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Abstract: In this paper we have solved fractional Delay differential equation whose differential order is a with general initial
conditions. By using Laplace decomposition method. The Fractional derivative is the Caputo fractional Derivative. We solve both linear
and non-linear Delay fractional differential difference equation. we extend the result given by differential difference equation for
fractional order differential difference equation where the fractional derivative used is caputo fractional derivative. The obtained result
is Compared with differential difference equation by putting o = 1 and verify the validity of the result and the result hold good.
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1. Introduction

Basic of Fractional calculus and fractional Differential
equations is given in [1-4]. Differential difference Equation
of order (a,1)and (a, 2)is given Ananth in [5,6]. In [7]
Kamble Rajratna M, Kulkarni Pramod Ramakant, have
derived “Laplace Transform and Laplace Decomposition
Method for of order (a,1) Fractional Differential Difference
Equations with Interval Conditions Linear and Nonlinear”.
In [8] Kamble Rajratna M., Kulkarni Pramod Ramakant,
have proved “Existence and Uniqueness of Continuous
Solutions for Conformable Fractional Integro-Differential”
Equations in Cone Metric Spaces”. In [9] Kamble,
Rajratana, and Pramod Kulkarni. "Numerical Solutions of
the SIR Mathematical Model of Computer Viruses
Involving Non-linear Fractional Order Differential
Equation”. In [10] Rajratana, Maroti Kamble, and P.R.
Kulkarni Given new definition of fractional derivative
"Extended fractional derivative: Some results involving
classical properties and applications”. In [11] Kamble
Rajratna M., and Pramod R. Kulkarni have proved
"Existence and uniqueness of solutions for exponential
fractional differential equations”. In [12] Kamble Rajratna,
M., et al. "Gheorghe Siavoiu, Mladen Cudanov and Vesna
Tornjanski." have proved “On Some Existence and
Uniqueness Results for Nonlinear Fractional Differential
Equations with Boundary Conditions”

2. Main Result

Delay fractional differential difference equation given by

d:—f = f() + P(p(t — w), p*(t-w)+Q(p(t —
2w), %t —2w)) , t>2w ..(1)

With Conditions
pt)=p..(2)

e*0)=0k=12,..1—-1..03)
Wheren—1<a<n, weN, pER

We solve the Above Delay Fractional differential equation
with given conditions by Laplace Adomian decomposition
Method.

Multiply e™5%,s > 1 and Integrate equation between 2w to
[00)
p%eStdt = | f(t)e Stdt
2w 2w -
+ j P((p(t —w), p*(t — w))
et
+ f Q(qo(t —2w), % (t — ZW))
2w
Llp®* ()] = e " L[f(t + 2w)] + e ™ L[P(p(1), 9*(D))]

/’{e—WS

[1—e™]

S
+e 2 L[Q(p(8), *(D)]
Where 4 = P(p, 0)

Using Laplace transform of Caputo fractional derivative

sCLle@®] —s“'p
Ae—2ws

+ e“’t’gsL[f(t -I-SZW)]
+ e‘WSL[P((p(t), (p“(t))]
+e 2L[Q(p(), 9*(1)]

D Ae—ZWS e~ ws

/‘le—WS

Sa+1

e oS T ga+
+ e ™™SL[f(t + 2w)]

Sa
N e SL[P(p(0), p“(D)]

er
e " L[Q( (1), *(1))]
+ e
Now consider following type of decomposition

Lip@®] = ) e ™ L[py(0)]

n=0

Laplace decomposition for

P(e(®,¢"(®).Q(e®), ¢“(®))
LP(9(©,0%©O)] = ) e ™ L[4, (0)]

n=0
[e9)

LO(p®,0° ()] = ) e ™ LBy (0)]

n=0
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Where A,'s,B,'s are the n‘* adomian polynomial for

P(e®), %), Qe (1), * (1))

