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Abstract: This paper does a commendable job of blending mathematical precision with social realism to explain how cooperation - often
elusive in shared-resource scenarios - can be modeled and, in some cases, even predicted. Drawing from classical and evolutionary game
theory, it sets the stage by contextualizing the persistent dilemma of individuals maximizing personal gain at the expense of community
welfare, much like Hardin’s famous “Tragedy of the Commons.” That said, the work goes beyond mere theory. It develops a rigorous
model grounded in payoff matrices, Nash equilibria, and repeated interactions, clearly showing how sustainable outcomes hinge on both
individual strategy and community structure. The section on real-world application - water-sharing in semi-arid Indian villages - lends a
grounded relevance to the abstract modeling, reinforcing the idea that community dialogue and informal norms can sometimes outperform
top-down regulations. This suggests that when future gains are weighted heavily enough, and when local mechanisms such as rotation
schedules or reputational incentives are in place, communities can self-regulate in ways that formal institutions might struggle to enforce.
What’s particularly insightful is the author’s emphasis on shifting incentives and altering the game’s structure to favor cooperation - a
principle that, in my opinion, echoes far beyond resource sharing into domains like climate policy, digital governance, and public health.
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1. Introduction

Resource sharing is vital for communities managing limited
assets such as water, grazing land, or digital bandwidth. The
challenge lies in ensuring that individual rational actions align
with collective welfare - a classic social dilemma.

Game theory, pioneered by John von Neumann and Oskar
Morgenstern (1944), provides a mathematical framework for
analyzing such strategic interactions. Through concepts like
Nash equilibrium, the theory helps predict how rational
agents behave when their outcomes depend on others’
decisions.

This paper develops a game-theoretic model for community
resource sharing, demonstrating how mathematical reasoning
can explain cooperative or exploitative behavior and guide
fair resource allocation.

2. Literature Review

Game theory has been extensively used to understand

cooperation and competition in social systems.

e The Prisoner’s Dilemma (Flood & Dresher, 1950)
formalized the tension between individual rationality and
collective welfare.

o Hardin’s “Tragedy of the Commons” (1968) described
how shared resources tend to be overused when individual
incentives dominate community interest.

e Ostrom (1990) challenged Hardin’s conclusion, showing
empirically that communities can self-organize for
sustainable resource use via communication and trust.

e Mathematical approaches by Fudenberg & Tirole (1991)
and Osborne & Rubinstein (1994) formalized equilibria
and strategies for cooperative outcomes.

e More recent works apply evolutionary game theory
(Nowak, 2006) to explain how cooperation evolves under
repeated interactions.

This study synthesizes these insights into a mathematical
model tailored to resource sharing in small communities,
using payoff matrices to represent choices and equilibria.

3. Theoretical Framework

3.1 Game Structure

Let a community have nnn agents sharing a common resource
(e.g., water). Each agent chooses one of two strategies:

e C (Cooperate): use the resource sustainably.

o D (Defect): overuse for personal benefit.

The resulting payoff matrix for a two-player interaction is:

Player 2: C Player 2: D
Player 1: C (R,R) S, T)
Player 1: D (T,S) (P, P)
Where:
o R (Reward for mutual cooperation): moderate, sustainable
payoft.

e T (Temptation to defect): highest individual gain.

e S (Sucker’s payoff): lowest (cooperates while the other
defects).

o P (Punishment): both overexploit and suffer resource loss.

Typical ordering for a social dilemma:
T>R>P>ST >R > P > ST>R>P>S

This structure mirrors the Prisoner’s Dilemma but
contextualized for community resource usage.

4. Mathematical Analysis
4.1 Nash Equilibrium

A Nash equilibrium occurs when no player can improve
their payoff by unilaterally changing their strategy.

Let each player choose C with probability ppp and D with
probability 1-pl-pl—p.
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Expected payoff for a player is:
U(p)=p[Rp+S(1-p)[+(1-p)[Tp+P(1-p)]U(p) = p[Rp + S(1-
p)l + (1-p)[Tp + P(1-
pP)IU(p)=p[Rp+S(1-p)]+(1-p)[Tp+P(1-p)]

Differentiating U(p)U(p)U(p) with respect to ppp and setting
dUdp=0\frac{dU} {dp} = 0dpdU=0 gives equilibrium
probabilities for mixed strategies.

However, in classical Prisoner’s Dilemma structure, DDD
strictly dominates CCC, so the Nash equilibrium is (D,D)(D,
D) (D, D)-mutual defection, even though (C, C) (C, C) (C, C)
yields higher total welfare.

This illustrates the paradox of rationality: individually
rational choices can produce collectively irrational outcomes.

4.2 Repeated Games and Cooperation

If the interaction repeats indefinitely, the shadow of the
future can sustain cooperation.

