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Abstract: In this paper, we introduce the modified hyperbolic Sombor and the modified Euler hyperbolic Sombor indices of a graph.
We compute these newly defined the hyperbolic Sombor indices for certain chemical structures.
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1. Introduction

The simple graphs which are finite, undirected, connected
graphs without loops and multiple edges are considered. Let
G be such a graph with vertex set V(G) and edge set E(G).
The degree dg(u) of a vertex u is the number of vertices ad-
jacent to u.

In [1], the hyperbolic Sombor index of a graph G is defined
as

_ \/dc(u)2 +dg ()’
HSOG) = 2, e (a)de O]

We define the modified hyperbolic Sombor index of a graph
G as

min{d; (u),d; (v)}
uveE(G) \/dG (u)2 + dG (V)2

" HSO(G) =

In [2], the Euler hyperbolic Sombor index of a graph G is
defined as

EHSO(G) = Jdg @) +dg (0 +dg (w)dg ()
uveE(G) min{dc (U),dc (V)}

Recently, some hyperbolic Sombor indices were studied in
[3,4,5,6,7].

We define the modified Euler hyperbolic Sombor index of a
graph G as

" EHSO(G)
min{d (u),d; (v)}

w0 \Jdg ) +dg () +dg (W) (v)

In this research, we compute the modified hyperbolic
Sombor and modified Euler hyperbolic Sombor indices for
certain chemical structures.

2. Armchair Polyhex Nanotubes

Carbon polyhex nanotubes exist in nature with remarkable
stability and possess very interesting electrical, thermal and
mechanical properties. The molecular graph of armchair
polyhex nanotube TUACs [p, ¢] is shown in the below graph.

Figure 1

The graphs of armchair polyhex nanotubes have
2p(g+1) vertices and 3pg + 2p edges are shown in the above
graph. Let G= TUACq[p, q].

We obtain that {du), d(v): uv € E(G)} has three edge set
partitions.

duw), d\uv € E(G) | 2,2) | (2,3)
Number of edges p 2p

(3,3)
3pg—p

Theorem 1. The hyperbolic Sombor index of TUACs [p, q]
is given by

HSO(G)=32pg +\13p.

Proof: Applying definition and edge partition of TUACs [p,
q], we conclude

Jdg @ +dg (V)
uveE(G) min{dG (u),dG (V)}
V22122 27432 N

= +2
p2p2

HSO(G) =

V32 +32

3

(3pg-p)
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By solving the above equation, we get the desired result.

Theorem 2. The modified hyperbolic Sombor index of
TUACs [p, q] is

1

NERS

Proof: Applying definition and edge partition of TUACs [p,
q], we conclude

" HSO(G) =

"HSO(G)= izpq +

min{d; (u),d; (v)}
uveE(G) \/dG (u)” + dg (v)*

=p
V22 422
By solving the above equation, we get the desired result.

Theorem 3. The Euler hyperbolic Sombor index of TUACs
[p, q]is

EHSO(G) =33pq+19p.

Proof: Applying definition and edge partition of TUACs [p,
q], we conclude

EHSO(G)

¥ \/dG(u)z+dG(v)2+dG(u)dG(v)
- uveE(G) min{d(; (u),dG (V)}

22422 +2x2 V22 +32+2x3
- 2 t2p 2

3% +3%+3x3
3

+(3pg—p)

By solving the above equation, we get the desired result.

Theorem 4. The modified Euler hyperbolic Sombor of
TUACs [p, q] is

3

4
——=pg+—p.
\/gpq \/EP

Proof: Applying definition and edge partition of TUACs [p,
q], we conclude

" EHSO(G) =

" EHSO(G)
_ min{dg (u),d; (v)}
weE(G) \/dG W)’ +d, (v +dg (wd, ()
2
\/22 +3%42x3

=p +2p
J22 122 12x2
3

+Ora=p)
3°+3°+3x%x3

By solving the above equation, we get the desired result.

3. ZigZag Polyhex Nanotubes

The molecular graph of zigzag polyhex nanotube TUZCs [p,
q] is depicted in below graph.

The graphs of zigzag polyhex nanotubes have 2p(g+1)
vertices and 3pg + 2p edges are shown in the above graph.
Let G=TUZC¢[p, q].

We obtain that {d(u), d(v): uv € E(G)} has three edge set
partitions.

(3,3)
3pqg—2p

dw), dv)\uv € E(G) | (2,3)
Number of edges 4p

Theorem 5. The hyperbolic Sombor index of TUZCs [p, ¢]
is given by

HSO(G)=32pg +2\13p-22p.

