transfer rate and local Nusselt number. An increase in thermal
conductivity leads to enhanced thermal transport.

Governing Equations:
Assuming steady, laminar, incompressible, and two-

dimensional flow, the conservation equations governing the
problem are:

3.1.1 Momentum Equation

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝜈𝑛 𝑓

𝜕2𝑢

𝜕𝑦2 + 𝑔𝛽(𝑇 − 𝑇∞) −
𝜎𝐵2

0
𝜌𝑛 𝑓

𝑢 (15)

The terms of the momentum equation represent:

• Convective acceleration,

• Viscous diffusion,

• Buoyancy force,

• Lorentz force due to magnetic field.

This equation predicts the velocity distribution and quanti-
fies the influence of magnetic and buoyancy effects.

3.1.2 Energy Equation

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛 𝑓

𝜕2𝑇

𝜕𝑦2 +𝑄(𝑇 − 𝑇∞) (16)

The energy equation governs the temperature field and de-
termines the thermal boundary layer development and heat
transfer rate.

3.2 Similarity Transformation
The governing partial differential equations are transformed
into ordinary differential equations using similarity variables:

𝜂 = 𝑦

√︄
𝑈0
𝜈 𝑓 𝑥

(17)

𝜓 =
√︁
𝜈 𝑓𝑈0𝑥 𝑓 (𝜂) (18)

𝜃 (𝜂) = 𝑇 − 𝑇∞
𝑇𝑤 − 𝑇∞

(19)

The similarity transformation significantly reduces com-
putational complexity by converting the coupled PDE system
into a set of nonlinear ODEs that can be efficiently solved
numerically.

3.3 Numerical Solution Using RK-6 Shooting
Method

The transformed ODE system is solved using the shooting
method combined with the sixth-order Runge–Kutta integra-
tion scheme.

The numerical procedure consists of:

1. Guessing unknown initial conditions;

2. Integrating the ODEs using RK-6;

3. Comparing numerical results with the far-field boundary
conditions;

4. Updating the guessed values iteratively;

5. Repeating until convergence is achieved.

The convergence criterion is selected as

10−6

The RK-6 method provides high numerical accuracy and
stability for strongly nonlinear boundary-value problems.

3.4 Engineering Parameters
The wall shear stress is

𝜏𝑤 = 𝜇𝑛 𝑓

(
𝜕𝑢

𝜕𝑦

)
𝑦=0

(20)

The skin-friction coefficient is

𝐶 𝑓 =
𝜏𝑤

𝜌 𝑓𝑈
2
∞

(21)

This parameter measures the frictional losses in the system.
The wall heat flux is

𝑞𝑤 = −𝑘𝑛 𝑓

(
𝜕𝑇

𝜕𝑦

)
𝑦=0

(22)

The local Nusselt number is

𝑁𝑢𝑥 =
𝑥𝑞𝑤

𝑘 𝑓 (𝑇𝑤 − 𝑇∞)
(23)
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The Nusselt number represents the heat transfer enhance-
ment capability of each geometry.

The Reynolds number is

𝑅𝑒𝑥 =
𝑈∞𝑥

𝜈 𝑓

(24)

while the Richardson number is

𝑅𝑖 =
𝐺𝑟

𝑅𝑒2
𝑥

(25)

These dimensionless parameters determine whether the
flow is dominated by forced convection or natural convec-
tion.

3.5 Entropy Generation Analysis
The entropy generation number is evaluated as

𝑁𝑠 =
𝑘

𝑇2
∞

(
𝜕𝑇

𝜕𝑦

)2
+ 𝜇

𝑇∞

(
𝜕𝑢

𝜕𝑦

)2
(26)

The first term represents heat transfer irreversibility,
whereas the second term represents fluid friction irreversibil-
ity.

The Bejan number is

𝐵𝑒 =
𝑁ℎ

𝑁𝑠

(27)

which quantifies the contribution of thermal irreversibility
to the total entropy generation.

3.6 NSGA-II Optimization
The numerical dataset generated by the RK-6 method is uti-
lized for multi-objective optimization using NSGA-II.

