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1. Introduction 
 

The class of generalized open sets in a topologicalspaceis 

calledb-open sets was introduced by Andrijevic [1]. H. Z. 

Ibrahim [2] introduced the concept ofa BC-open set. In 

1968, Velicko [10] introduced the concept of  𝜃-open. Di 

Maio and Noiri [11] introduced the concept of semi-𝜃-open. 

R. H. Yunis[12]  introduced the concept of properties of 𝜃-

semi open sets. In 1963, Levine [5] introduced the concept 

of simple extension of a topologyτ B =   B ∩ O ∪
O′/O,O′∈ τ. F. Nirmala Irudayam [3] introduced the concept 

of 𝑏+-open sets in extended topological spaces. The class of 

𝑏+-open sets is contained in the class of semi-pre+open sets 

and contains all semi+open and pre+open sets. Joseph and 

Kwack [9] introduced the concept of 𝜃-semi open sets using 

semi-open sets. It is well-known that  a space X  is called 

T1if  for, each pair of distinct points x, y of X there exists a 

pair of open sets, one containing x but not y and the other 

containing y but not x, as well as is T1  if and only if for any 

point x𝜖𝑋, the singleton set {x} is closed.In this article, 

(X,𝜏)stand for topological spaces with no separation axioms 

assumed unless otherwise stated. 

 

2. Preliminaries 
 

Definition 2.1 

A subset A of a space X is called 𝑏+open if𝐴 ⊆
Int(Cl+ A ⋃Cl+Int A ). The family of all 𝑏+open subsets 

of a simple extended topological space (X,𝜏+) is denoted 

by 𝐵+O(X, 𝜏+) or (Briefly.𝐵+O(X)). 

 

Lemma: 2.2 

For a subset A of a space (X,𝜏), the following conditions are 

equivalent: 

1) A∈RO(X). 

2) A∈ 𝜏 ∩ SC(X). 

3) A∈ 𝛼𝑂(𝑋) ∩ SC(X). 

4) A∈ 𝑃𝑂(𝑋) ∩ SC(X). 

 

Definition: 2.3 

A subset A of a space X is called 𝜽-semi-open if for each 

xϵA,there exist a semi-open set  G such that each  xϵG ⊂
Cl(G) ⊂ A. 

 

 

Definition: 2.4 

A subset A of a space X is called  semi- 𝜽 -open   if  for 

each xϵA,there exist a semi-open set  G such that each  

xϵG ⊂ SCl G ⊂ A. 
 
Definition: 2.5 

A subset A of a space X is called   𝜽 -open   if  for each 

xϵA,there exist an open set  G such that each  xϵG ⊂
Cl G ⊂ A. 
 

Theorem: 2.6 

If X is s
**

-normal, then 𝑆𝜃𝑂 𝑋 = 𝜃𝑂 𝑋 = 𝜃𝑆𝑂 𝑋 . 
 

We recall that a topological space X is said to be extremely 

disconnected, if Cl(G) is open for every open set G of X. 

 

Definition: 2.7 

A space X is called locally indiscrete if every open subset of 

X is closed. 

 

Theorem: 2.8 
A space X is extremely disconnected if and only 

if  𝛿𝑂 𝑋 = 𝜃𝑆𝑂 𝑋 . 
 

Theorem: 2.9 

A space X is extremely disconnected if and only if 𝑅𝑂 𝑋 =
𝑅𝐶(𝑋). 

 

3. On 𝐁+C-Open set 
 

This section introduces a new class of 𝑏+-open sets namely 

𝐵+C-open sets in simple extended topological spaces and 

various properties of this novel set are studied. 

 

Definition: 3.1 

A subset A of a space  X, 𝜏+  is called  𝐵+𝐶open, if for 

each  𝑥𝜖𝐴𝜖𝐵+𝑂(𝑋), there exists a closed set F such 

that𝑥𝜖𝐹 ⊂ 𝐴. 

The family of all 𝐵+𝐶open subsets is denoted 

by 𝐵+𝐶𝑂(X) of a simple extended topological space  X, 𝜏+ . 
  

Theorem: 3.2 

A subset A of a space X is 𝐵+𝐶 open, if and only if A 

is𝑏+open and it is a union of closed sets in  X, 𝜏+ .ie) 

A=∪ Fα . 
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That is A=∪ 𝐹𝛼  where A is 𝑏+open set, and 𝐹𝛼  is  closed sets 

in  X, 𝜏+  for each𝛼. 

 

Proof: 
The proof is obvious from the definition. 

 

Remark: 3.3 

Every 𝐵+𝐶 open subset of a space  X, 𝜏+   is  𝑏+open. 

