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Abstract: In this paper we introduced the new concept hollow R- annihilator-&-lifting module by the help of R- annihilator-small
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1. Introduction

Through, all rings consider are associative with identity, and
modules are unitary right modules. In 1975 P, Fleury
introduced the concept of hollow module as follows, A

module M is said to be hollow module ifAM # 0 and
whenever M = A+ B, where A and B are submodules of
M | then either M = Aor M =Bie. it is hollow if
M #0 and every proper submodule of M is a small
submodule of M. A submodule N of an R-module M is
called small in M if for every proper submodule L of M,
N + L =M (denoted byN <<M). The concept of R-
annihilator small (R —a—small) sub module was
introduced by [5]. A submodule N of an R-module M is
called R- annihilator small if N+7T =M , T is submodule

of M , implies that ann,(T') = 0, where
Ann(T)={r € R:r.T =0} and ( denoted by N <<, M).

A submodule N of an R-module M is said to be essential
submodule inM if for any X < M, XN =0implies
that X = 0 [4].

The singular of an R-module M is the  set
Z(M)={xeM :ann(x)c, R}. fZ(M)=M then
M is called singular module, if Z(M)=0thenM is

called non-singular module, many authors have been
intersected in studying different definitions generalization of

essential submodules. Let M be an R-module. A submodule
M
N of M is called c-singular (denoted by N <, M ) if ~

is a singular module. [19] A submodule N of an R-module
M is called 0o-small submodule of an R-module, if

M
N+K=M and Eis singular then K=M . Denoted by

N<<;M. For Nc K c M, ifN<K, theKis called

essential extension inM . the dully concept For
N c K c M, N is said to be a co-essential submodule of

Kin M, if £<<%.(denoted by Nc, M) A
N N ‘

submodule N of an R-module M is called co-closed
submodule in M if N has no proper submodule of K in M

(denoted by N <. K'). A submodule K of M is called §-
co-closed submodule of M if X < Kand X 5, Kin
M for some X < A,then X + A, see [[11]. The concept

of R-annihilator-co-essential and R-annihilator-co-closed
submodule introduced by [16]. For Nc K c M, N is

said to be R-annihilator co-essential submodule of K in M ,
K M
if v << W.(denoted by Nc,, M). A submodule N is

said to be R-annihilator co-closed submodule of K in M | if

K M
— <<, —. (denoted by Nc,. M) implies that
N N
N =K. LetN and K submodules of M such that

NcKcM,thenNis said to be &-co-essential

K M
submodule of K in M if N << W A submodule N of M

is called a fully invariant submodule if f(N)c< 4, for
every f € End(M), see [8], [12]. An R-module M is

called R-annihilator lifting module, if for every submodule
K of M there exists a submodule L and N of M such that

M=L®Nwith L<Nand KIN<<N. [9] An R-

module M is called §-lifting module if for every submodule
K of M there exists a direct summand N of M such that
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K M
Nc,, KinM andﬁ << W An R-module M is called
hollow-lifting module, if for every submodule K of M with

— is hollow then there exists a direct summand N of M

such that N < Kin M. An R-module M is called hollow
R-annihilator lifting module, if for every submodule K of M

M
with — 1is hollow there exists a direct summand N of M

such that N <, Kin M.

Examples:
The submodule {0,3} of the Z-module Z,is a c-singular

submodule of Z .
The submodule {6} of the Z,-module Z,is not c-singular
submodule of Z,,

Z
Because {?.4}D Z,andZ,is not singular, where

ann(i) c, Z,.

Proposition: 1. Let M be an R-module. Let 4, B, C are
submodules of M with Ac Bc C. If Ac,, Cthen

Ac _B.

—ace

Ac X € M with M=£+£ thus
A A A

M =B+ X.But Bc C,therefore M = C + X and then

Proof: Let

C M
, then —<< —thus
A A

A A A e

ann(ﬁ) = 0 and hence 5 <<, Ki.e. Ac,  B.
A A A

—dace

Proposition: 2. Let M be an R-module. Let A4, B, N are
submodules of M . If AcC;, Band N<<M, then

Ac, B+NinM .