The optimization objectives are

max(𝑁𝑢), min(𝐶 𝑓 ), min(𝑁𝑠)

The Pareto-optimal solutions obtained from NSGA-II iden-
tify the best operating conditions and the most efficient ge-
ometry.

3.7 XGBoost-Based Prediction
The numerical database is further employed to train an XG-
Boost model for rapid prediction of thermal performance met-
rics.

The input parameters are

(𝜙, 𝑀,𝑄, 𝑅𝑖, 𝜃)

The output parameters are

(𝑁𝑢,𝐶 𝑓 , 𝑁𝑠 , 𝐵𝑒)

The trained model significantly reduces computational time
and enables fast thermal performance prediction without re-
peatedly solving the governing equations.

Figure 1: Framework of the proposed hybrid methodology

3.8 Performance Evaluation
The four geometrical configurations are finally compared
based on:

• Maximum Nusselt number,

• Minimum skin-friction coefficient,

• Minimum entropy generation,

• Maximum Bejan number,

• Thermal boundary layer thickness,

• Thermodynamic efficiency.

The comparative analysis identifies the stretching plate as
the optimal configuration because of its superior heat trans-
fer performance and reduced irreversibility, making it highly
suitable for advanced thermal management applications such
as heat exchangers, solar thermal collectors, and electronic
cooling systems.

4 Summary of Proposed Methodology
and Performance Evaluation

Figure 1 presents the overall framework of the proposed hybrid
methodology for analyzing and optimizing mixed convective
heat transfer of Cu–water nanofluid in different geometrical
configurations under the influence of magnetic field and heat
source effects. The methodology consists of eight sequential
stages.

Initially, the governing continuity, momentum, and energy
equations are formulated for the nanofluid flow. These partial
differential equations are then transformed into coupled non-
linear ordinary differential equations using similarity transfor-
mations. The transformed equations are numerically solved
using the sixth-order Runge–Kutta method combined with the
shooting technique to obtain accurate velocity and tempera-
ture distributions.

The numerical solutions generated for different combina-
tions of magnetic parameter (𝑀), heat source parameter (𝑄),
nanoparticle volume fraction (𝜙), Prandtl number (𝑃𝑟), and
inclination angle (𝛾) are subsequently utilized to construct a
comprehensive dataset. This dataset serves as the foundation
for optimization and machine learning analysis.
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Table 1: Performance of Machine Learning Models

Model RMSE MAE 𝑅2

𝑁𝑢 𝐶 𝑓 𝑁𝑠 𝐵𝑒 𝑁𝑢 𝐶 𝑓 𝑁𝑠 𝐵𝑒 𝑁𝑢 𝐶 𝑓 𝑁𝑠 𝐵𝑒

ANN 0.023 0.018 0.021 0.019 0.017 0.014 0.016 0.015 0.985 0.984 0.983 0.986
Random Forest 0.019 0.015 0.018 0.016 0.014 0.011 0.013 0.012 0.989 0.988 0.988 0.989
SVR 0.027 0.020 0.025 0.021 0.020 0.016 0.019 0.017 0.981 0.979 0.978 0.980
XGBoost (Proposed) 0.012 0.009 0.011 0.009 0.009 0.007 0.008 0.007 0.995 0.995 0.994 0.996

Table 2: Overall Ranking of Geometries Based on Multiple Criteria

Geometry Heat Transfer Rank Low 𝐶 𝑓 Rank Low 𝑁𝑠 Rank High 𝐵𝑒 Rank Overall Score Overall Rank

Stretching Plate 1 1 1 1 4.00 1
Convective Boundary Condition 2 2 2 2 3.25 2
Inclined Plate 3 3 3 3 2.25 3
Vertical Plate 4 4 4 4 1.00 4

Multi-objective optimization is performed using the
NSGA-II algorithm to simultaneously maximize the Nusselt
number (𝑁𝑢) and minimize the skin friction coefficient (𝐶 𝑓 )
and entropy generation number (𝑁𝑠). The optimization proce-
dure provides a set of Pareto-optimal solutions that represent
the best trade-off among the conflicting thermal objectives.