In infinitely repeated games, players adopt conditional
strategies such as Tit-for-Tat: cooperate initially, then mirror
the opponent’s previous move.

For discount factor d\deltad (patience), mutual cooperation is
sustainable if:

R/(1-8)>T+3P/(1-8)R/(1 - \delta) \geq T + \delta P/(1 -
\delta)R/(1-8)>T+5P/(1-9)

or equivalently,
8>T—-RT-P\delta \geq \frac{T - R} {T - P}6>T-PT-R

Thus, when players value future payoffs highly enough,
cooperation becomes a subgame perfect equilibrium.

5. Resource Sharing Model

We extend the game to an nnn-player version representing a
community sharing a common resource of capacity QQQ.

Each player iii consumes qiq_iqi, where 0<qi<QO0 \le q i \le
Q0=qi<Q.

The resource renews proportionally to (Q—iqi)(Q - \sum i
q_1)(Q—iqi), but overuse depletes it.

Each player’s utility:
Ui(qi,q-1)=aqi~b(qi+)j#iqj))U_i(q_i,q_{-i}) =aq i-b(q_i
+\sum_ {j\neq i} q_j)Ui(qi,q—i)=aqi—b(qi+j =i .qj)

where:
o aaa: marginal benefit of consumption,
o bbb: marginal cost of total depletion.

Each player maximizes UiU_iUi w.r.t. qiq_iqi.

Setting oUioqi=a—2bqi—b) j#iqj=0\frac {\partial
U i}{\partial q i} =a - 2bq i - b\sum_{j\neq i} q j = 00qi
OUi=a—2bqi—b} jl 1=iqj=0 yields:

qi*=a—b) j#iqj2bq i"* =
q_j}{2b}qi*=2ba—b)}j  I=iqj

\frac{fa - b\sum_{j\neq i}

In symmetric Nash equilibrium (qi=qj=qq_i=q_j = qqi=qj

=q):
g*=ab(n+1)q™* = \frac{a} {b(n + 1)}q*=b(n+1)a

while the socially optimal (collective) solution maximizes
total welfare:
Qopt=a2bQ_{opt} =\frac{a} {2b}Qopt=2ba

As nnn increases, individual equilibrium consumption
g*q"*q* increases toward overuse, demonstrating Hardin’s
tragedy of the commons mathematically.

6. Mechanisms for Promoting Cooperation

1) Communication:

Allowing discussion or signaling can align expectations,
effectively transforming the game toward a coordination
problem.

2) Incentive Mechanisms:

e Introduce a tax or fine for overuse (changes payoff
matrix to favor cooperation).

e  Provide reward-sharing for sustainable use (raises R or
lowers P).

3) Reputation Systems:
Repeated games with memory promote cooperative equilibria
through long-term trust.

4) Social Norms:

Embedding moral or cultural penalties for defection changes
subjective payoffs, aligning Nash equilibrium with
cooperative outcomes.

7. Case Example: Water Sharing in Semi-Arid
Villages

In semi-arid Indian villages, water sources (wells or tanks)
serve multiple families. When one household overdraws,
others experience shortages. Empirical studies show that
villages forming cooperative agreements (e.g., rotation
schedules) achieve stable equilibria and higher total utility.

Mathematically, these agreements alter the payoff matrix:
Tnew<RnewT {new} <R {new}Tnew<Rnew
shifting equilibrium from defection to cooperation.

This aligns with Ostrom’s (1990) principle that local
governance and communication can achieve what central
enforcement often cannot.

8. Discussion

Game theory illuminates how mathematical reasoning can

guide social design:

o Without coordination, self-interest leads to resource
depletion.

o With proper incentives and repeated interactions,
communities can achieve Pareto-efficient equilibria.
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The model highlights a universal lesson: sustainable
cooperation requires balancing short-term incentives with
long-term benefits - a principle extending beyond resource
sharing to public health, climate policy, and digital commons.

9. Conclusion

This paper presents a game-theoretic analysis of community
resource sharing, illustrating how individual strategy affects
collective sustainability. By modeling interactions through
payoff matrices and equilibria, we identify mathematical
conditions for cooperation. The study shows that
mathematical structures such as Nash equilibria, repeated
games, and Pareto efficiency can directly inform social and
policy strategies, bridging mathematics and human behavior.

References

[1] von Neumann, J., & Morgenstern, O. (1944). Theory of
Games and Economic Behavior. Princeton University
Press.

[2] Flood, M. M., & Dresher, M. (1950). Game-Theoretic
Models of the Prisoner’s Dilemma. RAND Corporation.

[3] Hardin, G. (1968). The Tragedy of the Commons.
Science, 162(3859), 1243—-1248.

Volume 14 Issue 10, October 2025
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal

WWWw.ijsr.net
Paper 1D: SR251017172710 DOI: https://dx.doi.org/10.21275/SR251017172710

1123


http://www.ijsr.net/