Proof: Suppose that Ac X c M with
M B +N X
+— then =(B+N)+ X.But
A A A

N << M, therefore

Proposition: 3. Let Ac X cBc M and X <, Bif

X B M
andonly if —C_  —in—.
A A A
Proof: Assume that X C;, B inM . Since by III
. . B/A M M/A
isomorphism theorem —=—— —_— =
X/ A X X/4
B/ A M/ A X M .
Thus <<, and hence —C_, —. Since
X/ 4 X/ 4 A A
B/ A B M/A M M
—_—=— ——=—. Then —C, , —=
X/A4 X X/4 X X
Xc,. BinM.

Lemma: Let M be an R-module and A Bc Cc M.If
Bc,, CinM  then Ac,, CinM .

Proof: Suppose that B C_, C inM . Then show that

C
Ac,,C inM. suppose that — =—+—, where
M C T+B
AcT,thus M =C+Tthen —=—+ .But
B B
C B
Bc,, Cand 2 C, —therefore ann( )=0.To

T
prove that ann(E) =0, Let r €ann(T), thus r.T < A

and r.T < B,since A < B, therefore ».I + B = B. Thus

T
r € ann( )and this means ann(z) = 0, therefore

Ac,, CinM.

Proposition: 4. If M is an R-module and 4, B, C are
submodules of an R-  module M such  that
A+Cc,, B+C inM ,then Ac,, B inM.

Proof: Let M be an R-module and 4, B, C are submodules
of an R- module M . LetT be any submodule of an R-

module M such that Ac T and
K=§+T:>M B+T and
A A A

M B+C T+C
A+C A+C A+C

where

T
ann(—)=0. Let
(A) e

T
M B X B M r € ann(—), thus rTcAc(A+C)and  hence
M =B+ X and hence —=—+—,but —<<, — A
A A A A A +C
X r(I'+(A+C))=A+C.Then reann =0,
Thus ann(g) =0 this means A =5, B+NinM . (T'+( ) ( C)
T
thus ann(—) =0. Therefore A<, B inM .
A
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Theorem: 1. Let M be an R-module and 4, B, C, X are

submodules of an R- module M . Then following statements
are equivalent:

a) If Ac,, A+B inM , then AﬂBgace A inM .

b)If Ac, B in M and Y<M, then
ANY c,, BNY inM .
olf Ac,B inMad Xc, C, then

ANX <. BNC inM .

Proof: [16]

Examples and Remarks:

1) Consider Z; as a Z-module. It is easy to see that
(0,4} ;. 10,2,4,6}in Z,.

2) Consider Zas a Z-module. It is clear that {6} is not &-

0,3}in  Z,. If

coessential  submodule  of

{03} —. it is easy to see tha @:__
{O} é{o}.t y t that 5 ={0,3}

and %— Z, and hence {0 3} <<z Z, which is

contradiction.
3) Let M be an R-module. Then 4 <<; M if and only if

0<<. Ain M .

dce

Proposition: 5. Let M be an R-module. Let 4, B, C are
submodules of M with Ac B M, Ac, M, Then
Ac,, BinM if and only if
M=B+X=>M=A+ X, for every submodule X of
M.

Proof: Suppose that AC;, BinM and M =B+ X

where X < M, then%:£+X+A
A A

Since A, M

and then X + A, M, but M/A = M (by III
‘ X+A4A/4 X+A4
. . X+A4 M
isomorphism theorem) therefore Co 7 But
ng M,therefore % = X+4 .Hence M =X + A.
A A
M B
Conversely;  Let =—+— where A Y with
4 4
Y M Y M
—C,, —. Then M = B+Y and — < —.Hence (by
B B B B

Il isomorphism theorem) Y < M.Therefore by our

assumption we get M = A+Y . But AC Y, therefore
M =Y. Thus Ac;, BinM .

