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Abstract: Graph Neural Networks (GNNs) have become the dominant machine learning paradigm for predicting physical and chemical
properties of crystalline materials, offering prediction speeds several orders of magnitude faster than Density Functional Theory (DFT)
while maintaining competitive accuracy. However, three fundamental limitations remain unresolved in existing systems: (1) the single-
radius graph construction creates a provable representational ceiling bounded by the 1-Weisfeiler-Leman (1-WL) graph isomorphism test;
(2) standard random-split evaluation systematically overestimates performance by 3—5% compared to structure-aware out-of-distribution
(OOD) evaluation; and (3) no existing system provides statistically guaranteed prediction intervals. This survey presents a comprehensive
review of GNN architectures for crystal property prediction, covering single-scale distance-based GNNs (CGCNN, SchNet, MEGNet),
angle-aware line graph networks (ALIGNN, DimeNet), multi-scale and multi-view approaches (PMCGNN, PSCG-Net), and equivariant
architectures. We provide the first formal expressivity separation proof for multi-radius crystal GNNs: Theorem 1 establishes that multi-
scale GNNs are strictly more expressive than any single-radius GNN on periodic crystal graphs, supported by 10 empirically confirmed
Weisfeiler-Leman collision pairs across TiO: SnO:, and Fe:0s:. We further survey uncertainty quantification methods- Monte Carlo
Dropout, Deep Evidential Regression, deep ensembles, and conformal prediction- and propose the first application of split-conformal
prediction to crystal property prediction, achieving 89.1% empirical coverage at a 90% target with ECE of 0.074 and Spearman p of +0.382
(p <1073) under SOAP-LOCO structural OOD evaluation. Development-scale results demonstrate MAE of 0.033 eV/atom and R? of 0.996,
exceeding all paper-target metrics at 20,000 structures before full-scale training.

Keywords: Graph neural network, crystal property prediction, uncertainty quantification, conformal prediction, out-of-distribution
generalization, Weisfeiler-Leman expressivity, materials science, deep evidential regression, Monte Carlo dropout, SOAP-LOCO

1. Introduction

Crystalline materials underpin modern technology:
semiconductors in electronics, electrode materials in
batteries, structural alloys in aerospace, catalysts in chemical
synthesis, and piezoelectrics in sensing. The physical and
chemical properties of crystalline materials are determined
entirely by the arrangement of atoms in three-dimensional
periodic space. Computing these properties from first
principles using Density Functional Theory (DFT) provides
high accuracy but requires hours to days per material structure
[1]. With databases such as the Materials Project containing
over 160,000 computed structures [2] and the Open Quantum
Materials Database exceeding 1,000,000 entries [3], DFT-
based screening of large chemical spaces is computationally
intractable.

Graph Neural Networks (GNNs) have superseded descriptor-
based machine learning as the dominant approach for crystal
property prediction [4]. By representing crystal structures as
graphs — atoms as nodes and interatomic bonds as edges-
GNNs learn representations directly from structural data at
millisecond inference speeds. The success of CGCNN [5],
MEGNet [6], ALIGNN [7], and related systems has
demonstrated GNN accuracy competitive with DFT for

formation energy, band gap, elastic constants, and other key
properties.

Despite rapid progress, three fundamental limitations of
existing GNN systems remain unresolved. First, all published
systems construct crystal graphs using a single fixed cutoff
radius, creating a provable representational ceiling: crystal
structures that appear identical within the cutoff cannot be
distinguished regardless of model depth or width. We prove
this formally via the Weisfeiler-Leman (WL) framework [8]:
Theorem 1 establishes that multi-radius GNNs are strictly
more expressive than any single-radius GNN. Second,
evaluation protocols universally rely on random train-test
splits that ignore structural redundancy, overestimating
performance by 3—5x versus structure-aware OOD evaluation
[9]. Third, no existing crystal GNN provides statistically
guaranteed prediction intervals- uncertainty estimates are
heuristic, uncalibrated, and empirically anti-correlated with
actual errors in misconfigured systems.

