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Abstract: In this study, we examine integrals involving the incomplete H-function of several complex variables in combination with
general class polynomials represented in product form. By employing definite integrals from well-known mathematical references, we
derive closed-form results that highlight the interplay between special functions and polynomial structures. The incomplete H-function,
known for its remarkable generality and applications in multivariate function theory, is here integrated with polynomial structures that
unify many classical families. The integrals derived are expressed in a simplified and compact form, making them particularly suitable
for applications in mathematical physics, probability theory, and statistical modeling. These results not only broaden the scope of
incomplete special functions but also offer efficient tools for handling problems involving products of functions in multidimensional
settings. Furthermore, the work provides a foundation for future investigations into more general classes of incomplete multivariable
functions and their applications.
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. 1
1.Introduction Where i=(-1) and
r M
In this part, we recall key definitions and symbols previously 1"(1—6, +ZE(,”RAJ7JHT(J’,- -F Rk)
explored in the literature [1]-[5], [9], [13]-[15] on incomplete ~ £(R..R,,..R..77) = > = x
functions of several complex variables, Srivastava H r(lf.f,‘ +F/(/{)Rk)
polynomials, and unified integrals, which form the basis for s R
our discussion. HF[I e +ZE“ 7] ]
: 5)
Incomplete Gamma Function (IGF) H r[ej —ZEf R‘j
J=N+ k=1
The widely used incomplete gamma function y(s,v) and ﬁl‘(b“ Mg ) F(lfab(jk)JriAb(jk)RkJ
I'(s,v) described as v, (R)=—L " — " = " (6)
. -BYR T a -3 49R
P(s)= [T d; (9(s)>0:v20) (1) 11 r(1-5" -5 A)H (“./ 24 J
F(s,v) :Jmtx’le”dt ; (VZ O;SR(S) >0 when v=0) 2) Wgere (k=l, 2,.01)
Y an
such that their sum yields the complete gamma function:
z, (e EO g g ,7)
7(s,v)+T(s,v)=T(s); (‘R(s)>0) 3) M N, | 2| N T T
7[21’22’ »Z ] Vp QP53 P o : . F F F(r) .
| EERLLE)
Incomplete H-Function of Several Complex Variables: ( ED £ E(,,) . (a‘” A‘,") - (a‘.” A"‘))
P B G AT (@A)
H.M. Srivastava and R. Panda defined the incomplete H- (b(') BU)) -...-(b(") B(,.))
. . . . . 70 Jag) N T )
function of several complex variables in a series of studies ’
[S], where it is represented in terms of a multiple Mellin- _[ .[ E(R Ry 77){ Tv, (Rk)thde} 7
Barnes contour integral: (27i) k=0
where
z|(e, ,EW ED . EV nl; S (k) u (k)
[|l-e, R r(f,-FYR
F[ZI,ZZ,...,ZV] r;/,Q\rl:mqm pmqu ( 72 /7 /. ) €/+;E1 s 1] ];[ (fj E k)
h z (f/,F,(]),F,(“),,.,,F,(’)) §(RI’R2""R"’77) = Q0 x
r (1.9) H F(lffl. +F,(k)Rk)
(1) (r) 0 40 . (r) 4(r) J=M+1
(e E E/ B )(z,p)’(a/ A )(1./1‘)”".’(a/ A )(',p,) x (k)
(60,BY) (b, B7) Hr(l—eﬁzEf RM]
T )TN T ) = ®)

R,,... ,,n){l_[y/,{ )z dR} ) le[e —ZE}“RJ
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v (R)=—L" o )
r(1-s" -8 ) [ r[a(”— Ai”RkJ
J= s = k=1
Where (k=1, 2, ..., 1)
e, [j =12, Pa)) [ =12, p;Vie{l,2,..r}]
£ =12.,0]:60 [ =12, 0q Vi€ {12, 7}
are complex numbers along with their associated

EPj =12, PEAY [ = 12,00 psVk €{1,2,007}]
FO [ =12, 01 B[ =1,2,,,5 Wk € {1,2,..,7}]
are positive real numbers, and 3, represent the contours are

coefficients. {
taken to begin at the pointr, —io and extend to the point
7, +ioo With 7, eR,(k=12,.,r).

The integral in (6) being absolutely convergent under the
conditions specified by Srivastava et al. [5].

