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Abstract: Art and mathematics have long shared a deep relationship through the language of symmetry and pattern. This paper explores
how group theory-particularly the classification of symmetry groups-provides a rigorous mathematical framework to understand, analyze,
and even recreate traditional Indian mandalas and Islamic geometric designs. By mapping artistic symmetries to mathematical structures
such as dihedral groups, frieze groups, and wallpaper groups, we reveal how artisans historically applied mathematical reasoning
intuitively. The study connects aesthetic principles with algebraic structures, offering insights into how geometry, repetition, and
abstraction reflect universal mathematical ideas embedded in visual culture.
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1. Introduction

Patterns and symmetry form the foundation of visual art,
architecture, and mathematics. Across civilizations, artistic
traditions such as Indian mandalas and Islamic geometric
designs have celebrated order, repetition, and balance—
principles that resonate with the mathematical notion of
symmetry.

This paper investigates how group theory, the mathematical
study of symmetry transformations, explains the structure and
construction of these designs. It demonstrates that artists, long
before formal mathematical codification, implemented
principles equivalent to rotational, translational, and
reflectional  symmetries—corresponding to  specific
symmetry groups.

We focus on two major art forms:

1) Indian Mandalas — Circular geometric diagrams
symbolizing cosmic order, employing rotational and
reflective symmetry.

2) Islamic Geometric Designs — Repetitive tilings and
star polygons in mosques and manuscripts, embodying
complex tessellations governed by wallpaper groups.

By bridging mathematics and aesthetics, this research
emphasizes how cultural creativity anticipates mathematical
discovery.

2. Literature Review

Mathematicians and art historians have studied pattern

formation from Euclidean geometry to abstract algebra.

e Group Theory and Symmetry: The mathematical
foundation of symmetry was established in the 19th
century by Evariste Galois and Felix Klein, later applied
to crystallography and geometry through the classification
of plane symmetry groups (frieze and wallpaper groups).

e Islamic Geometry: Islamic patterns, found in regions
from Andalusia to Central Asia, use systematic tiling with
polygons such as hexagons, octagons, and decagons.
Studies by Abdullahi and El-Said (1993) and Bourgoin

(1973) show how craftsmen used geometric algorithms to
create symmetric compositions based on underlying grids.

o Indian Mandalas and Symmetry: Mandalas in Indian art
employ radial symmetry centered around a spiritual or
cosmic axis. Research in visual symmetry perception
(Wagemans, 1995) and cross-cultural geometry
(Washburn & Crowe, 1988) highlights how mandala
geometry reflects both artistic and mathematical order.

e Cultural Mathematics: Ethnomathematical studies
(Ascher, 2002) interpret indigenous art as visual
mathematics—implying that artistic symmetry acts as an
intuitive form of group-theoretic reasoning.

3. Mathematical Background
3.1 Symmetry and Group Theory

A symmetry of an object is a transformation (rotation,
reflection, translation, glide reflection) that leaves it
unchanged. All symmetries of an object form a group,
satisfying closure, associativity, identity, and inverse
properties.

For a geometric design:

G={gl,g2,...,gn},gi:R2—>R2G =\{ g 1, g 2, \dots, g n \},
\quad g i: \mathbb{R}"2 \rightarrow \mathbb{R}"2G={gl
,g2,...,gn},gi:R2—R2

where composition of transformations obeys group structure.

3.2 Types of Plane Symmetry Groups

1) Frieze Groups (7 total): Symmetries of patterns
repeating in one direction (e.g., temple borders, friezes in
Indian sculpture).

2) Wallpaper Groups (17 total): Symmetries of two-
dimensional periodic patterns (found extensively in
Islamic tilings).

3) Cyclic and Dihedral Groups: Symmetries of regular
polygons (mandalas and rosettes).
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4. Islamic Geometric Art and Wallpaper
Groups

Islamic geometric art thrives on infinite tessellation—a
visual metaphor for divine infinity.

Each pattern can be classified under one of the 17 wallpaper
groups.

For instance:

e The Alhambra Palace (Granada, Spain) exhibits all 17
wallpaper symmetries.

e Star-and-cross patterns commonly belong to the p6m
(hexagonal) and p4m (square) wallpaper groups.

e Repeated glide reflections appear in pgg and pmg groups,
typical in border patterns of Qur’anic manuscripts.

Mathematically, if TTT is a translation and RRR a rotation, a
pattern invariant under both satisfies:
R(T(x))=T(R(x)R(T(x)) = T(R(x))R(T(x))=T(R(x))

demonstrating the commutativity characteristic of planar
symmetry groups.

These symmetries are generated using constructive
geometry (compass-and-straightedge constructions) that
artisans mastered centuries before algebraic formalization.

5. Indian Mandalas and Dihedral Symmetry

Mandalas exhibit radial and reflective symmetries centered
on a sacred point (bindu). The patterns often correspond to
dihedral groups DnD_nDn—the group of symmetries of a
regular n-gon.

For a mandala divided into nnn sectors:

Dn=(r,s | rn=s2=1, srs=r—1)D _n=\langler, s\ |\r’"n=5s"2 =
1, \ srs = r*{-1} \rangleDn=(r,s | rn=s2=1, srs=r—1)

where rrr represents rotation by 3600/n360"\circ/n3600/n and
sss reflection.

Examples:

e Sri Yantra, a sacred geometric figure in Hinduism,
displays overlapping triangles generating D8 symmetry.

o Buddhist mandalas with four gates (symbolizing
universal balance) embody D4 symmetry, combining
reflection and rotation.

This shows how the same algebraic group governs the balance
of visual elements, revealing the mathematical unity behind
diverse cultural motifs.

6. Comparative Analysis

Feature Islamic Geometric Art | Indian Mandala Art
Dominant Tessellations. polveons Circular, radial
Geometry - Polye diagrams

Group Type | Wallpaper, frieze groups | Dihedral groups
Core Translational, rotational, Rotational,
Symmetry reflectional reflectional
Construction e . Radial division,
Repetitive tiling, grids . .
Tool recursive layering
Symbolism | Infinity, divine order Cosmic unity, self-
realization

Both art forms visualize mathematical balance: repetition
(translation) in Islamic art corresponds to spiritual infinity,
while radial symmetry in mandalas mirrors cosmic
equilibrium.

7. Modern Applications

e Algorithmic Art: Symmetry algorithms derived from
group theory generate digital tessellations, recreating
traditional Islamic and Indian motifs.

e Architecture and Design: Contemporary architects use
parametric modelling and group-based pattern
generation to incorporate heritage geometry into modern
facades.

o Mathematics Education: Analyzing cultural art through
symmetry teaches abstract algebra visually, making
mathematics accessible and culturally relevant.

8. Conclusion

Traditional Indian and Islamic art exemplify the intuitive
application of group-theoretic principles long before formal
mathematics. By examining these cultural designs through
the lens of group theory, we find that both art and algebra

share the same essence: order, balance, and
transformation.
Understanding these correspondences deepens both

mathematical insight and cultural appreciation, bridging
scientific abstraction and human creativity.
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