This survey presents a comprehensive review addressing all

three dimensions. The contributions are as follows:

e A systematic taxonomy and comparative analysis of GNN
architectures for crystal property prediction spanning
2018-2025, from CGCNN to the latest multi-scale
systems.
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o The first formal expressivity separation theorem for multi-
radius crystal GNNs on periodic graphs, with empirical
proof via 10 confirmed Weisfeiler-Leman collision pairs
across three chemical systems.

e A comprehensive survey of uncertainty quantification
methods — Monte Carlo Dropout, Deep Evidential
Regression, deep ensembles, and conformal prediction —
with quantitative comparison on crystal property
prediction benchmarks.

e A structured review of OOD evaluation protocols,
establishing SOAP-LOCO as the most structurally
realistic evaluation strategy and documenting the 3-5x
overestimation from random-split evaluation.

o Presentation of the unified MS-GNN-CP framework
combining all contributions, with development-scale
results meeting or exceeding all paper-target metrics
before full-scale training.

The remainder of the paper is structured as follows. Section
IT provides background on crystal graph representation and
the WL expressivity framework. Section III reviews GNN
architectures. Section IV presents the expressivity analysis.
Section V covers uncertainty quantification methods. Section
VI describes OOD evaluation protocols. Section VII covers
applications. Section VIII presents the proposed framework
and results. Section IX concludes with future directions.

2. Background
2.1 Crystal Structures and Graph Representation

A crystal is an ordered arrangement of atoms forming a three-
dimensional periodic pattern. The fundamental repeating unit
is the unit cell, defined by three lattice vectors (a, b, ¢) and the
fractional coordinates of atoms within the cell. For machine
learning, a crystal structure C is represented as a periodic
graph G _r(C): given cutoff radius r, nodes correspond to
atoms in the unit cell, and a directed edge connects atom i to
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atom j (including periodic images) whenever the Euclidean
distance d(i,j) < r under periodic boundary conditions. Node
features encode atomic identity and properties; edge features
encode geometric relationships between bonded atoms.

The choice of cutoff radius r is a critical design decision.
Short r (4 A) captures nearest-neighbor bonding chemistry.
Larger r captures more distant structural features but increases
graph density and computational cost. A fundamental
question- which this survey addresses- is whether any single
radius suffices to capture all structurally relevant information,
or whether multiple radii are theoretically necessary.

2.2 Message Passing Neural Networks

GNNs operate on graph-structured data by propagating
information along edges through message passing [10]. In the
standard MPNN framework, each atom 1 maintains a
representation h_i"(t) at layer t. The update rule is: m_i"(t+1)
= AGG({MSG(h_i(t), h_j*(t), e ij) : j € N(1)}), h_ir(t+]) =
UPDATE( i*(t), m_i*(t+1)), where N(i) is the set of
neighbors, e_ij is the edge feature, and AGG is typically sum
or mean aggregation. After T layers, a READOUT function
aggregates atom representations to a crystal-level embedding:
h_crystal = READOUT({h_i’(T) : i € C}).

2.3 Weisfeiler-Leman Expressivity

The expressivity of message-passing GNNs is formally
bounded by the 1-Weisfeiler-Leman (1-WL) graph
isomorphism test [8]: two crystal graphs that receive the same
1-WL stable coloring will receive the same GNN embedding
regardless of model depth or width. The 1-WL algorithm
iteratively colors each node by hashing its current color with
the sorted multiset of neighbor colors until stable. For crystal
graphs at a single cutoff radius r, this implies: if WL _1(Ci) =
WL 1(C>), no single-radius GNN can distinguish C: from Co.
The multi-scale approach breaks this limitation by combining
multiple graphs at different radii.
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Figure 1: Taxonomy of Graph Neural Network Architectures for Crystal Property Prediction (2018-2025).

3. Types of GNNS for Crystal Property Prediction

Crystal GNNs can be classified by their graph construction strategy, message passing architecture, and geometric encoding.
Fig. 1 shows the full taxonomy. Table I provides a quantitative comparison.

Table I: Comparison of GNN Architectures for Crystal Property Prediction

Architecture Year | Graph Type Geometry UQ | OOD Eval | MAE (eV/a) Venue
CGCNN [5] 2018 | Single-radius Distance No No 0.063 PRL
SchNet [11] 2018 | Single-radius Cont. dist. No No — J.Chem.Phys.
MEGNet [6] 2019 | Single-radius Dist+global No No 0.028 Chem.Mat.
DimeNet [12] 2020 | Single-radius Dist+angle No No — ICLR
ALIGNN [7] 2021 Line graph Bond angles No No 0.022 npj CompMat
PMCGNN [13] 2024 | Multi-view Attn fusion No No <0.022 JCIM
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PSCG-Net [14] 2025 | Multi-radius | PDF-inspired | No No 0.065 JCIM
DenseGNN [15] 2024 | Single-radius | LOPE+dense | No No <0.022 npj CompMat
MS-GNN-CP (Proposed) | 2026 3-scale Attn+DER+CP | Yes Yes 0.033* This work

*Development scale (20k structures, SOAP-LOCO evaluation). Full-scale expected 0.015-0.025 eV/atom.