If \argzk\Jw, (k=1,2,..,r), (10)
where A, ZE +ZA ZF ZB“ <0, (11
J= J=1
and
o k z k J k k k
vi=2 B = X N+ F - 3 PP+ A
j=1 j=N+1 p/:l j=M+1 j=1 (12)
AV B> g0,
JEmy J=1 J=my A1
V(k=1.2,..,r)
Where M,N,P,Q,m,,n,,p,,q, are positive integers and

limited by the 0<N<P;0>M>0, and ¢, >2m>0;p,2n >0,
Vke{l,2,.,r} and the inequalities given in (12) restrict the
21,2550 2, The

and other exceptional cases are

allowable values of the complex variables
z, =0,k=12,..,r

silently excluded. As discussed by Srivastava and Panda [6],
we then obtain
(=l -z ) tim

I'(z,2,,..2,¢]=0
b(k)
= lim Re 3 0 (k=1,2,...,}”)

1< j<m, :
J

points

z,

sl-0), (3

where

(14)

2.General Class Srivastava’s Polynomials

As proposed by Srivastava (1985), the second class of
multivariable polynomials is defined in the following way.

By
& 8

" (-h) gk (-h)gk,
S}fjii...‘h,g [xuxz’ > ,] qu: ;ZE,THTX (15)
ALk ks By k1

Where hand g v(i=12,.,t)are any integers greater than
zero. The coefficients A[h,k;..;h,k]are represent arbitrary
constants, which may be real or complex.

for the
general

By appropriately
coefficients Ak, k;...;h,,k1,(k = 0),

selecting values
the

arbitrary
class of

polynomials in (15) can be reduced to various well-known
forms of multivariable polynomials.

3.Preliminaries
Based on the table of integrals, series, and products by LS.

Gradshteyn and I.M. Ryzhik [3], we require the following
integration formulas.

" 2 -0 \/;F(5+l)

J.{[uervJ +w} dy = ; 2 ] (16)

0 Y 2u (4uv + w)ME 1"(5 + 5]
u>0;v>0;4uv+w>0and Re(5+%)>0

e e (e

IQ{(uy+j +w} dy = — 2 (17)

0 2u(4uv+w)d+5F(5+Ej

u>0;v>0;4uv+w>0and Re(5+%)>0

4.Main Result

This section presents integrals that combine Srivastava’s
polynomial with the incomplete H-function of several
complex variables.

set and

then

Theorem 1: If we

A4 >0,p,>0(Vi=1,2,..,r)

u>0,v>0;(4uv+w)>0;6>0

the following integration

expressions are satisfied,;
—6-1

@ 2 2 ~4 2
_[ (uerXJ twp S x (uy+£] +Wp o ,.X, {uerlj +w
0 Y y y
2
z {(uy+v] +W}
1
Y (e E(1 JEY E&'),n);

M Nimmeim, i,
PO py gy Py

(1) (2 (r) .

81:82-81

N7
By by e
1 5y seeeslty

2u(4uv+w)’ 2
z, (4uv:+ w) " {[; g _,Z;“/l"’k"’}gp‘ };
(4uv.+w " {[ 5- Zz,k,j,zp},

(e B BB B) (a0 AD) (A
(

)
(‘f;’F/U)’F( )’ 7F’(r))(l q)’(bf(l)’B/1 )(1 q‘);.";(bf('/‘)’Byl)(l,q,)

X X2 X %
(4uv+ w)}“‘ ’ (4uv+ W)AQ ’ (4uv+ w))”

M N+5my nyse.sm, n,
PHLOHL PGP, 4,

(18)

Provided that the conditions of incomplete H-function
I'[z,z,....z,] in (4) are satisfied and the above integral will be

convergence for condition (10), (11) and (12).
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Proof: L.H.S. of equation (18)

5-1 A

o0 2 -
J‘ [uy+l] twp Sy
0 y

(e LEV ,E, . ,Ef’>,77);
(

G EE e E )

By substituting the definitions of Srivastava’s polynomial
(15) and the incomplete H-function of several complex
variables (4), we can write the following expression.

) —o1 i

w a & h)eok
= I (uy+x] +wp o D Z ...ﬁA[hl ks hy k1%

0 y =0 k=0 k!

