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Abstract: In this paper, a new class of generalized hy-
persoft open sets in hypersoft topological spaces, called hy-
persoft b-open sets, is introduced and studied. The relation-
ships among hypersoft a-open sets, hypersoft semi-open sets,
hypersoft pre-open sets and hypersoft S-open sets are dealt
with.We have also investigated the concepts of hypersoft b-
open functions and hypersoft b-continuous functions.
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1 Introduction :

Molodtsov [7] initiated a novel concept of soft set theory,
which is a completely new approach for modeling vagueness
and uncertainty. He successfully applied the soft set theory
into several directions such as smoothness of functions, game
theory, Riemann Integration, theory of measurement, and so
on. Soft set theory and its applications have shown great de-
velopment in recent years. This is because of the general na-
ture of parametrization expressed by a soft set. Shabir and Naz
[10] introduced the notion of soft topological spaces which are
defined over an initial universe with a fixed set of parameters.
Later, Zorlutuna et al. [12], Aygunoglu and Aygun [4] and
Hussain et al are continued to study the properties of soft topo-
logical space. Weak forms of soft open sets were first studied
by Chen [5]. He investigated soft semi-open sets in soft topo-
logical spaces and studied some properties of it. Arockiarani
and Arokialancy [3] are defined soft S-open sets and contin-
ued to study weak forms of soft open sets in soft topological
space. Later, Akdag and Ozkan [1] defined soft a-open (soft
a-closed) sets.

In the present paper, we introduce some new concepts in hy-
persoft topological spaces such as hypersoft b-open sets, hy-
persoft b-closed sets, hypersoft b-interior, hypersoft b-closure,
and hypersoft b-continuous functions.

Throughout the paper, the space X and Y stand for hy-
persoft topological spaces with (X, 7x,E) and (Y, 7y, K) as-
sumed unless otherwise stated. Moreover, throughout this pa-
per, a hypersoft mapping f : X — Y stands for a mapping,
where f : (X, 7,E) - (V,,K),u: X > Yandp:E - K
are assumed mappings unless otherwise stated.

2 Preliminaries :

Definition 2.1: [7]

Let U be an initial universe, P(U) be the power set of
U, and E4, Es, ..., E, be the pairwise of disjoint sets of pa-
rameters. Let A; ,B; C F; for i = 1,2,...,n. A pair
(Fy A1 x Ay x...x A,,) is called a hypersoft set over U, where
F'is a mapping given by F': Ay x Ay x ... x A, — P(U).

Simply, we write the symbol E for E; x Es x ... X E,,, and
for the subsets of E : the symbols A for A; x Ay X ... X A,
and B for B; X By X ... X B,,. Clearly, each element in A,B
and E is an n-tuple element.

We can represent a hypersoft set (F, A) as an
ordered pair,

(F,A) = (o, F(a)) : v € A,

Definition 2.2: [12]

A hypersoft set (F, A) over U is said to be a relative null
hypersoft set, denoted by (¢, A), if forall « € A, F(a) = ¢.

Definition 2.3: [12]

A hypersoft set (F, A) over U is said to be a relative whole
hypersoft set, denoted by (¢, A), if forall « € A, F(a) = U.

If A = E, then the A-universal hypersoft set is called a
universal hypersoft set, denoted by X.

Definition 2.4: [12]

The union of two hypersoft sets of (F, A) and (G,B) over
the common universe X is the hypersoft set (H,C), where
C=AUB and forall e € C,

F(e), ifecA—B
H(e) =< G(e), ifeeB—A
Fe) N G(e), ifeec ANB.

We write (F, A)U(G,B) = (H,C).

Definition 2.5: [12]

The intersection (H, C) of two hypersoft sets of (F, A) and
(G,B) over the common universe X ,denoted (F, A)N(G,B),
is defined as C = AN B, and H(e) = F(e)NG(B) for all
e e C.
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Definition 2.6: [12]

Let (F, A) and (G, B) be two hypersoft sets over a common
universe X,(F,A)C(G,B), if A C B, and H(e) = F(e) C
G(e) forall e € A.

Definition 2.7: [9]

Let 717 be the collection of hypersoft sets over U, then 7x
is said to be a hypersoft topology on U if
D (9.E), W.E) € 74,
(2) the intersection of any two hypersoft sets in 7 € 7y,
(3) the union of any number of hypersoft sets in 77 € 7.
The triplet (U, 75,[E) is called a hypersoft topological space
over U and the members of 7y are said to be hypersoft open
sets in U.