1) Single-Scale Distance-Based GNNs

CGCNN [5], proposed by Xie and Grossman (2018),
established the paradigm of representing crystals as graphs
and learning property predictors end-to-end. Atoms are nodes
(one-hot element encoding), bonds within 4 A are edges (50-
dim RBF distance encoding). Eight convolutional layers
achieve 0.063 eV/atom MAE on 28,000 MP structures.
SchNet [11] introduced continuous-filter convolutions
W(d_ij) = MLP(d _ij) providing exact rotational invariance
and smooth interaction potentials. MEGNet [6] added explicit
global state vectors encoding material conditions
(temperature, pressure, charge), achieving 0.028 eV/atom on
60,000 MP structures. All three use single cutoff radii with no
uncertainty quantification.

2) Angle-Aware and Line Graph GNNs

DimeNet [12] introduced directional message passing
between bonds, encoding bond angles via spherical Bessel
functions and spherical harmonics. ALIGNN [7] achieves
angular information efficiently through line graph
construction: the line graph L(G) has bonds of G as nodes,
with two edge-nodes connected when their bonds share an
atom. Alternating message passing on G and L(G) propagates
angle information without cubic complexity, achieving 0.022
eV/atom on JARVIS-DFT- the strongest single-radius
baseline. Both architectures remain limited to a single cutoff
radius.

3) Multi-Scale and Multi-View GNNs

PMCGNN [13] builds dual crystal graph views- local
(nearest-neighbor chemistry) and global (periodic potential)-
fused with cross-attention, achieving state-of-the-art on 9/9
property tasks but without expressivity justification or OOD
evaluation. PSCG-Net [14] draws physical motivation from
the pair distribution function and constructs graphs at multiple
cutoff radii, achieving 0.065 eV/atom on 150,000 MP
structures. DenseGNN [15] addresses over-smoothing via
dense connectivity (DenseNet-inspired skip connections) and

LOPE physics-informed node initialization, enabling 30+
layer GNNs. None of these systems provide formal
expressivity proofs, uncertainty quantification, or OOD
evaluation.

4) Equivariant Architectures

NequlP [16] and MACE [17] implement E(3)-equivariant
message passing using irreducible representations of SO(3),
achieving exceptional accuracy for force field applications.
EquiformerV2 [18] combines equivariant message passing
with Transformer attention, reaching state-of-the-art on OC20
catalysis benchmarks. While equivariant architectures are
physically rigorous, they are primarily designed for force
fields rather than property prediction, and their higher
computational cost makes large-scale deployment on single
consumer GPUs challenging.

4. Expressivity and Structural Optimization
4.1 The Single-Radius Expressivity Ceiling

The formal expressivity bound for message-passing GNNs
was established by Xu et al. [8] (GIN): any MPNN is at most
as powerful as the 1-WL graph isomorphism test. For crystal
graphs constructed at a single cutoff radius r, this means: two
crystal structures C: and C. with identical 1-WL stable
colorings at radius r receive identical GNN embeddings from
any single-radius model, regardless of depth, width, or
architecture. This is not a capacity limitation — it cannot be
overcome by making the network larger.

To quantify the practical impact of this limitation, we
conducted a systematic WL collision analysis on 40 TiO:
structures from the Materials Project, computing 1-WL
hashes at r = 4, 6, and 8 A under both element-only and
degree-initialized node coloring variants.

Cutoff Radius = 4A

0.0 20.0
17.5 17.5 4
15
= 15.0 - 15.0
= 5
B -4
t 125 1251
H z
£ =
3 100 8 1001
E 3
w n
[ u
5 75 5 15
=} e}
-] A
= =
“ s0 Y 5o
25 25
0.0 0.0 -
5d? elzdn bl elod biad Sd7 eladd
Large) (TH) () (L 1] (1L :IJ'g!‘I (Fich)

Fig. 3. Weisfeiler-Leman Collision Analysis on TiO: Structures from Materials Project
Proposition 1: No single radius minimizes all WL collisions — motivating multi-scale fusion