) oy ) Ak

k v v
X' | w+—| +w uy+fj +w X

{( yj } {[ y }

2 =Pk
I I § RR,,. r,i]) Hl// {[uer;j +w} dR, tdy

By changing the order of integration, we get

Wb
=3 ---EM---%A[%I‘N ’hl’kl]%x
k=0 k=0 k! k! (272'(0)
. 5 70'717’2/1,&721,&
sl um}f{w 7
: 0
L3 i
g &
- \/; _,,%A[h shok]x
2u(4uv+w)a+§p1¢+21k+— =0 /c, =0 k !

(§+Zp‘Rl+Zijk + j
(§+Zp, 1+Z/1k +1J

h A
81 g (—
oA 1 Z-Z( h)gk (-h)gk LAl K ]
S = - k! k!
2u(4uv+w) 2 k=0 k=0 !
K K F[5+Zp1R,+ZAk + ]
X, X
{(4uv+w)§ } "{(4uv+w)é }

[§+Zp‘Rl+Zik +1]
L R R ) [T (R () ) |

27m}

From the interpretation of equations (4) and (15), we derive

the desired result.

S o R S — 7|
e T (Auv+w)! (Auv+w)® o (duv+w)

2u(4uv+ w)() 2

-4

% o % ! PO PGP, 0 :
X, (uy+fj +w sees X, (uy+f) +w X z (4uv+w)7p’
y y "

1 t r
z, (4uv+w) ™" {[2 ~6- Zﬂjk_f];zp,};
M Nt eim, = ‘

|
[s%)
|
T -
o~
ey
%/
gy
h
—

(B ) )l )
(
J

)
) R DY (B0 RO . () g
(£, B, F )M,(b, B), a(087)
It follows that theorem 1 is verified.
1
Where —6>Z]:/1jkj
=

Theorem 2: If we set
A4,>0,p,>0(Vi=12,..,7) then

expressions are satisfied;

s3]+

u>0,v>0;(4uv+w)>0;620
the

and

following integration

—o-1

Sél 82

Ty e /1

(e £ EP ... EV );

)

M Ny nyem, n,
P.Ospsqis3pr 4

(1) p0) (r) p(r) b
(b/ ’BJ )(141)’ ';(b/ ’BJ )(14)
:Lsmg -8 X X, - Yy
sy L) () ()

(4uv:+w '{[—5 ZU&}ZP}’
(4uv.+w K {( -5- Zﬂ,k,],Zp,},

e ) ()

)
(f,,F, P >F,(,-) )(w) ;(bj,‘),Bf.‘))(] @) ;"‘;(b(/")’Bi'r))

M N+myngm, n,
Vpi OHL Py G153y

(19)

(270) '[ '[ SRR {HW(R")Z"’dR‘} Provided that the conditions of incomplete H-function

7[z.2,...z,] in (7) are satisfied and the above integral will be

convergence for condition (10), (11) and (12).

Proof: L.H.S. of equation (19)

o-1 )

» 2 -4 2 ! 2 A

I (uy+x] +wp o SPpEx [uy+1j +Wp X, (uy+1j +w X
0 y y y

} (e E E/ e ,Ei”),n);

M Ny nyesm, o,
P.Osp1sais3pr 4y

| EE L E) s
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By substituting the definitions of Srivastava’s polynomial . | R D Y
(15) and the incomplete H-function of several complex Iz{(%wy] +W} S x, {[uwyj +W} s, {[uy+] +W}
variables (7), we can write the following expression ’

(e EVEY, . BV n);

joore

k=0 k= k'

jj{[uy+] +w} i i '... (-h) gk 2 Ak ks By KT

B 2 -~k ,E(l),E(Z),..‘,E(r) ; (l),A(l) Dy ("),A(")
(2 la})" L, ,Is g(Rl,R’b-u,Rra’]){HV/(Ri)Z,'R’ {[uy +;j +W} dR,}dy (e/ ! ! ! ?(24’) (aj / )(l-ﬂx) (aj / )(lvp,)
’ =] g

By changing the order of integration, we get _ L - X L )
2u(4uv+w) & " (4uv+W) (4uv+w)“ (4uv+W);”