Definition 2.8: [9]

Let (U, 71,E) be a hypersoft space over U. A hypersoft set
(F,E) over U is said to be a hypersoft closed set in U, if its
complement (F,E) belongs to .

3 Hypersoft b-open sets :

In this section we introduce hypersoft b-open sets in hyper-
soft topological spaces and study some of their properties.

Definition 3.1:

Let (U, 7y,E) be a hypersoft topological space and (F, A)
be a hypersoft set over U,

(i) Hypersoft b-closure of a hypersoft set (F, A) in X is de-
noted by hbcl((F,A)) = N{(F,E)D(F,E) : (F,E)isa
hypersoft b-closed set of X }.

(ii) Hypersoft b-interior of a hypersoft set (F, A) in X is de-
noted by hbint((F,A)) = U{(O,A)C(F,A) : (O,A) is
a hypersoft b-open set of X }.

Clearly hbcl((F, A)) is the smallest hypersoft b-closed set
over X which contains (F, A) and hbint(F, A) is the largest
hypersoft b-open set over X which is contained in (F, A).

Definition 3.2:

A hypersoft set (F, A) in a hypersoft topological space X is
called

(i) hypersoft b-open set iff (F, A)Cint(cl(F, A)))
Ucl(int((F, A)))

(i) hypersoft b-closed set iff (F, A)Dint(cl(F,A)))
Nel(int((F, A))).
Definition 3.3:

Let (X, 7,[E) be a hypersoft topological space over X and
(F, A) be a hypersoft set over X.

(i) The hypersoft interior of (F, A) is the hypersoft set int
((F,A)) = U{(0,A)C(F,A) : (O, A) is hypersoft open
of X };

(ii) The hypersoft closure of (F,A) is the hypersoft set
c((F,A)) = N{(F,E)D(F,A) : (F,E) is hypersoft
closed of X };

(iii) The hypersoft semi-interior of (F), A) is the hypersoft set
hypersoftint ((F,A)) = U{(O,A)C(F,A) : (0,A) is
hypersoft semi-open of X };

(iv) The hypersoft semi-closure of (F), A) is the hypersoft set
hypersoftel ((F,A)) = N{(F,E)C(F,A) : (F,E) is hy-
persoft semi-closed of X }.

Definition 3.4:

A hypersoft set (F, A) in a hypersoft topological space X
is called

(1) hypersoft regular open (hypersoft regular closed) set if
(F,A) = cl(int(F,A))(int(cl(F,A)) = (F,A).

(i) hypersoft a-open (hypersoft a-closed) set if
(F,A)C int(cl((F,A)))(cl(int(cl(F,A)))C(F,A).

(iii) hypersoft pre-open (hypersoft pre-closed) set if
(F, A)Cint(cl(F, A))(cl(int(F, A)))C(F, A)).

(iv) hypersoft semi-open (hypersoft semi-closed) set if
(F, A)Ccl(int(F, A))(int(cl(F,A)))C(F, A)).

(v) hypersoft b-open (hypersoft b-closed) set if
(F,A)Ccl(int(cl(F, A)))(int(cl(int(F, A)))

&(F, A)).

Theorem 3.5:

Let (F, A) be any hypersoft set in a hypersoft topological
space X. Then,

(i) hbel(F,A)) = X — hbint((F,A)).
(ii) hbint(F,A)¢) = X — hbcl((F,A)).

Proof:

(i) Let hypersoft b-open set (O,A)C(F,A) and hy-
persoft b-closed set (F,E)D(F,A)¢.Thenhbint((F,A)) =
O{(F,E)¢ : (F,E) is a hypersoft b-closed set and
(F,E)D(F,A) } = X — A{(F,E) : (F,E) is a hypersoft b-
closed set and (F, E)>(F, A)¢} = X — hbcl((F, A)¢). There-
fore, hbcl((F, A)°) = X — hbint((F,A)).

(ii) Let (O,A) be hypersoft b-open set.Then,for a
hypersoft b-closed set (O,A)D(F,A),(O,A)C(F,A)".
hbel((F,A))) = N{(0,A)® : (O,A) is a hypersoft b-open
setand (O, A)C(F,A)°} = X — hbint((F,A)°).