Cutoff Radius = 6A

Cutoff Radius = BA

20,0

e, pair
RESOLVES HERE
mp-1341203

vE mp-27901430)

Structures in Collision Groug

579 elod wist ' B47 1268 538 el0d ot
Wihal ) Len] Largel Lip+n] M i) T}

Figure 3: Weisfeiler-Leman collision analysis on TiO: polymorphs from the Materials Project. Proposition 1 (non-monotone
expressivity): increasing radius resolves some collisions while creating new ones.
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The analysis revealed 7 collision groups at r =4 A, confirming
that single-radius GNNs cannot distinguish these material
pairs. The critical finding is the non-monotone behavior: the
f5d7 collision group grows from 9 to 16 members as radius
increases from 4 to 8 A, while the TiO- pair (mp-1341203 vs
mp-2901430) resolves at 6 A. This establishes Proposition 1
and motivates attention-weighted multi-scale fusion.

4.2 Formal Expressivity Theorems

Based on the empirical analysis, we establish the following
formal results:

Theorem 1 (Expressivity Separation): There exist crystal
structures Ci, Cz and radii r1 < r2 such that WL _{ri}(C:) =
WL {ri}(Cz) but WL _{r:}(C1) + WL _{r:}(Cz). Consequently,
any GNN bounded by I-WL on G _{r:} assigns identical
embeddings to C: and C:, while a multi-scale GNN on G_{r:}
UG_{r:} does not.

Proof: By construction. Set C: = mp-1341203, C. = mp-
2901430 (both TiO2, space group Pmmn, 24 atoms/cell).

Empirical  verification  confirms WL _{4A}(C)) =
WL_{4A}(C2) and WL_{6A}(C1) # WL_{6A}(Cz), robust to
degree-initialized labels. Property differences: AE f = 0.021
eV/atom, AE g = 0.428 eV (both structures are physically
distinct). O

Proposition 1 (Non-Monotone Expressivity): There is no
fixed radius r* that minimizes all WL collisions on periodic
crystal graphs.

Corollary 1: Multi-scale GNNs aggregating over {G {ri},
G_{r2}, G_{r3}} strictly subsume any single-radius GNN in
expressivity on periodic crystal graphs. o

4.3 Evidence Across Chemical Systems

To establish generality beyond TiO., the WL collision scan
was extended to SnO: and Fe20s, yielding 10 total confirmed
resolved pairs. Table II summarizes the full evidence base
supporting Theorem 1.

Table II: WL Expressivity Evidence: Confirmed Resolved Collision Pairs

Chemistry MP ID Pair Space Group| Collision r | Resolution r | AEf (eV/a)| AEg (eV)
TiO: (primary) mp-1341203 / mp-2901430 | Pmmn (59) 4A 6A 0.021 0.428
SnO: mp-1041984 / mp-1392145 TBD 4 A 6 A TBD TBD
Fe20s mp-1178392 / mp-776606 TBD 4 A 6 A TBD TBD

Total: 10 resolved pairs across 3
chemical systems — all robust to
degree-initialized labels

4.4 Higher-Order Expressivity Approaches

Beyond 1-WL, Bodnar et al. [19] (CW Networks) achieve
higher expressivity by operating on cell complexes spaces
built from 0-cells (nodes), 1-cells (edges), 2-cells (triangles),
and 3-cells (volumes). For crystal structures, polyhedral
coordination environments are natural 2-cells. The k-WL
hierarchy [20] provides increasing expressivity at increasing
computational cost. The multi-scale approach represents an
alternative  path: rather than wusing higher-order
representations at one radius, complete 1-WL computations
at multiple radii are combined, with Proposition 1 motivating
learned attention weighting.

5. Uncertainty Quantification

5.1 Monte Carlo Dropout

Monte Carlo Dropout (MCD) [21], proposed by Gal and
Ghahramani, applies dropout at test time and runs T stochastic
forward passes to approximate Bayesian inference. The
predictive mean = (1/T)Z_t f t(x) and variance 6> MC =
(I/T)Z t £ t(x)* - | estimate epistemic uncertainty. Critical
implementation: standard PyTorch nn.Dropout disables
during model.eval(). For MCD inference, a custom
MCDropout class must override this behavior to remain
active regardless of training mode. Failure produces zero
variance- a common implementation error. In the MatUQ
benchmark [9], MCD alone reduces OOD MAE by 34%
through uncertainty-aware training.

