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Abstract: The concept of residual incomes helps the study of poverty and affluence.  In the present work we define  -percentile residual 

income and in particular median residual income for the poor and the rich. We have also derived these measures for some of the income 

distributions having explicit quantile functions. 
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1. Introduction 
 

The concept of residual income is useful in constructing 

poverty and affluence indices. The left and right proportional 

residual incomes have been considered by [1], in terms of 

which they defined some classes of distributions and showed 

the connection between these classes and some other 

measures of income inequality. [1] presented the left and right 

proportional residual incomes using the distribution function 

approach.  In the present paper analogous results for quantile 

function of incomes have been discussed.  The distribution 

function and quantile function are two alternative ways to 

define a probability distribution. Let X be a real-valued and 

continuous random variable with distribution function )(xF  

which is continuous from the right.  Then, the quantile 

function )(uQ  of X  is defined as  

  .10,)(:inf)()( 1 == − uuxFxuFuQ  

 

The term quantiles was introduced by [2], but the ideal of 

quantiles seems to have originated in the work “Statistics by 

inter comparison with remarks on the Law of Frequency of 

Error” by [3]. The work on exploratory data analysis by [4] 

and the work [5] sparked the development of the quantile 

function as an essential tool instead of the distribution 

function in statistical analysis.  A comprehensive overview of 

statistical modeling with quantile functions was provided by 

[6]. Quantile based reliability analysis has done much in 

literature but few have used the quantile function approach to 

model the income data ([7], [8], [9]). 

 

The  -percentile residual life function of the non-negative 

random variable T  is defined by [10]. Using this approach 

we have defined  -percentile residual income and in 

particular median residual income for constructing both 

poverty and affluence indices.  Although percentile residual 

life and in particular median residual life are existing in 

literature, the concepts of percentile or median residual 

incomes do not exist.  So, we give formal definitions for these 

concepts in Section 3. Also we have converted mean left 

proportional residual income and mean right proportional 

residual income into quantile forms. 

After this introduction, in Section 2 basic definitions in terms 

of distribution function are given.  In Section 3 analogous 

definitions in terms of quantile functions are discussed.  Some 

results on quantile based residual incomes are given in 

Section 4 and in Section 5 concluding remarks are discussed. 

 

2. Definitions in terms of Distribution Function 
 

Given a continuous, non-negative random variable X , 

which represents the income of  a society or community, with 

distribution function ),(xFX a poverty line  and an 

affluence line , where  0  are considered, 

such that )(XF  represents the proportion of the poor and 

)(1 XF−  represents the proportion of the rich.  For details 

one can refer [11], [12], [13] and [14]. 

 

The income distribution of the poor for a poverty line , is 

the right truncated income distribution at ,

  = XXX r )(  and its distribution function is given 

by  
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For the income distribution of the affluent people we get the 

left truncated distribution at  ,  

  = XXX l )(  with distribution function given by 
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The random variable, 
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has been considered by [1] and in the context of income 

distribution it represents the proportional income to   for 

incomes greater than  .  This random variable is called the 

left proportional residual income at level  . They also 

defined the mean left proportional residual income (MLPRI) 

as  

  







== 


 X

X
EXEe lX l

)()( ''
''             (2.2) 

In a similar way, the mean right proportional residual income 

(MRPRI) is  

  







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
 X

X
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)()( ''
''          (2.3) 

 

3. Definitions in Terms of Quantile Function 
 

The − percentile ( )10   residual life function at 

time t  is defined as the − percentile of the remaining life 

given survived up to time t  ([15]). For 10   , the −
percentile residual life function )(, tq F  of F  is defined as  

FF TtttFQtq −−−= 0,))()1(1()(,    (3.1) 

 

where }1)(sup{)1( == xFxQTF  .  Motivated by this 

we defined − percentile left (right) proportional residual 

income. The − percentile left proportional residual income 

is defined as 

 
,
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In particular, median left proportional residual income is 

defined as  
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The − percentile right proportional residual income is 

defined as 






))((
)(''

FQ
r

rX
= , where  FT  (3.4) 

 

In particular, median right proportional residual income is 

defined as  






))(5.0(
)(''

FQ
M

rX
=             (3.5) 

The − percentile left proportional and right proportional 

residual income for some commonly used quantile functions 

are given in Table 1. 

 

Table 1: − percentile left proportional and right proportional residual income for some   quantile functions 

Distribution Quantile Function 
− percentile left proportional  

residual income 

− percentile right 

proportional residual income 
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4. Characterizations 
 

Theorem 4.1: Pareto distribution is the only distribution for 

which − percentile left proportional residual income is a 

constant. 

 

Proof: The − percentile left proportional residual income 

for Pareto distribution is  



1

)1()(''

−

−=pr
lX

, constant. Now suppose 

kpr
lX

=)('' ; a constant. That is,  

 
k
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−−−

)(

)1)(1(1 
.   
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Solving this functional equation, we get 

)1ln(

ln

)1()( −−=

k

pCpQ  which is the quantile function 

of the Pareto type I distribution with C=  and 

kln

)1ln( 


−−
= .  So we can say that the only distribution 

for which − percentile left proportional residual income is 

a constant is the Pareto distribution. 

 

Theorem 4.2: Power distribution is the only distribution for 

which − percentile right proportional residual income is a 

constant. 

 

Proof: The − percentile right proportional residual income 

for power distribution is 



1

)('' =pr
rX

, constant.  Now suppose mpr
rX

=)('' , a 

constant. That is, m
pQ

pQ
=

)(

)(
.  Solving this functional 

equation, we get ln

ln

)(

m

CppQ =  which is the quantile 

function of a power distribution with Ck =  and 
mln

ln
 =

.  So we can say that the only distribution for which −
percentile right proportional residual income is a constant is 

the power distribution.  

 

5. Concluding Remarks 
 

In this paper we have defined − percentile right (left) 

proportional residual incomes which will be useful for the 

study of poverty (affluence) measures of income distributions 

which have explicit quantile functions but not distribution 

functions. We have computed these measures for some 

quantile functions and found that constant right (left) 

proportional residual incomes are characteristic property of 

power (Pareto) distribution.  
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