Some Adomian Polynomial of the non linear term
P((p(t), (p“(t)), Q((p(t), <p“(t)) are given below
Ao (t) = [P, ¥)]p(0),0%0)

a0 =2 0 +2 “(t)
1 =3 (21 I 1
0% (0),0%(0) 9Y (0),0%(0)
oP aP o
A,(t) = A, (D) = M P2 (0) + v P2%(8)
X 9(0),9*(0) @(0),9%(0)
1 0%P 2()
211007y )
+2 0P O ()
P1(L)Pq
0X8Y 0, p(0)
P a 2
+ 6_ (02 (0))°]
Y p(0),9%(0)
And so, on. Similar Laplace Decomposition for

Q(e(®), 9*(1))

Now the Laplace decomposition main theme is to set
iteration as follows
[ee]

D e Lign (0]

n=0
p Ae—ZWs e~ ws
=5 T et T gt
e 2WSLIf(t + 2w)]
+ e
e ws ©
= e L[4, ()]
§ n=0
e—2ws
F T ) LB ()]
n=0
_Pp — 1 -ws
=+ |t LA |e

+

+ si“L[f(t + 2w)]

Sa+1

e —2ws

1 1
+ LA O] + = LIBo(0)]

n Z [L [Ap-1] " L[Bn—Z]]

s® s®

n=3

Where A,'s,B,'s are the n'"* adomian polynomial for

P(o®),9%(®), 0(p(t), 9*(®))

We Calculate L[¢, (t)] iteratively given by
p
Llpo(®)] =2

1
L91(©)] = —r7 + 2z LA ()]
A 1 1
Lp2 ()] = —g + 7 LI (€ +20)] + LA O]

+ ! L
LIBo(®)]

L[An—l] L[Bn—z]
s@ + s@

, n=345..

Llgn(®)] =

Therefore,

0O = ) gn (£ = nw)e(t —nw)

1, t>nw
Where e(t —nw) = {0, otherwise}

3. Applications of the Result

Based on the above method we solve linear and non linear
Fractional Delay differential equation with general initial
conditions.
1) Consider the equation
20%(t) —p(t —w) = ot — 2w),t > 2w ...4)

p(t)=10<t<2w ..5)

e®(0) =0,k =123,..6)
Wheren —1<a<nwée€N

We note that
fzw 1e~Stde -1 [_e—ZWS + e_ws]...7)
w 2 2s

N

Multiply equation 4 e~5¢,s > 1 and integrate between 2w to

[0¢]

The Laplace transform of Caputo fractional derivative

Lip*®)] = sLIp®O] = ) s+ 1pk(D) ..8)
k=0
Where @*(t) is ordinary derivative at k=1,2,3...,n-1, n —
I1<a<sn

Taking the Laplace transform of 4 and using 7 and 8 we get
—ws

1
LIp“(O] = ~+ 5pr [ — e ™ + - Lp(®)]
—-2ws
+ o Lle®]

Consider the Laplace decomposition for L[¢@(t)] as

Lip@®] = ) ™™ Lipy (©)]

n=0
[ee]

> e Lig, o))
n=0

+ [e—2ws _

l e—ws]
N

= 25a+1
e—WS ®
For D e L ()]

n=0
co

N e g, )

n=0

e

2s¢%

— 1 —Wws
=3 + [—25‘“1 + ZS_aL[‘Po(t)]] e
1 1
+ [W + ﬁL[% (t)]]

[ee]

Ll@n-1()] L@y (0)]
+ Z 2s% + 2s%

n=3
Comparing the coefficient of e ™" from both sides

1
Llgo(®)] = < = go(t) = 1

-1 1
Lgs(O] = 5r + 57 Loo(®)] = 9:(5) = 0
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1 1
Llgp,(©)] = Sgart T 1 —— Ll (O] = saﬂ Seari T oeart
= sar1 - @,(t) = m
Llp3(0)] = 5 Llp. ()] toa 7 Llp. ()] = prprTy
tZa
T Qa+ 1)
1
Llp, ()] = 5 Llps (O] + —L[<P2 ®]
1 tza 1
= 2searQa+ 1) 2saser P40
t3a tZa
M Gat 1) 2MQa+D)
Forn > 2
I%J 1 t(n—r)a
_ n—r-—
on(0) = ;( r—1 ) 2T I (n—ra+ 1)
Therefore