Proposition: 6. Let M be an R-module. Let 4, B, X are
of M with Ac X € Bc M. Then
B

gc‘)‘ce D

submodules

X
Xcs, B inMifandonlyif; inM .

Proof: Let A, B X are submodules ofM with
Ac X c Bc M. Assume that X 5, B inM . Since

B _B/A M M/A
— = ——and — = ———( by lIl isomorphism theorem).
X X/A X X/A

B/ A M/ A X B
Then by << .Thus — g,

X/A 2 x/4 4%y

B
— gé‘ce —

inM .

Conversely; Suppose that inM . Since

B/A _ B

X/A4 X

M/A M
———=—(by III

X4 X

isomorphism

B M
theorem). then — <<y —. Thus X <, B inM .
X X

Proposition: 7. Let M be an R-module. Let 4, B, C, are

submodules of M with Ac Bc Cc M. Then
Ac,;,C inMif and only if AC;, B inM and
Bc,,CinM .
Proof: Suppose that Ac,;,C inM . Since
B C M M _
—C—C—,then —<<;—and hence AC;, B in
A A A A A
M M
M. Now a map f:——>——define by
A B
f(m+A)=m+B for ever meM. Since f is

epimorphism, therefore and A C Sce C inM . Hence

M
f(%)=%<<5 E.Thus Bc,,CinM .

Conversely; assume that A 5, B inM and By, C in

M X
M . 1tis clear that Ay, C inM . Let 7:%4._

A
X
where —c —, thenM =C+Xand  hence
A A
M X+B X M
—=£+ .Since —c, —,then X M
B B A
. : M /B M
(by HI isomorphism theorem) = and
X+B/B X+B
X+B M
X +Bc, M, therefore 3 . E, So
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ﬂz X+8 = M = X + B.Then M=£+£.Since
B B A A A

— << —and —C  — ,ThenMZKZMZX.
A A A A A A

Hence A<y, C inM .

Proposition: 8. IfM is an R-module. If Ac;, B inM
and X <, C inM then A+C s, B+C inM .

Proof: Suppose that A =, B inM and X <5, C inM
, where X <M. To prove that A+C <, , B+C inM .
M

Now the ma —_— defined b

P Y

d(m+ A)=m+(A+ X) for each m e M and
M

—_— > defined b m+X)=m+(A+X

52> y &( ) ( )

for each me M . Since ¢ and ¢ are epic, therefore

B M C M
— <<z —and — <<5 —,then
A A X X

B+X M
¢( )= <<s and
A A+X A+ X
cC. C+X M
p(—)= << . Hence
X A+X CA+X
B+X C+X B+C M
<< thus

+ )
A+X A+X A+X A+ X
A+Xc, B+C=>A4A+Xc,, B+C inM .

Proposition: 9. If M is an R-module. If AC;, B inM
and XM inMthen A+ X<, B+X inM,

—=dce
converse is true for X <<; M.

Proof: Assume that AC;, B inM and XM inM .
Since X S5, XinM ,then A+X 5, B+ X inM .

Conversely; Suppose that A+X <5, B+ X inM and
X <<4M. Then show that Ac;, B inM, Ilet
M B

Y
=4
A A

where . %,then M=B+Y.

M|~

M  B+X Y+X Y M

. Since —C,, —,
A+X  A+X A+X A A
Then Y < M.But (by 1II

isomorphism
M/A+X _ M

Y+X/A+X Y+X
Y+X M

gcc *
A+ X 7 A+ X

+

Hence

theorem)

and Y+ X < M, therefore

B+X M
<<
A+ X A+ X

, then

M Y+X
A+ X A+ X
Yc. M. Hence M =Xand AcC;, B inM .
Proposition: 10. Let M be an R-module and X <<; M in
M .1f Ac;, B inM then Ac;, B+ X inM .