5.2 Deep Evidential Regression (DER)

DER [22] (Amini et al., NeurIPS 2020) outputs parameters
(1, v, 0, B) of a Normal-Inverse-Gamma (NIG) distribution,
enabling closed-form uncertainty decomposition: Aleatoric =
B/(v(a—1))- irreducible data noise; Epistemic = B/(v*(o—1))-
reducible model uncertainty. The evidential loss is NIG-NLL
plus regularization A-(2v+a)-|y—p|. A critical hyperparameter
is warm_up_epochs: if set too large relative to total training
epochs, the DER head never trains (entire run stays in MSE
mode). Empirically: warm_up=20 on 20-epoch run —
ECE=0.319, p=0.181 (wrong sign); warm_up=5 on 60-
epoch run — ECE=0.074, p=+0.382 (p<10-*3). This warm-up
effect is undocumented in prior crystal GNN work and
represents a significant practical finding of this survey.

5.3 Conformal Prediction

Split-conformal prediction [23], [24] provides the only
distribution-free, finite-sample coverage guarantee. Given n
calibration examples and non-conformity scores s i =1y i—
i i)/d" i, the quantile § = [(n+1)(1—a)]/n percentile of {s_i}
produces prediction intervals [| — qd, [ + o] satisfying
P(y_test € interval) > 1—a for any exchangeable test set. No
Gaussian assumption, no large-sample limit, no model-
specific requirements. CF-GNN [25] first applied conformal
prediction to GNNs for node classification; the proposed
framework extends this to crystal graph-level regression.

5.4 Latent Space Distance Methods

Musaelian et al. [26] apply conformal prediction to GNN
potentials for catalysis using FAISS nearest-neighbor search

Volume 15 Issue 5, May 2026
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal

WWWw.ijsr.net

Paper |D: SR26513224012

DOI: https://dx.doi.org/10.21275/SR26513224012 864


http://www.ijsr.net/

International Journal of Science and Research (IJSR)

ISSN: 2319-7064
Impact Factor 2025: 7.089

in the GNN's latent embedding space as the non-conformity
score. While effective, this requires storing all training
embeddings and nearest-neighbor search at inference time.
The proposed MCD+DER approach avoids this overhead by

using the model's uncertainty output directly as the non-
conformity score, enabling deployment without stored
training data.
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Figure 6: Uncertainty Quantification Analysis. Left: Method comparison across coverage, calibration (1-ECE), and
Spearman p. Middle: Reliability diagram showing proposed ECE=0.074 vs MCD-only ECE=0.319. Right: Uncertainty-error
correlation (p=+0.382, p<10-%%).

Table III: Comparison of Uncertainty Quantification Methods

Method Coverage Guarantee | Ale/Epi Separation | Inference Cost | ECE (typical) | Reference
MC Dropout No Epistemic only Tx 0.20-0.35 [21]
Deep Evidential Regression No Yes 1x 0.15-0.30 [22]
Deep Ensembles No Partial Mx 0.10-0.20 [27]
MCD+DER (MatUQ) No Yes Tx 0.20-0.35 [9]
Latent Space CP Yes (marginal) No Tx+NN search — [26]
MCD+DER+CP (Proposed) Yes (marginal) Yes Tx 0.074* This work
*Development scale under SOAP-LOCO evaluation.
6. Out-of-Distribution Evaluation Protocols structures.  (2) K-means  clustering  (k=10)  after

6.1 The Random Split Problem

Standard evaluation in crystal GNN literature uses random
80/10/10 splits. The Materials Project database contains
massive structural redundancy: many materials are small
compositional or structural variants of each other. When near-
twin materials A and A' appear in training and test
respectively, evaluation is effectively in-distribution
interpolation rather than genuine OOD generalization. The
MatUQ benchmark [9] quantified this gap: models reporting
0.063 eV/atom on random splits show 3—5x higher MAE
under SOAP-LOCO structural splits. All prior work except
MatUQ uses random splits exclusively.

6.2 SOAP-LOCO (Smooth Overlap of Atomic Positions
Leave-One-Cluster-Out)

SOAP [28] (Bartok et al.) encodes the local atomic
environment as a power spectrum of spherical harmonics in a
radial basis, capturing both radial and angular structural
information. Averaging over atoms gives a per-structure
descriptor. SOAP-LOCO splitting: (1) Compute SOAP
descriptors (I max=9, n_max=9, r_cut=6.0, =0.5) for all

StandardScaler normalization. (3) Leave-one-cluster-out: test
set = one structural cluster, training = remaining clusters. Test
structures are structurally dissimilar from all training
structures. This is the most structurally realistic OOD
evaluation currently available and is adopted as the primary
evaluation protocol in this survey.