9O = ) gn(t—nw)e(t —nw)

Where e(t-nw) is unig step function and ¢4, @,, @,,n =2
calculated as above, We get
w |3l
o t(n—r)a
PO =1+ Z >orh

r—1 Zn‘r‘ll‘((n -na+1)’
n=2r=1

Nw<t<(N+Dw
Putting & = 1 we get

ln
had n-ra
—r = 1 t
o) =1+ r—1 Zn‘r‘ll‘((n -1 +1)
n=2r= 1

Nw<t<(N+Dw
So our proved Result is valid for differential difference
Eqaution of order (a,2) given by Ananth in [5].

Letting w — 1, we get

') —)=0, (0)=0
Which has solution e,

Now we can Solve non linear Fractional Delay differential
equation with general initial conditions.

2) Consider the following equation
(1) =2 — @t —w) + ap*(t — 2w), ...9)
p(t)=1,0<t <2w..10)

e®0) =0, t>2wk=12,..(n—1),..11)
Multiply equation 9 by e™%, s > 1 and integrate between
2w to o
1 e—ws e—2ws e—wsL[(p(t)]
Llp*®] = §+ sa+l  ga+l sa
e 2" L[p*(1)]
—a————

Set Laplace decomposition as
[oe]

LIp@®] = ) e™ L[py(0)]

n=0

Set Laplace decomposition as
Llp* ()] = Llpo* ()] + e ™ L[3¢po° (1) p1 ()]
+e 2 L[3¢,* ()¢ (1)
+390(0)912(0)]
+e " L[3¢* (D es(1)
+ 300 (D91 (92 (8) + ¢2° (©)]

- Z e ()

n=0

Where A's are adomian Polynomial
Ap(®) = po° (1)
A (8) = 3(P03(t)‘l71(t)
A5 () = 300% (D), (1) + 30 ()1 % (1)
A3() = 390" (O93(8) + 30 (D@1 (DP2(8) + 913 (1)

Now the main decomposition set iteratively as

Z S L ()]

1 e—ws e—2ws
S + Sa+1 - Sa+1
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—WSs

D e Lign ()]

n=0

e—2ws ©
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e
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Llpyn-1(0)]  al[An_,]
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Comparing the coefficient of e ™% on both sides
1
n=0,Llpy(M] == po(t) =1
1 1leo®]] _
n= 1;L[‘Pl(t)] = La 1 Sg 1(t) =0
-1 1L[p,(0)] ady(t)
n=2;L[(p2(t)] = [ a+1_ llx - .
s s
-1 a
= sari et~ P2
a
=Cl-95e
1L[p,(t)] ad,(t)] —-1-—-a 1
n=3,L{p;(t)] = [_ Sa T ea = satl ga
2a
- @3(0) =(-1- a)m

We obtain approximate solution iteratively ¢(t), t=0 3w <
t <4w
Therefore

B = )" pn (6 = nwe(t —1w)

Where e(t-nw) is unit step function
4

PO = ) gu(t—mw)
n=0
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(t — 2w)*
Ia+1)

1 (t — 3w)2e
=900 v

() =1+=(-1-a)

Puttinga =1
@) =1+=(-1-0a)

t—2
1!

(t — 3w)?
2!

w
+=(-1-a)

So, our proved Result is valid for differential difference
Equation of order (a, 2) given by Ananth in [5].

Letting w — 0 the Exact Solution
2

() =1+=(-1- a)%+= (-1- a)%

4. Conclusion

We extend the result given by differential difference
equation for fractional order differential difference equation
where the fractional derivative used is caputo fractional
derivative. The obtained result is Compaired with
differential difference equation by putting « = 1 and verify
the validity of the result and the result hold good.
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