=>M=Y+X. But X<<;M and

Proof: Suppose that A C5, B inM and X <<; M . To

show that A =5, B+X inM . Let %:B—'_X_{_Y
A A A

Y M
where —C —. =—++
A% 4 A A A

Y
—c,..—, then (by LI isomorphism theorem) and

A" 4

Yc, M. But MiA

Y+X/A Y+X

(by III isomorphism

Y+X M
gc’s -
A

theorem) and Y + X < M, therefore

M _X+Y
A
M=X+Y. But X<<;M and Y M,

M = X . Thus Ag5ceB+X inM .

. B M
Since  —<<;—, then and  hence
A A

therefore

Proposition: 11. LetM and N be an R-modules and let
f M — N be an epimorphism. If A Z;,, B inM then

f(A) Sy f(B) inN.
Proof: Suppose that A C see B iInM . To show that
ACIN
J(A) Sy f(B)
" S f(4) f(A)
X N
gcs °
f ) 14
N=fB)+X = f(N)=f"(fB)+ [ (X)=>M=B+f"(X)
M_B X)X M
. Since Ce , then
A4 f4)  f(4)
X c,, M and hence f~'(X) <, M (by Il isomorphism
M/ A M
= and
X +4/4 f(X)+4
-1
XA M
A A4

inV. Let

where Then

, SO

theorem)

f(X)+4 C. M, therefore

Since —, then

B

Z<<5
X+ A=M= f(f XN+ f(A)=f(M)= X+ f(4)=N.
But fAHcX, N=X.  Thus

f(Ac,, f(B) nN.

therefore
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Proposition: 12. [12] Let M be an R-module and 4, B, C, X

are submodules of an R- module M . Then following
statements are equivalent:

a) If Acs, A+B inM , then AﬂBg5ce AinM .

b) If Ac,, B inMand Y<M, then
ANY c,,, BNY inM .
o If Acz,, B inMad Xc;,C, then

ANX <, BNC inM .

Proposition: 13. LetM be an R-module and let
AcCBcM.1f B=A+Land L<; M, thenIf AC;, B in

M .

Proof: Assume that B=A+Land L<<zM,let
%=§+£where zgm—,then M=B+X
A A A A4

=A+L+X. Since %gm%,then Xc, M, but

L<<;Mand A+X c M, therefore M = A+ X and
Ac X. Thus M =X and Ac;, B inM .

Examples and Remarks:

1) Consider Z4 as a Z-module, clearly Z4 is §-lifting
module.

2) Let Q be the set of the rational numbers. It is easy to see
that Q as a Z-module is not §-lifting module.

The dual concept is that R-annihilator d-lifting module. An
R-module M is called R-annihilator &-lifting module, if for
every submodule K of M there exists a direct summand N of

M with N <K and §<<38% with ann(K)=0.

Theorem:2. [12]

Let M be an R-module, then following statements are
equivalent:

1) M is 5-lifting.

2) For every submodule 4 in M | there is a decomposition

M=M®M, such  that M, c Aand
ANM, <<; M,.

3) Every submodule 4inM can be  written as
A=B® L ,where B is a direct summand of M and L

L<<; M.

Proof: (1) = (2) Suppose that M is §-lifting and let 4 is a
submodule of M . Then there exists a decomposition

A M
M =M ®M, such that M, C Aand —<<; —. By
M, M,

lawAd=ANM
Now, let

modular

= ANM, ®M,) =M, ®(ANM,).

¢:%—)M2be a map defined by @(m+M,)=m,

1
with m=m, @ m, where m, € M, and m, e M, . 1tis

A
clear that ¢ is an isomorphism. Since —<<;—, then

1 1

b

(p(ﬁl)«éMz. Since go(ﬁl):{go(a+Ml):aeA}
={p(x+Y)+M,:xeM, and y e (A M,)}
={p(x+y)+M,:xeM,,yeM,}
={p(x+y)+M,:xeM,,y e (A M,)}and
ye(ANM,)={y:ye(ANM,)} = AM,, then
ANM, <<sM,. Let L=ANM,, so A=M,®L
where M is a direct summand of M and L <<; M.