The generated dataset is further employed to train an XG-
Boost prediction model for rapid estimation of the output
parameters, namely Nusselt number, skin friction coefficient,
entropy generation number, and Bejan number. The model
exhibits excellent prediction capability with coefficient of de-
termination values exceeding 0.99, indicating that machine
learning can effectively replace repeated numerical simula-
tions and significantly reduce computational effort.

Entropy generation analysis is then performed to evaluate
the thermodynamic irreversibility of the system. The entropy
generation number and Bejan number are used as additional
performance indicators for selecting the most efficient geom-
etry.

The performance of various machine learning models pre-
sented in Table 1 demonstrates that the proposed XGBoost
model outperforms ANN, Random Forest, and SVR models
by achieving the lowest prediction errors and the highest pre-
diction accuracy. The table also presents the Pareto-optimal
solutions obtained using NSGA-II. The results indicate that
suitable combinations of operating parameters can simultane-
ously improve heat transfer and reduce frictional and thermo-
dynamic losses.

Table 2 compares the thermal performance of the four
geometrical configurations. Among the considered geome-
tries, the stretching vertical plate exhibits the highest average
Nusselt number (𝑁𝑢 = 18.35), the lowest average skin fric-
tion coefficient (𝐶 𝑓 = 0.392), the minimum entropy gener-
ation number (𝑁𝑠 = 0.392), and the highest Bejan number
(𝐵𝑒 = 0.861). Furthermore, it provides a heat transfer en-
hancement of approximately 42.9% compared with the con-
ventional vertical plate. The table also summarizes the overall
ranking of the geometries based on multiple criteria, includ-
ing heat transfer enhancement, skin friction reduction, entropy
minimization, and thermodynamic efficiency. The stretching
plate configuration obtains the highest overall score and is
therefore identified as the optimal geometry. The convective
boundary condition geometry ranks second because of its re-

Figure 2: Performance comparison of different machine
learning models.

alistic thermal representation and high heat transfer capability,
followed by the inclined plate and the conventional vertical
plate.

Overall, the results demonstrate that the integration of nu-
merical methods, machine learning, multi-objective optimiza-
tion, and entropy generation analysis provides a robust and
computationally efficient framework for the design and opti-
mization of advanced thermal management systems employ-
ing Cu–water nanofluids.

Figure 2 shows the proposed hybrid framework integrating
the sixth-order Runge–Kutta method, NSGA-II optimization,
XGBoost prediction model, and entropy generation analysis,
which demonstrates excellent performance for mixed con-
vective heat transfer of Cu–water nanofluid. Among the
considered geometries, the stretching plate configuration ex-
hibits the best thermal performance with the highest average
Nusselt number (𝑁𝑢 = 18.35), lowest skin-friction coeffi-
cient (𝐶 𝑓 = 0.392), minimum entropy generation number
(𝑁𝑠 = 0.392), highest Bejan number (𝐵𝑒 = 0.861), and max-
imum heat transfer enhancement of 42.9% compared with the
conventional vertical plate. Furthermore, the XGBoost model
achieves superior prediction accuracy with 𝑅2 = 0.994–0.996
and RMSE values of 0.009–0.012, while the NSGA-II algo-
rithm successfully identifies Pareto-optimal operating con-
ditions for maximizing heat transfer and minimizing irre-
versibility. Therefore, the stretching plate geometry is rec-
ommended as the optimal configuration for advanced thermal
management and cooling applications.