Therefore, hbint ((F,A)°) = X — hbcl((F, A)).

Theorem 3.6:

For a hypersoft set (F, A) in a hypersoft topological space
U

(1) (F,A) is ahypersoft b-open set iff (F, A)¢ is a hypersoft
b-closed set.

(ii) (F,A) is a hypersoft b-closed set iff (F, A)¢ is a hyper-
soft b-open set.

Proof: Obvious from the Definition 3.2.
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Theorem 3.7:
In a hypersoft topological space X
(i) Every hypersoft pre-open set is hypersoft b-open set.
(i1) Every hypersoft semi-open set is hypersoft b-open set.
Proof:

(i) Let (F,A) be a hypersoft pre-open set in a hypersoft
topological space X.
Then, (F, A)Cint(cl((F,A))) which implies
(F, A)Cint(cl((F,A)))Uint((F,A))Cint(cl
((F, 4)))0cl(int((F, A))).
Thus, (F, A) is hypersoft b-open set.

(ii) Let (F,A) be a hypersoft semi-open set in a hypersoft
topological space X.

Then, (F,A)Ccl(int((F,A)))  which  implies
(F, A)Cel(int((F, A)))Umt(( F,A))Ccl(int
((F, A)))Uint (cl((F, A))).
Thus (F, A) is hypersoft b-open set.
Theorem 3.8:

In a hypersoft topological space X, every hypersoft b-open
(hypersoft b-closed) set is h3-open(h/3-closed) set.
Proof:
Let (F, A) be a hypersoft b-open set in X.
Then,(F, A)Ccl(int((F, A)))0
int(cl((F,A)))Ccl(int(cl((F,A))))Uint(cl((F, A)))
Ccl(int(cl((F, A)))).
As aresult(F, A) is h3-open set.

Theorem 3.9:

In a hypersoft topological space X

(i) An arbitrary union of hypersoft b-open sets is a hypersoft
b-open set.

(i1) An arbitrary intersection of hypersoft b-closed sets is a
hypersoft b-closed set

Proof:

(i) Let
soft

{(F,A)o} Dbe a

b-open  sets.

(F, A)aCel(int((F, A)a))Uint(cl((F, A)a)).

Now, U((F,A)q)CU[cl(int((F,A)q ))Ucl(zn
Clel(int(O((F, A)a))))Dint(cl(O((F, A)a))

((FyA)y) is ahypersoftb -open set.

collection  of
Then, for

hyper-
each «,

t((F, A))]
))]. Hence

(i) Similarly by taking complements.

Theorem 3.10:

In a hypersoft topological space X, (F,A) is hypersoft
b-closed (hypersoft b-open) set if and only if (F,A) =
hocl(F,A)((F,A) = hbint(F, A)).

Proof:

Suppose (F,A) = hbc((F,A)) = N{(F,E) : (F,E)
is a hypersoft b-closed set and (F,E)D(F,A)} that im-
plies, (F,A) € N{(F,E) is a hypersoft b-closed set and
(F,E)D(F,A)}, that implies (F, A) is hypersoft b-closed set.

Conversely, suppose (F), A) is a hypersoft b-closed set in X.
We take (F, A)C(F,A) and (F, A) is a hypersoft b-closed.
Therefore,

(F,A) € N{(F.,E) :
(F,E)D(F,A)}.
(F,A)C(F,E) implies,(F,A) = N{(F,E) : (F,E) is a hy-
persoft b-closed set and (F,E)D(F,A)} = hbcl((F, A)).

For (F, A) = hbint((F, A)) we apply hypersoft

interiors.

(F,E) is a hypersoft b-closed set and

Theorem 3.11:

In a hypersoft topological space X the following hold for
hypersoft b-closure,

(i) hbel(¢) = ¢.

(i) hbint(¢) = ¢.
(iii) hbcl(F, A) is a hypersoft b-closed set in X .
(iv) hbel(hbcl(F.A))=hbcl((F.A)).

Proof:
The Proof is obvious.

Theorem 3.12:

In a hypersoft topological space X the following relations
hold;

(i) hbel((F,A))U(EB))Shbcl((F,A))Uhbel((F,B)).
(ii) hbel((FA))N(EB))Chbel((F,A))Nhbel((EB)).