(2)=(3) Let A be a submodule of M . By our assumption,
there is a decomposition M =M, DM , such that

MlgAandAﬂM2<<5M2, hence AﬂM2<<§M. By
modular law
A=ANM =ANWM, ®@M,)=M,®(ANM,). Let
L=ANM,. Thus A=M,® L, where M, is a direct
summand of M and L <<; M.

(3)=>(1) Let A be a submodule of M . By (3) A can be
written as 4 = B® L, where B is a direct summand of M

and L<<;M.To show that Bcy;, AinM, let

M A . X M
—=—+—where BC Xwith —c_ —,
B B B B B
M = A+ X and hence M =B+ L+ X =L+ X. Since
X M

E C. E’ then X < M, by (the third isomorphism
theorem). But L <<; M, therefore M = X . Thus M is
6-lifting module.

then

Remark:
Let M be an R-module, then M is §-lifting if and only if for
every submodule A in M there is a decomposition

M =M, ®M, suchthat M, < Aand Aﬂ]W2 <<; M.

Proposition: 14. [12] Any direct summand of &-lifting
module is §-lifting.

Theorem: LetM be an R-module, then the following
statements are equivalent:

1) M is §-lifting module.
2) Every submodule 4 of M has a §-supplement B in M
such that A() B is a direct summand in A4 .
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Fully invariant submodule:

LetM be an R-module. If M =M ®M, then
M  A+M, A+M, .
7 = y, @® ,for every fully invariant

submodule A4 of M.

Proposition: 15. Let M be a §- lifting module. If A is a

o M o
fully invariant submodule of M , thenjls a 6-lifting

module.

Proof: let— be a submodule of —. Since M is §-lifting

module, then there exists a direct summand B of M such
that Bc;, XinM. So M=B®B,, for
B, c M. Since Ais a fully invariant submodule of M ,
M B+B, B+A B, +A
then— = @
A A A

some

Now, let

M
fi—— be a map defined by
B B+4

f(m+B)=m+(B+ A) forall me M.ltis clear that

. . : X M
f is an  epimorphism.  Since E << E, then

M
f(E)_B y bB+A,andhenceB+Ag5ceXinM

B+ A4 X M

. Thus gﬁceg in —.

Mo
Thus gls 6-lifting

module.

1. Let M =A+ Bbe a §-lifting module. If
Ac, M, then there exists a direct summand 4 of M such

that M = A+ X and X C;, B inM .

Lemma:

Proof: LetAandBbe submodules ofM such that
M=A+Band Ac, M SinceM is &-lifting, then
there exists a direct summand X of M such that X ;B

inM . Then %2 A+X@§.
X X A

Since Ac, M, then

A+ X M
— by (the third

A+Xc M, and hence ..
‘ X

B M
—<L;—, therefore

X
.Thus M = A+ X .

isomorphism  theorem). But

M _A+X
X

Proposition: 16. Let 4 and B be sub modules of anR -
module M such that A B .IfAisa R—a—small of B,
then Aisa R—a —small of M .

Proof: Let M = A+ X , where X is a submodule of M .
By modular law M = A+B=A+(X(1B). Since A4is

a R—a—small ofB, then ann(X(1B)=0.Now
(XNB)c X = ann(X N B) 2 ann(X) for this
reann(X)=r.X =0. Since (X[)B)< X therefore
r{XNB)=reann(ANX).So ann(X)=0, thus
Aisa R—a—small of M .