W
] g (— k h r
= -~~Z%W#A[}Zuk1> shyk, 1]%>< (4uv+w n {[—5 z ; /];Zp,};
Wi k! k. (2”60) M N+ g, . i=l
r ‘ P+LO+py 150, 4, . ,
°° 2 757]7;‘)'&7;1"(’ z, (4uv+w) " {( Z /J;z p,};
_f Jé Y { zdRI[uy+ dy P
) ! 0 M) (0 40) . ) 40
. ﬁ (e B B ) (0 B B (el AD) (A7)
g
- \/; gz z hl gk ( —h, )gr C AR kb ] (f/.,F,(I),F,(Z),...,F,(r)) ;(b(fl)’le)) ;...;(b(/.r),Bi.r))
2u(4uv+W)&,z:n“p'[{#;}"k/kkzo i k! k! ) (o) (e
(20)
r ]
F(5+Zp,R, +Zﬂik/ o1

J‘ J‘ £(R..R 1) {HI//(R)ZR’dR} Provided that the conditions of incomplete H-function
o I'[z,z,,...,z,] in (4) are satisfied and the above integral will be

convergence for condition (10), (11) and (12).

)
JZM

(5+Zp, ,+Z,1k +1

hooh
& & (- ko (-, )
= Jr 1 zz( }'1)‘?1 '( )"g’ LAk ks hy k)X Proof: L.H.S. of equation (20)
2u(4uv+w)‘HE = k, " 2 K
k Ky J.Lz (uy+£j +w X
SN SN G oY y
(4uv + w)o’ (4uv + w)&‘ ) -4 ) -4
. . gk y, [uerX] +wp o, (uerij +w x
F[5+Zp,R, +2k, +lj et ‘{ y y
271.0) J- J‘ é: 1o "77 {HW(R,)ZIR’de} i 2 P
(5"'2,01 V+Z’1k +1] zl{[uervJ +w}
y (r .
From the interpretation of equations (7) and (15), we derive Homan L (ﬂ,ﬂ JF! ,...,F,"') )(] N
the desired result. z {(Merv] +w}
y
(1) £(2) (r) A0 40 . () 4(r)
= Jx — S d T a2 T o o |% (e £ ’E/ B )(zvp)’(a/ A )(l_p])”""(a/ o4 )(1p)
2u(4uv+ W)"*g (4uv+w)" (4uv+w)*  (duv+w) : dy

(4uv+w ” {(—5 Z ' /J;ZP,};
7ol . i=1 . . .. . .
R : By substituting the definitions of Srivastava’s polynomial
z, (4uv +w)™” {( -5- Zﬂ,k,],z,o‘} (15) and the incomplete H-function of several complex

variables (4), we can write the following expression

EVLLEY, EV LBV y(aAV) (a0, 40
(e ’ ’ 77) (e g ! )(247) (a/ ! )(l,p.) (a/ ! )(M) 2 o b ﬂ( h)gk ( h)
(1) (2 (r) (0 p) . B plr) < v &, &(—Mh)g —
(L) )l ) Sffloesf o] £ B R
. . ) ik ) ik
It follows that theorem 2 is verified. & v K v
x| uy+—| +w X, uy+; +w X

Where -6>3% 1k,
J=1

%J’w J'h‘ g(RlyRQ,...,R,,n){ﬁy/(Ri)ziR‘ {[uervJ +w} dR,}dy
Theorem 3: If we set u>0,v>0;(4uv+w)>0;6>0 and (2mo) T i Y
24,>0,p,>0(Vi=12,.,r) then the following integration
expressions are satisfied;
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By changing the order of integration, we get

& (h (=h) gk 1
Ah’kl’ ’ht’kz PR
k. 0 ,; k! U ](Zﬂa)) *
. . ) 75717";/;,12,7;1,/@
_[ _[ g“(R], LR, ){Hy/(Ri)zf’dRi}j{(uy+;) +w} dy
B ﬂ
- J;,. & & (h)ek (<h)ek Ch)8k o kb k1x

(4uv+ W)6+ZP,R,+Z) k; +7 ,(]_0 s k! k!

F(5+Zp,R,+Zik +7j
(5+Zp, ,+Z,1k +1] (27)

j j E(RyesR 1) {HW(R,)Z,R«dR,}

Wk
- &Y ( h)glkl ( h)gl R)EE gt ks k] \/;
e —_— ... 9 1 15 L1
i Akt k! 2u (4uv+w)‘”§
b K
X, X, N
(4uv+ w)ﬁ’ (4uv+ w)ﬁ‘
F(5+2piR, +21}.k1 +lj

(‘“Zp, ,+Z/1k +1] (270) Lo o) {HW(R’)Z’R'dR'}

From the interpretation of equations (4) and (15), we derive
the desired result.