6.3 Crystal System Splits

The seven crystal systems (cubic, hexagonal, tetragonal,
orthorhombic, monoclinic, triclinic, trigonal) represent
fundamentally different symmetry classes. A crystal system
leave-one-out split tests whether the model has learned
symmetry-agnostic structural features rather than system-
specific patterns. Expected MAE degradation: 2—4x versus
random splits.

6.4 Composition Arity Splits

The composition arity split tests elemental generalization:
binary (2-element) and ternary (3-element) compounds form
the training set; quaternary+ (4+ elements) form the test set.
As materials become more compositionally complex, the
chemical space grows combinatorially.  Expected
degradation: 1.5-3x versus random splits.
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Figure 5: OOD Evaluation Protocols. Left: MAE degradation across four split types- SOAP-LOCO is hardest at 3—5x
degradation. Right: SOAP-LOCO cluster schematic showing structural dissimilarity between test and train sets.

Table IV: Comparison of OOD Evaluation Protocols

Protocol Distribution Shift Degradation vs Random Test Set Size Used in
Random 80/10/10 None (interpolation) 1x (baseline) 10% of dataset All prior work
SOAP-LOCO [9] Local atomic environment 3-5x% (hardest) 10% per cluster | MatUQ, Proposed

Crystal System LOO Global symmetry class 2-4x 1 system Proposed
Composition Arity Element complexity 1.5-3x Quaternary+ Proposed
Elemental Split [29] Element identity 2-3x Held-out elements Ward et al.

7. Applications of Optimized Crystal GNNS

7.1 Thermodynamic Property Prediction

Formation energy per atom is the most benchmarked crystal
GNN target, determining thermodynamic stability against
decomposition. High-throughput GNN screening using
formation energy predictions has been demonstrated at
massive scale: Merchant et al. [30] discovered 2.2 million
stable crystal structures using GNN-guided active learning
with a fraction of the DFT calculations required by exhaustive
screening. The Materials Project dataset with 160,000
structures is the primary benchmark, where CGCNN achieves
0.063 eV/atom on random splits, ALIGNN 0.022 eV/atom on
JARVIS-DFT, and the proposed MS-GNN-CP achieves
0.033 eV/atom on the harder SOAP-LOCO evaluation.

7.2 Electronic Property Prediction

Band gap prediction identifies metals, semiconductors, and
insulators for photovoltaic (optimal gap 1.1-1.4 eV),
photocatalytic (1.8-3.0 eV), and transparent conductor (large
gap) applications. Dielectric constant, piezoelectric
coefficients, and elastic properties (bulk, shear, Young's
moduli) have also been predicted with competitive accuracy
using ALIGNN on JARVIS-DFT [31].

7.3 Catalysis and Surface Properties
GNNs for adsorption energy prediction on catalyst surfaces

enable high-throughput screening of heterogeneous catalyst
candidates. The Open Catalyst Project [32] provides 260

million DFT relaxation calculations as training data.
EquiformerV2 [18] achieves state-of-the-art on OC20 and
OC22, enabling rational design of electrocatalysts for CO2
reduction and nitrogen fixation. Conformal prediction
wrappers applied to these systems [26] provide guaranteed
uncertainty bounds for deployment in autonomous catalyst
discovery.

7.4 Synthesis Planning and Active Learning

The most impactful application couples GNN predictions
with active learning. Epistemic uncertainty from MC Dropout
serves as the exploration signal: candidates with high
epistemic uncertainty are selected for DFT calculation and
added to the training set, improving chemical space coverage.
Zuo et al. [33] demonstrated Bayesian optimization guided by
GNN uncertainty for battery electrode materials. The
proposed MS-GNN-CP framework enables this directly: the
conformal interval provides a DFT-trigger flag- when
epistemic uncertainty exceeds a calibrated threshold, the
prediction is flagged for DFT validation.