Proof:

i) (FA)C(FAOFB) o (FB)C(FA

that  implies  hbcl((F, A))Chbcl((F, A)))J(F, )) or
hbcl((F,B))Chbcl((F, A)))U(F,B)).

_ Thus, hbvel((F, A)))U(F, B))Dhbcl(( A))
Uhbcl((F,B)).

(i1) Similar to that of (i).

Theorem 3.13:

In a hypersoft topological space X the following relations
hold;

(i) hbint((F,A))JU(F,B))>hbint((F,A))Uhbint((F,B)).

(i) hbint((F,A))N(F,B))Chbint((F,A))Nhbint((F,B)).
Proof:
i) (FA)C(F,A)O(F,B) or (FB)C(F A)U(F,B)
that implies hbm t((F,A)) Chbint(( F,A)))U(F,B)) or
hbint((F,B))Chbint((F, A)))0(F, B)).

Thus, hbint((F, )))O(F,]B))Dhbmt((F, A))
Uhbint((F,B)).

(i1) Similar to that of (i).
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Theorem 3.14:

Let (F, A) be a hypersoft b-open set in a hypersoft topolog-
ical space X.

(i) If (F, A) be a hr-closed set then (F, A) is a hp-open set.
(i) If (F,A) be a hr-open set then (F,A) is a hypersoft-

closed set.
Proof:
Since, (FA) is a  hypersoft  b-open set,

(F,A)Ccl(int((F, A)))Jint(cl((F,A))),

(i) Now let (F,A) be hr-closed set.Therefore, (F,A) =
c(int((F,A))). Then, (F,A)C(F,A)Uint(cl((F,A))) that
implies (F, A)Ccl(int((F,A))). Hence,(FA) is hypersoft r-
open set.

(ii) Now let (F, A) be hyper r-closed set.

Therefore, (F, A) = int(cl((F,A))).

Then, (F,A)C(F, A)Ucl(int((F,A))) that implies
(F,A)Cint(cl((F,A))). Thus,(F, A) is hypersoft-open set.

4 Hypersoft b-continuity :

In this section, we introduce hypersoft b-continuous maps,
hypersoft b-irresolute maps, hypersoft b-closed maps and hy-
persoft b-open maps and study some of their properties.

Definition 4.1:

Let (X,E) and (Y,K) be a hypersoft classes. Let u :
X € Yand p : E € K be mappings. Then a mapping
f 1 (X,E) € (Y,K) is defined as: for a hypersoft set (F, A)
in (X,E). (f(F,A),B),B = p(A) C K is a hypersoft set in
(Y, K) given by
f(Fa A)(B) = u (UQEp*I(ﬁ)ﬂAF(O‘)) for B € K.
(f(F,A),B) is called hypersoft image of a hypersoft set
(F,A). If B =K, then we shall write f(F,A),K) as f(F,A).

Definition 4.2:

Let f : (X,E) — (Y,K) be a mapping from a hy-
persoft class (X,E) to another hypersoft class (Y, K),and
(G, C) a hypersoft set in hypersoft class (Y, K),where C C
Kiletuw : X — Y and p : E — K be mappings.
Then (f~(G,C),D),D = p~*(C), is a hypersoft set in
the hypersoft classes (X,E), defined as: f~(G,C)(a) =
u H(G(p(a))) fora € D C E. (f~}(G,C), D)) is called a
hypersoft inverse image of (G, C). Hereafter, we shall write

fYG,C),Eas (f~1(G,C)).

Definition 4.3:

A hypersoft mapping f : X — Y is said to be hypersoft b-
continuous (briefly hypersoft b-continuous) if the inverse im-
age of each hypersoft open set of Y is a hypersoft b-open set
in X.

Definition 4.4:

A hypersoft mapping f : X — Y is called hypersoft b-
continuous (resp. hypersoft a-continuous [1], hypersoft pre-
continuous [1], hypersoft semi-continuous [2]) if the inverse

image of each hypersoft open set in Y is hypersoft b-open
(resp. ha-open, hp-open, hypersoft-open) set in X.

Definition 4.5:

A mapping f : X — Y is said to be hypersoft b-irresolute
(briefly hypersoft b-irresolute) if f~1((F,K)) is hypersoft b-
closed set in X, for every hypersoft b-closed set (F,K) in Y.