\/; X X X
S PERE) W |
2u(4uv+w)5 5 (4uv+w) (4uv+w) ? (4MV+W)A7
(4uv+w ~ {(_5 ZU&],ZA},
M N+Lmynys.om, n, .
P+LO+Lpy gy 5i Py o4y * -
z, (4uv+w)” {[ Z /j;zp,}
i=1

(e E/'), ,E(.’),n) (e E(/', ,E/’))(Z’p);(a, A
(
J

(f“]-,FT/-(l),FV/-(Z),...,F‘/(") )(I’q) ;(bj(l)’B-'l))(l,q,) ;,_,;(bj

=

It follows that theorem 3 is verified.
Where -5> 2 Ak,

J=1
Theorem 4:

If we set
A,>0,p,>0(Vi=12,.,7) then

u>0,v>0;(4uv+w)>0;620
the

and

following integration

expressions are satisfied,

5-1

. .
I ylz{(u”;] +W} S
0

Sg‘ ol X - X «
(4uv + w) (4uv + w)]”‘ (4uv+ w)A’

oozl lfoesf ] ST B
. {[W;j +w}

L psnmofenealffo-s]

2 -A
v
z, (uy+fj +w
{ y (e E(),E( gD )

50y 7
M N my ngseim, o, / ’ /

7Pqu. P4

(e EV.E

M N+lmy nsesm, n,

N
5ol V P10+ ooy
2u(4uv+w) 2

(4uv:+w {[;—5 Z . /j;iljp};
(4uv.+w " {{ -0- 2 7y /];izr;p,};

@n

Provided that the conditions of incomplete H-function
7[z.2,...z,] in (7) are satisfied and the above integral will be

convergence for condition (10), (11) and (12).

Proof: L.H.S. of equation (21)
» 1 {( ij }—r}'—l
J‘—z uy+—| +w X
0y y
2 ~4 2 ~4
v v
X, (uy+fj +w} ,‘.,x,{(uy+j +w}
{ y y

o))

A7 F,

ng 382558t
Iyl ey

(e £ E/ s BV )

(r) .
Pt

M N imynyseim, n,
P.Osp1sais3pr 4y

(e E/ > / ’ ~E )( 7(aﬁl’AEl)1,0,)’,.”7(CIY‘),Asr‘))(luﬂ,)
(1)

) ),

By substituting the definitions of Srivastava’s polynomial
(15) and the incomplete H-function of several complex
variables (7), we can write the following expression

R

h,
k! "'%A[hl’kl’ Sh k%

:,
5 Ehlsh
k=0
s -
xf (uerXj +w
y
. 2 —pilR;
! - | (RIRQ,...,R,J]) I[Tv(R)zf [uy+XJ +w dR, pdy
2m) H-TH T = y

X

Ay Aok

By changing the order of integration, we get

b
2 k

(h)gk  (h)ek R8N g ks k] —
k=0 k'

—

k,! (27w)

757172 PR, 72;,,1«,
S "

=
M“
L
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Wb w 2 -0 2 A 2 A
NZ 4 k1 S (—]’lI )g]k] ( —h )g [u KJ 21582008, [ X] ( KJ
s [} 1y + +w Sl x| uy + +Wr X | wy+ +w X
= I E E ! ! Alh k5.5 h, k] x 7[ y bk | 1 y y