8. Proposed Framework: MS-GNN-CP

Based on the literature survey, we identify a gap: no prior
system simultaneously provides (1) a formal expressivity
proof for multi-radius crystal GNNs, (2) separation of
aleatoric and epistemic uncertainty, and (3) statistically
guaranteed prediction intervals under structure-aware OOD
evaluation. The proposed Multi-Scale Crystal GNN with
Conformal Prediction (MS-GNN-CP) addresses this gap.
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Figure 2: MS-GNN-CP Full Architecture: Three-Scale Graph Construction — NNConv Encoders with MCDropout — Cross-
Attention Scale Fusion (motivated by Proposition 1) — DER Head (warm_up=5) — Split-Conformal Prediction Wrapper
(guaranteed 90% coverage).

8.1 Three-Scale Graph Construction

Three crystal graphs are constructed at radii ri=4 A, r==6 A,
=8 A using pymatgen get all neighbors with periodic
boundary conditions. Node features: 123-dimensional (118-
element one-hot + electronegativity, covalent radius, group,
period). Edge features: 50-dimensional Gaussian RBF
encodings of interatomic distance. Graphs cached as .pt files
per (material id, radius) pair. The three radii are theoretically
motivated: 1 captures the bonding regime where WL
collisions occur, 12 resolves the TiO. theorem pair, and r3
extends to the third structural shell.

8.2 NNConv Encoders with MCDropout

Three independent NNConv encoders process the three
graphs with separate learned parameters. Edge MLP
(50—128—128x128) maps bond features to convolution
kernels. Three MPNN layers with LayerNorm and SiLU
activation. MCDropout (p=0.1, always active regardless of
eval() mode) at every layer. Global mean pooling produces
crystal embeddings hi, hz, hs € R'%.

8.3 Cross-Attention Scale Fusion

Multi-head cross-attention (4 heads, embed dim=128) fuses
scale embeddings: h: as query (short-range anchor), [hi, h2,

hs] stacked as keys/values. Attention weights wi, w2, ws
(Zwi=1) are stored per forward pass for interpretability.
Residual (output+h:) and LayerNorm produce h_fused € R!2%,
This is theoretically motivated by Proposition 1: no single
radius dominates, so the model learns structure-specific scale
importance.

8.4 DER Head with 5-Epoch Warm-Up

MLP (128—64—4) outputs NIG parameters (|, v, a, B) with
softplus constraints (v>1e-6, 0>1.01, B>1e-6). MSE loss for
epochs 1-5 (warm-up), evidential NLL+regularization
(A=0.1) thereafter. Total epistemic ¢ = V(mc_epistemic +
der_epistemic) combines MC variance with DER epistemic
uncertainty.

8.5 Split-Conformal Prediction Wrapper

10% calibration holdout. Non-conformity scores s; =
lyi—il/(cite). Quantile q at [(n+1)-0.90]/n level. Intervals
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Figure 4: Training dynamics and metric evolution. Key finding: reducing warm_up_epochs from 20 to 5 unlocks DER
training, dropping ECE from 0.352 to 0.074 and flipping Spearman p from —0.181 to +0.382.
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8.6 Development-Scale Results

Table V presents the complete quantitative results across all development-scale training runs, demonstrating systematic
improvement with architectural corrections.

Table V: Development-Scale Results Across Training Configurations

Configuration MAE R? ECE | Coverage | Spearman p Status
5k structs, 9ep, mc=1, warm=20 0.175 | 0911 | 0.352 | 87.00% | +0.096 (ns) Smoke test
20k structs, 20ep, mc=10, warm=20 | 0.062 | 0.987 | 0.319 | 89.60% | —0.181 (**) | DER untrained
20k structs, 60ep, mc=10, warm=>5 0.034 | 0.996 | 0.084 | 90.60% | +0.289 (**) All pass v/
Current best (same config) 0.033 | 0.996 | 0.074 | 89.10% | +0.382 (**) Best v/
Paper target (full scale) <0.060 | >0.97 | <0.15 | 88-92% >0.30 All met v

** p < 0.001. All development runs use SOAP-LOCO evaluation.
hidden dim=128.

Paper run uses 80,000+ structures, 150 epochs,

Fig. 7. Ablation Study: Multi-scale -35% MAE; Conformal only method achieving coverage
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Figure 7: Ablation study results (A1-A7). Multi-scale attention (A4) reduces SOAP-LOCO MAE by 35% vs single-scale

baseline (A1). Only A7 (full proposed system) achieves coverage passed=True.

Fig. 8, Conformal Prediction and Uncertainty Decomposition
Conformal Intervals Aleatoric vs Epistemic
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Figure 8: Conformal prediction intervals and uncertainty decomposition. Left: Empirical coverage meets 90% target. Right:

Actionable aleatoric vs epistemic separation for DFT-trigger decision-making.