Proposition: 17. Let 4 and B be sub modules of anR -
module M such that A < B . IfBisa R—a—small of M ,

then Aisa R—a —small of M .
Proof: Obvious

Proposition: 18. LetM and N be R - modules and
f:M —> Nbe epimorphism andB < N. IfBis a

R—a—small of N , then f'(B)isa R—a—small of M

Proof: Let M and N be R - modules and f : M — N be
epimorphism and B € N. Let Bisa R—a—small of N .
To prove that f '(B)is a R—a—small of M . Let
M =f_1(B)+X, where X is a submodule of M . Then
FM)=F{f B+ X}= f(M)=f(f(B)++[(X).
Since f  is epic. Thereforer N = B+ f(X).Since Bis a
R—a—small of Nie. annf(X)=0.Now claim that
annX < annf'(X), fore this let
reann(X)=r.X =0. Since f(X)c X, therefore
rf(X)=f(rX)=f{0}=0.thus 7€ f(X)means
annX < annf(X). Thus ann(X)=0.hence [~ (B)
isa R—a—small of M .

Proposition:19. Let K and N be submodules of an R -

N
modules of M with K < N. and E isa R—a—small of

M
— . Let m: M —>Ebe an natural mapping therefore

M N
() isa R—a—small inM, but 7 (=)=N,
K K

then N isa R —a —small of M .
Proof: Obvious;
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Proposition: 20. LetM be an R-module and

B
Ac X cBc M such that — is a R—a—small of
— ,then — isa R—a —small of —.

M M
Proof: Consider the map f Ijﬁydeﬁned by

f(m+ A)=m+ X for every me M, So f is epic. Since

B M B B
— isa R—a—small of — , therefore — = [~ (—) is
X X A X

a R—a—small of —.Thus — is a R—a—small of
A A

M
n

Proposition: 21.Let M =M, @M, an R - module and
let K,cM,cMandK, c M, = M .If either

K,is a R—a—small of M,or K,is a R—a—small of
M, then K, ®K,isa R—a—small of M, ®M,.

Proof: Let K be the R —a —small of M and the projection
map P, : M, ®M, - M, Since K,isa R—a—small of
M, , then we have p; ' (K,) =K, ® M,isa R—a—small
of M, ® M, . Since K @K, c M, ®M,, therefore
K, ®K, isa R—a—smallof M, ®M,.

Corollary: LetM be an R-module and let
N, +N.
KcM cMadK,cM,cM.If —-—2 isa
K, +K,
M
R —a —small of ————.Then
TR,

N, +K

1) ——2 isa R—a—small of —.
1 K,

K +N.

2) ——2 jsa R—a—small of —.
2 2

N, N M _M
3) —L@®—%isa R—a—smallof —P®—.

K, K, K, K,

, M
Proof: 1. Consider the maps 77, : — —> —————defined
K, K +K,

by 7 (m+K)=m+K +K,) VmeM and

M
7T, :— —> ——— defined by

K, K +K,

m,(m+K,)=(m+K,+K,), VmeM. So 7 and T,

N1+K2CN1+N2

are epimorphisms. Therefore - . Since
K +K, K +K,
N, +N, .
——= is a R—-a—-small of therefore
K +K, 1T
N +K, . M
———= is a R—a—small of ————. We have by
K +K, K,+K,
N, +K 4,N, +N.
previous prop.———=2 =7 '(——2) isa R—a—

YK 4K

1 1 2

small of —. ..1
1

K, +N, - N, +N, and N, +N,

2.Since c isa R—a—
K +K, K +K, K, +K,
+N, .
small of , therefore isa R—a—small
TR, K,
f M W hi b i
0 . e ave y  previous  prop.
K,*K,
K +N 4. K +N
- 2 =71, (= 2) is a R—a—small of —.
K, K +K, K,
.2
N, _N.
3.From equation (1) we obtain —L1®—2isa R—a-
K, K,
M M
small of — @& —.
K,

Remark: An R- module M is R — a — lifting module if and
only if for any sub module N of M there exists a submodule

L of M such that M =L@®Kand LNK <<, M.
2.Every R —a —hollow module is R —a — lifting module.

Definition: Hollow R-Annihilator 5-Lifting Modules: An R-
module M is called hollow R-annihilator 8-lifting module, if

M
for every submodule K of M with E is hollow then there

exists a direct summand N of M with N < Kand
K M

ﬁ<<a5 E with ann(K)=0.