Proof: Applying definition and edge partition of TUZCs [p,
q], we conclude

Jdg @ +dg (W
uveE(G) min{dG (u)ad(; (V)}

2 3

HSO(G) =

=4p (3pg—2p)

By solving the above equation, we get the desired result.

Theorem 6. The modified hyperbolic Sombor index of
TUZCs [p, q] is

3 8 2
" HSO(G) = —= pq +—=p ———p.
(%) N RN RN

Proof: Applying definition and edge partition of TUZCs [p,
q], we conclude

min{d; (u),d; (v)}
weRG) \Jdg () +d (v)

2 3
4p—=+(3pq - 2p)—/—=.
2*+3° ( )\/32+32

" HSO(G) =
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By solving the above equation, we get the desired result.

Theorem 7. The Euler hyperbolic Sombor index of TUZCs
[P, q]is

EHSO(G)=3\3pg+219p - 23p.

Proof: Applying definition and edge partition of TUZCs [p,
q], we conclude

EHSO(G)
v Jdg ) +dg W +dg (u)d (v)
uveE(G) min {dG (U),dG (V)}

22432 42x3
= 4Pf+(3pq—2p)

32 +32+3x3
—

By solving the above equation, we get the desired result.

Theorem 8. The modified Euler hyperbolic Sombor of
TUZCs [p, q] is

" EHSO(G)

3 8 2
\/gpq \/EP \/gp

Proof: Applying definition and edge partition of TUZCs [p,
q], we conclude

" EHSO(G)
min{d (u),d; (v)}

- weE(G) \/dG (u)* + dg ) + dg(wdg (v)
3

2
e B2 e
2°+3°+2x%x3 3*+3°+3x%x3

By solving the above equation, we get the desired result.

4. Carbon Nanocone Networks

The molecular graph of pentagonal nanocone network CNCs
[#] is depicted in below graph.

Figure 3
The graphs of pentagonal nanocone networks have 5(n+1)2

. 15 , 25
vertices and?n + 771 + Sedges. Let G = CNCs[n].

We obtain that {d(u), d(v): uv € E(G)} has three edge set
partitions.

d (), dv) \uveE(G) | 2,2) | (2,3) (3,3
15, 5
—n +—n

2 2

Number of edges 5 10n

Theorem 9. The hyperbolic Sombor index of CNCs [n] is
given by

HSO(G) =2 n? + 530+ —=n+542.

2 2

Proof: Applying definition and edge partition of CNCs [n],
we conclude

Jdg ) +dg (V)
uveE(G) min{dG (u)’ dG (V)}

[v2 A2 [y2 22
s 2°+2 10n 2°+3
2 2

[:2 | 22

+(175n2+5 ]—3 3

2 3
By solving the above equation, we get the desired result.

HSO(G) =

Theorem 10. The modified hyperbolic Sombor index of
CNCs|[n] is

" HSO(G)

SRR L B

22 130 22 2
Proof: Applying definition and edge partition of CNCs [n],
we conclude

min{d (u),d; (v)}
uveE(G) \/dG (u)2 + dG (V)2

52 qon2
22 427 V22 43
20 2 )32

By solving the above equation, we get the desired result.

" HSO(G) =

+10n

Theorem 11. The Euler hyperbolic Sombor index of CNCs
[n] is

EHSO(G) =#n2 +5v/19n +¥n+5\/§.

Proof: Applying definition and edge partition of CNCs [n],
we conclude

EHSO(G)

~ \/dG(u)2 +d; (v +dg (Wd (v)
- min{d; (u),d; (v)}

wveE(G)
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22192 1 9%2 22132 41 9%3 directrix Sombor index, MATCH Common. Math. Com-
=5 +10n put. Chem. to appear.
2 2
(15 > 5 \W3T+3%+3x3
+ —=n"+=n | ————.
2 2 3

By solving the above equation, we get the desired result.

Theorem 12. The modified Euler hyperbolic Sombor of

CNCs [n] is
. 15 , 20 5 5
EHSO(G)= n°+ n+ n+—.
() 243 Jo 23 3

Proof: Applying definition and edge partition of CNCs [n],
we conclude

" EHSO(G)
min{d, (u),dG (v}

) weE(G) \/dG (W)’ + dg ) + d(w)dg (v)

=5 2 +10n
J22 422 42x2 J22 432 42x3

(15 5, 5 j 3
+ —n" +—n |——o——.
2 2 )32 +3%+3x3

By solving the above equation, we get the desired result.

5. Conclusion

We have introduced the modified hyperbolic Sombor and
modified Euler hyperbolic Sombor indices of a graph. Also
we have determined these newly defined the modified
hyperbolic Sombor indices of armchair polyhex nanotubes,
zigzag polyhex nanotubes and carbon nanocone networks.
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