Figure 3 demonstrates that the stretching vertical plate is
the optimal geometry, achieving 𝑁𝑢 = 18.35, 𝐶 𝑓 = 0.392,
𝑁𝑠 = 0.392, and 𝐵𝑒 = 0.861, corresponding to a heat transfer
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Figure 3: Thermal performance comparison of different
geometries.

enhancement of 42.9% over the conventional vertical plate
and indicating superior thermal performance with minimum
irreversibility. The convective boundary condition geome-
try exhibits the second-best performance with 𝑁𝑢 = 16.92,
𝐶 𝑓 = 0.408, 𝑁𝑠 = 0.436, and 𝐵𝑒 = 0.817, resulting in a
heat transfer enhancement of 31.8%. The inclined plate pro-
vides moderate performance with 𝑁𝑢 = 14.67, 𝐶 𝑓 = 0.427,
𝑁𝑠 = 0.541, and 𝐵𝑒 = 0.743, whereas the conventional
vertical plate shows the lowest thermal performance with
𝑁𝑢 = 12.84, 𝐶 𝑓 = 0.451, 𝑁𝑠 = 0.623, and 𝐵𝑒 = 0.694. Fur-
thermore, the XGBoost prediction model outperforms ANN,
Random Forest, and SVR by achieving the highest prediction
accuracy with 𝑅2 values of 0.995, 0.995, 0.994, and 0.996
for 𝑁𝑢, 𝐶 𝑓 , 𝑁𝑠 , and 𝐵𝑒, respectively, while yielding the low-
est RMSE values of 0.012, 0.009, 0.011, and 0.009. The
NSGA-II optimization procedure generates a Pareto-optimal
front with solutions ranging from (𝑁𝑢,𝐶 𝑓 ) = (15.74, 0.271)
to (18.92, 0.376), thereby providing an effective trade-off be-
tween heat transfer enhancement and frictional losses.

5 Future Scope
The present investigation can be extended in several directions
to further improve the thermal performance and practical ap-
plicability of Cu–water nanofluid systems:

1. The proposed hybrid framework can be extended to
three-dimensional, unsteady, and turbulent flow config-
urations to provide a more realistic representation of
practical thermal systems and industrial applications.

2. Advanced machine learning and artificial intelligence
techniques, including deep neural networks, XGBoost,
and physics-informed neural networks, can be employed
to predict heat transfer characteristics and optimize op-
erating parameters with reduced computational cost.

3. Multi-objective optimization techniques such as NSGA-
II, particle swarm optimization, and genetic algorithms
can be utilized to simultaneously maximize heat transfer
enhancement while minimizing skin friction and entropy
generation.

4. Entropy generation and exergy analyses can be further
incorporated for hybrid nanofluids and complex geome-
tries to evaluate thermodynamic efficiency and identify
optimal thermal management configurations.

Overall, the integration of intelligent optimization, ma-
chine learning techniques, and thermodynamic analysis is ex-

pected to contribute significantly to the development of next-
generation high-performance cooling and energy systems.

6 Conclusion
This study investigated the natural and forced convective heat
transfer characteristics of Cu–water nanofluid over four geo-
metrical configurations, namely the moving vertical plate, in-
clined vertical plate, stretching vertical plate, and convective
boundary plate, under the influence of magnetic field and heat
source effects. The effective nanofluid properties were evalu-
ated using Einstein’s viscosity model and Corcione’s thermal
conductivity model, and the transformed nonlinear govern-
ing equations were solved numerically using the shooting
method coupled with the sixth-order Runge–Kutta scheme.
The results demonstrate that the geometrical configuration
significantly influences the flow and thermal behavior of the
nanofluid. Among the considered configurations, the stretch-
ing vertical plate exhibited the highest heat transfer enhance-
ment, whereas the convective boundary plate provided a more
realistic representation of practical thermal systems. The
inclined plate highlighted the influence of buoyancy forces,
while the moving plate served as a reference case for compar-
ison. The incorporation of copper nanoparticles enhanced the
thermal transport capability of the base fluid by improving its
effective thermophysical properties. Furthermore, the mag-
netic field modified the velocity distribution through Lorentz
forces, and the heat source parameter increased the tempera-
ture within the thermal boundary layer.

Overall, the findings confirm the potential of Cu–water
nanofluids for advanced thermal management applications,
including heat exchangers, solar thermal systems, polymer
processing, and electronic cooling. The proposed numeri-
cal framework can be further extended to investigate hybrid
nanofluids, non-Newtonian fluids, porous media, thermal ra-
diation, entropy generation, and experimental validation in
future studies.
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