Theorem 4.6:

Let f : X — Y be a mapping from a hypersoft space X to
hypersoft space Y .Then the following statements are true;

(1) fis hypersoft b-continuous,

(i1) the inverse image of each hypersoft closed set in Y is
hypersoft b-closed in X.

Proof:

(i) = (ii): Let (G,K) be a hypersoft closed set in Y.Then
(G,K)¢ is hypersoft open set. Thus,f~!((G,K)¢) €
HbOS(X), ie, X — f71(G,K)) € HbOS(X). Hence
f~1((G,K)) is a hypersoft b-closed set in X

(i) = (i): Let (O,K) be a hypersoft open set in
Y .Then (O, K)¢ is hypersoft closed set and by(ii) we have
FH(0,K)®) € HbCS(X), ie, X — f~1((0,K)) €
HbCS(X).Hence f~1((0,K)) is a hypersoft b-open set in
X. Therefore, f is a hypersoft b-continuous function.

Theorem 4.7:

Every hypersoft continuous function is hypersoft b-

continuous function.
Proof:
Let f : X — Y be a hypersoft continuous function.

Let (F,K) be a hypersoft open set in Y. Since f is hy-
persoft continuous, f~!((F,K)) is hypersoft open in X. And
so f1((F,K)) is hypersoft b-open set in X. Therefore, f is
hypersoft b-continuous function.

Theorem 4.8:

A mapping f : X — Y is hypersoft b-irresolute mapping
if and only if the inverse image of every hypersoft b-open set
in Y is hypersoft b-open set in X.

Theorem 4.9:

Every hypersoft b-irresolute mapping is hypersoft
b-continuous mapping.
Proof:
Let f : X — Y is hypersoft b-irresolute mapping. Let (F, K)
be a hypersoft closed set in Y, then (F,K) is hypersoft b-
closed set in Y. Since f is hypersoft b-irresolute mapping,
f~Y((F,K)) is a hypersoft b-closed set in X. Hence, f is
hypersoft b-continuous mapping.
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Theorem 4.10:

Let f: (X, 7,E) = (Y, ,K),g: (Y,1,K) — (Z,0,T) be
two functions. Then

(i) go f: X — Z hypersoft b-continuous, if f is hypersoft
b-continuous and g is hypersoft continuous.

(i) go f : X — Z is hypersoft b-irresolute, if f and g is
hypersoft b-irresolute functions.

(iii) gof : X — Z is hypersoft b-continuous if f is hypersoft
b-irresolute and g is hypersoft b-continuous.

Proof:

(i) Let (H,T) be hypersoft closed set of Z. Since g : ¥ —
Z is hypersoft continuous, by definition g—1((H,T)) is
hypersoft closed set of Y.Now f : X — Y is hyper-
soft b-continuous and g—1((H, T)) is hypersoft closed
set of Y, so by Definition 4.3, f~1(g—1((H,T))) =
(g o £)~Y((H,T)) is hypersoft b-closed in X. Hence
go f: X — Z hypersoft b-continuous.

(ii) Let g : Y — Z is hypersoft b-irresolute and let (H, T)
be hypersoft b-closed set of Z. Since g is hypersoft b-
irresolute by Definition 4.5, g~ !((H,T)) is hypersoft
b-closed set of Y. Also f : X — Y is hypersoft b-
irresolute, so £~ (g~ ((H,T))) = (g0 )~ ((H,T)) is
hypersoft b-closed. Thus, g o f : X — Z is hypersoft
b-irresolute

(iii) Let (H,T) be hypersoft b-closed set of Z. Since g :
Y — Z is hypersoft b-continuous, g~ !((H,T)) is hy-
persoft b-closed set of Y. Also f : X — Y is hypersoft
b-irresolute, so every hypersoft b-closed set of Y is hy-
persoft b-closed in X. Therefore, f~1(¢71((H,T))) =
(g o f)~1((H,T)) is hypersoft b-closed set of X. Thus,
go f: X — Z is hypersoft b-continuous.

5 Conclusion :

In this paper, we introduce the concept of hypersoft b-
open sets and hypersoft b-continuous functions in topological
spaces and some of their properties are studied.

In the end, we hope that this paper is just a beginning of a
new structure, it will be necessary to carry out more theoreti-
cal research to promote a general framework for the practical
application.
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