& R, A = =
2u (4uv+w) %“p +Z’/z"’° k=0

r ] 1 2 d
F[5+ZPfo +zﬁ'/'k/ +7j H}’m o ,{(uy+vJ +W} @ of) () dyzi-\/; :
i J i i Sir
(S bl N o, [ e
S+ PR+ Ak, +1
ngg o l X5 s X 7,Olfm s, m,
7 ;i Li( Vek (-h) (4uv+w) (4uv+w)/12 (4uv+w)]7 L
= DI }Hk 85 k"g' C Al ksl k] i
2u(duvw) 2 k0 b R 2 (v w). ‘{[—5 Z s jJ;Zp[};(am AY) a, A7)
& k . i=l T )TN T )
X, x, ' 0 gMY . . p0) gt
{(4uv-il-w)dl} "'{(4uv+lw)”7} " z, (4uv+w) {[ -0~ Z%}ZPI}, (8".87),,, -4 8"),,,
[5+Zp‘Rl+Zijk + j (23)
.[ j E(RvaR.) {ﬁy/( R)z" dR} Similarly, from the equation (20) and (21), we can get new
(5+ZP +Z’“‘ +1J (270) A results.
Corollary 2:
From the interpretation of equations (7) and (15), we derive
the desired result. On substituting E F A B L(Vi=1,2,.,r) in

equation (18) and (19) the Incomplete H-function reduce to
Jz e { % X X |y Incomplete Meijer G-function and we get
( )

= il Shhhl‘..,h, P FREIRD T
2u(4uv+w) 2 duv+w)" (4uv+w) (4uv+w

Y ) —5-1 5 -2 5
- _[ uy+ N uy+£ +w X, uy+1 +w
z, (4uv+w) " *—5 z ZP, ; ) ety | 1 y ses Xy B
M N+Lmy,nys..sm, n, H
Y P1.041ip1 g1, 4 : , 5 -
z, (4uv+w) " {( z ]J;ZP}; z, [uy_'_zj Fw

= y . r

J

(e BV B )i D E) A0 A0) T g 3 AL D AG N |
(

-4

| S
X

PR I
J J P.O:ip1 sy,

0 FO  g0) L (p0 g0) . (p0 g0 S
(1), (08, o) o
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It follows that theorem 4 is verified. _ Jr o { x, x, X, } N
1 - 70 PAERE 7
Where -5 > Zt: Ak, 2u(4uv+w)’ 2 (4uv+w)" (4uv+w) (4uv+w)
Jj=1

(4uv:+w {[—5 Z ; JJ;Z:P:}?
(4uv.+w ” {[ -5 Zi,k,},Zp,},

5.Special Cases: (VG im

PHLO+Lpy g5 p, 4,

Corollary 1:

On substituting M=N=P=Q=0 in equation (18) and (19) the
following new result is obtained (/) ;(bﬁ")(m;...;(bf-’))(]»q)

Y N —5-1
J‘[uy+l] +w S}i',fz’ ,f X, (uy+v
0 y

) -p
() : [u 1)
" y + +w
Hl—mn z [uy+XJ +w . v (Lp;) dy:L, 1 ¥ (e, 77) '(a(l)) ) (a(‘,.))
Y (bﬁ”,Bﬁ")M 2u(4uv+w)"2 (G Nom s m., . 20"\ )N ) &
B roma ' (p0) . (p0
X X X v\ ” (f/)("Q)’(bj )(lm)’m’(bj )(114,)
S}f:’vh hg 1 - 2 e t Z XF?‘II.::D;"»;N.;]:M";IH’ z, [uy+—] w
v (4uv+w)" (duv+w)*  (4uv+w) b ¥
(4uv+w {[_5 Z J z } (a(vl) A(l)) - (a(.') A‘.’)) :7\/; St 1, = yeens % x
: P )TN T ) 2u(4uv+w)§% ] Qv+ w) (A w) T (duv+w)”
' M gl ) g
(4uv+w ’ {[ -5 - z&/k/},z/)l}, (b/ B, )(14,)’ ’(b/ B )(1(,)
(22)

and
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z, (4uv:+ w) " {(;— 5—;%,-/6_,);213,};

i=]

:, (4uv.+ )" {-5 - ;4,./;,.}2,0,};

' )(l,m (a(’r) )(l.p,)

' )u,q,) ;"';(bi'r) )w, )

(y)GM Ny nysesm, o,
PHLO+L PGPy 4

(24)

—
)
=
=
—
\QA

Similarly, from the equation (20) and (21), we can get new
results.

6.Conclusion

The incomplete H-function emerges as a fundamental
structure within the theory of special functions. By varying
its parameters, one can recover many well-known functions
such as the incomplete Meijer’s G-function, incomplete Fox—
Wright functions, and incomplete generalized
hypergeometric functions. Its adaptability further allows the
formulation of unified integral relations, highlighting its
significance in advancing mathematical investigations.
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