Proposition: 22. LetM be an R-module. Let K,,K,be
hollow modules and let M = K, @ K, be faithful module,
then every hollow R—a—0 - lifting module is -R—a—0 -

lifting module.

Proof: Let M be an R-module. Let N be a sub module of
M . Consider the two natural projections o, : M — K|

and p, : M = K,.
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Case I; If p(N)#K,and p,(N)#K,.we have
P(N)<<, Kand p,(N)<<,K,. We
P(N)® p,(N) <<, K, ®K, =M [Waren
Anderson]. Now we claim that N < p,(N)@® p,(N), for
this let t€N.Then teM =K ®K,and hance
t=(t,t,) where t,€ K, and
p)=p(t,t,) =tiand p,(1) = p,(t,t,) =1, . Thus
(= (£,(0), p2(1)) and we abtain N < p,(N)® py(N)
hence N <<,_; M. However, M is faithful thus by
N <<_; M. Hence M is - R—a -0 - lifting module.

obtain

t,€ K,.Now

Case IL; If p,(N)=K,and p,(N) = p,(M). This shows

M =N+K,and by

N+K, K,
N ~ NNK,

second isomorphism theorem

.Since K,is a-0-hollow module,

then is a-&hollow module. (every epimorphic

2
image of a-0-hollow module is a-d-hollow). However,
M hollow R-—a-lifting module, therefore there exists an
R-a-06- coessential submodule of N inM , which is
of M. ThusM is R-a-0-lifting

direct summand

module.

Theorem: 3. Let M be an indecomposable module. The
following statements are equivalent.

(a) M is hollow R—a—0 - lifting module.
(b) M is hollow R—a—-¢ - lifting module but need not be

factor module is 0 —lifting module.

Proof: = Suppose that M has a hollow factor module. Then
M
there exists a proper sub module N of M such thatﬁ is

0 —Hollow. Since M is hollow R—a—-0- lifting module
there is a direct summand K of M such that K <<__ N of

aces
M . However, M is indecomposable module, therefore
K =0,hence N <<,3 M. ThusM is hollow R-a-0-

lifting module.
< obvious.

Proposition: 23. Let M be hollow R—a -0 - lifting module.

M
Then every R—a—0 - coclosed submodule K such that E
is 0 —hollow module is a direct summand of M .

Proof: Let M be hollow R—a—0 - lifting module and let K

M
be R—a—0 - coclosed submodule in M such that E is 0—

hollow module. Since M be R—a-0 - lifting module, then
there exists a fully invariant direct summand N of M such
that N <<_5,. K inM . However, K is R—a—0 - coclosed

submodule inM , so K = N,ThusK is fully invariant

direct submodule of M .
Proposition: 24. Let M be an R-module. If M is R—a—0 -

M
lifting module. Then for every submodule K of M withE

is 0 —hollow module. There exists a submodule X of K

suchthat M =X + X, X, Cc M and ANX, <<, X,.

Proof: LetM be an R-module. LetX be a proper

M
submodule of hollow module M , with—is 0 —hollow

module. Assume that there exists a submodule X of M
(where X € K)such that M =X® X, X, <, Kin
M . Now we must show that Aﬂ)(1 <<,s X,. For this
suppose that X, = A(1 X, + L, where L C X,.Again we
prove that Ann(L)=0.By modular law
A=ANM =ANX @ X)) =XD(4NX)).
M =X ® X, then

must

Since

M =X+(AﬂX1)+L.N0w

% = §+ L+ X and since X <, AinM , therefore
AN 20 To show that  Ann(Z)=0, let
re Ann(L)=>r.L=0and hence r.L+T =Tie.
re Ann(L+X) =0. Hence AN X, <<,; X,.

Corollary: LetM be an R-module. IfM is hollow

R—-a-0 - lifting module, then for every submodule K of
M

M , with— is 0 —hollow module, there exists a submodule

X of K such that

ANX, <<,s M.
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