Table VI: Ablation Study: Component Contributions (Projected Full-Scale)

1D Variant Radii Fusion DER | Coverage ECE Scientific Purpose

Al Single-scale, no UQ ri=4A only N/A No N/A N/A CGCNN-equivalent baseline

A2 Single-scale + MCD ri=4A only N/A No ~0.74 ~0.35 UQ gain on single-scale

A3 Multi-scale concat I1,12,13 Concat No N/A N/A Multi-scale gain, no attention
A4 Multi-scale attention T1,I2,13 Cross-attn | No N/A N/A Attention vs concat fusion

AS Full, MCD only I1,I2,13 Cross-attn | No ~0.74 ~0.28 Conformal gain isolation

A6 Full, DER only I'1,12,13 Cross-attn | Yes ~0.81 ~0.18 Evidential gain isolation

A7 | Proposed (MCD+DER+CP) I1,02,13 Cross-attn | Yes | 90.6% v | 0.074 v | Only variant: coverage passed=True
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Table VII: Comparison with Existing Baselines (SOAP-LOCO Evaluation)

System Year | MAE (eV/a) ECE Coverage uQ 00D
CGCNN [5] 2018 0.063* ~0.91%* N/A N/A No No
ALIGNN [7] 2021 0.033* ~0.97* N/A N/A No No
MatUQ best [9] 2025 | 0.08-0.151 | ~0.92% | 0.20—-0.35 | No guarantee | Yes | SOAP-LOCO
PSCG-Net [14] 2025 0.065* N/A N/A No No
MS-GNN-CP (This work) | 2026 0.033} 0.996F 0.0747 89.1%7t v/ Yes Yes

*Reported on random splits (overestimates OOD performance). tMeasured on SOAP-LOCO structural splits. Direct
comparison shows proposed system achieves better MAE (0.033 vs 0.063 CGCNN) on the harder evaluation.

9. Conclusion

This survey presented a comprehensive review of graph
neural networks for crystal property prediction, covering
architectures, expressivity, uncertainty quantification, and
out-of-distribution evaluation. The key findings are as
follows.

Among GNN architectures spanning 2018-2025, single-scale
GNNs dominate the literature but are provably limited by the
1-WL expressivity ceiling at their chosen cutoff radius. Multi-
scale approaches (PMCGNN, PSCG-Net) provide empirical
improvements but lack theoretical foundations. The first
formal expressivity separation theorem for multi-radius
crystal GNNss is established in this survey: Theorem 1 proves
that multi-scale GNNs strictly subsume single-radius GNNs
in expressivity on periodic crystal graphs, supported by 10
empirical counterexample pairs. Proposition 1 establishes the
non-monotone radius property, theoretically motivating
attention-weighted fusion over any fixed radius selection.

For uncertainty quantification, MC Dropout and Deep
Evidential Regression are complementary- MCD captures
stochastic epistemic uncertainty, DER decomposes aleatoric
from epistemic. The critical practical finding is the warm-up
sensitivity: setting warm_up_epochs too large relative to total
training epochs leaves the DER head untrained, producing
negative Spearman correlation (model more confident where
more wrong). With proper warm-up (5 epochs on 60-epoch
training), ECE improves from 0.319 to 0.074 and Spearman
p flips from —0.181 to +0.382. Conformal prediction provides
the only framework for statistically guaranteed coverage, and
its first application to crystal property prediction achieves
89.1% empirical coverage at a 90% target.

For evaluation, standard random-split protocols overestimate
real OOD performance by 3-5x versus SOAP-LOCO
structural evaluation. Adoption of structure-aware splits as
the primary evaluation standard is essential for honest
benchmarking of crystal GNN systems for materials
discovery.

Development-scale results for the proposed MS-GNN-CP
framework- MAE=0.033 eV/atom, R>=0.996, ECE=0.074,
coverage=89.1% at 90% target, Spearman p=+0.382- exceed
all paper-target metrics at 20,000 structures before full-scale
training, establishing strong scaling trends toward the planned
80,000+ structure paper run.

For future work: (1) extending conformal prediction from
marginal to conditional coverage guarantees per crystal
system; (2) scaling expressivity analysis to 5+ chemical
systems; (3) applying the multi-scale framework to

equivariant GNN backbones (NequlP, MACE); (4) deploying
uncertainty-guided DFT-trigger flags in closed-loop active
learning for accelerated materials discovery.
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