 

Remark: 3.4 

The converse of the above remark need not be true, as 

shown inthe following example, 

 

Example:3.5 

Consider X= {1, 2, 3} with the topology 

τ = {φ, X,  1 ,  2 ,  1,2 } 

τC={ φ, X,  2,3 ,  1,3 ,  3 } 

B  ={3}, τ+ B = {(B ∩ O) ∪ O,/O. O,ϵτ} 

 

Then the family of closed sets are: 

{ φ, X ,{1},{2},{2,3},{1,3},{2,3}} 

 

Hence from the definitions we find the following families: 

B+O(X)= { φ, X ,{1},{2},{1,2},{1,3},{2,3}} and  

B+CO(X)= { φ, X ,{1,3},{2,3}} 

 

Theorem:3.6 

Let {𝐴𝛼 : 𝛼𝜖Δ} be a collection of 𝐵+𝐶open sets in a simple 

extended topological space (X, 𝜏+),then ∪ {𝐴𝛼 : 𝛼𝜖Δ} is 

𝐵+𝐶open. 

 

Proof: 

Let 𝐴𝛼  be a 𝐵+𝐶open set for each𝛼, then 𝐴𝛼  is𝑏+open. 

Hence ∪ {𝐴𝛼 : 𝑎𝜖Δ}  is 𝑏+open.  

Let 𝑥𝜖 ∪ {𝐴𝛼 : 𝑎𝜖Δ}, there exist 𝛼𝜖Δ such that𝑥 ∈ 𝐴𝛼 . 

Since 𝐴𝛼  is 𝑏+open for each 𝛼, there exists a closed set F. 

Such that𝑥𝜖𝐹 ⊂ 𝐴𝛼 ⊂∪  𝐴𝛼 : 𝛼𝜖Δ .   
𝑆o 𝑥𝜖𝐹 ⊂∪  𝐴𝛼 : 𝛼𝜖Δ .  
Therefore, ∪ {𝐴𝛼 : 𝛼𝜖Δ} is  𝐵+𝐶open set. 

 

Theorem:3.7 

If the family of all𝑏+open sets of a space X is a topology on 

X, then the family of  𝐵+𝐶open sets  is also a topology on X. 

 

Proof: 

Clearly 𝜑, 𝑋𝜖𝐵+𝐶O(X) and by Theorem 3.6 the union of 

any family of  𝐵+𝐶 open sets is 𝐵+𝐶open.  

To complete the proof it is enough to show that the finite 

intersection of  𝐵+𝐶 open sets is  𝐵+𝐶 open set. 

Let A and B be two  𝐵+𝐶open sets then A and B are 𝑏+open 

sets. 

Since 𝐵+O(X) is a topology on X, so 𝐴 ∩ 𝐵 is 𝑏+open. 

Let 𝑥𝜖𝐴 ∩ 𝐵, then  𝑥𝜖𝐴and  𝑥𝜖𝐵, so there exists F and E 

such that 𝑥𝜖𝐹 ⊂ 𝐴 and 𝑥𝜖𝐸 ⊂ 𝐵 this implies that  𝑥𝜖𝐹 ∩
𝐸 ⊂ 𝐴⋂𝐵. 

Since  intersection of closed sets is closed, 𝐹 ∩ 𝐸 is closed 

set.  

Thus 𝐴 ∩ 𝐵  is 𝐵+𝐶open set. 

This completes the proof. 

 

 

 

 

Theorem:3.8 

The set A is 𝐵+𝐶open in the simple extended topological 

space  X, 𝜏+ ,  if and only if for each 𝑥𝜖𝐴, there exists a 

𝐵+𝐶open set B such that  𝑥𝜖𝐵 ⊂ 𝐴. 

 

Proof: 

Assume that A is 𝐵+𝐶open set.      
Then for each 𝑥 ∈ 𝐴, put A=B is 𝐵+𝐶 open set containing X 

such that  𝑥 ∈ 𝐵 ⊂ 𝐴. 

Conversely, suppose that for each 𝑥 ∈ 𝐴, there exists a 

𝐵+𝐶 open set B such that 𝑥 ∈ 𝐵 ⊂ 𝐴 

Thus 𝐴 =∪ 𝐵𝑥  where 𝐵𝑥 ∈ 𝐵+𝐶𝑂(𝑋) for each x,therefore A 

is 𝐵+𝐶 open set 

In the following theorem, the family of 𝑏+-open sets is 

identical to the family of  𝐵+𝐶open sets. 

 

Theorem:3.9 

If a space (X, 𝜏+) isT1-space, then the families 𝐵+𝑂 𝑋 =
𝐵+𝐶𝑂 𝑋 . 
 

Proof: 

Let A be any subset of a space  (X, 𝜏+)and𝐴 ∈ 𝐵+𝑂 𝑋 . 
If   𝐴 = 𝜑, 𝑡ℎ𝑒𝑛  𝐴 ∈ 𝐵+𝐶𝑂 𝑋 . 

If𝐴 ≠ 𝜑,  then for each𝑥 ∈ 𝐴. 

Since spaceX is T1, then every singleton in (X, 𝜏+) is closed 

set. 

Hence 𝑥 ∈ {𝑥} ⊂ 𝐴  and 𝐴𝜖𝐵+𝐶𝑂 𝑋 . 
Thus𝐵+𝑂(𝑋) ∈ 𝐵+𝐶𝑂(𝑋), but𝐵+𝐶𝑂(𝑋) ⊂ 𝐵+𝑂(𝑋) 

Therefore𝐵+𝑂 𝑋 = 𝐵+𝐶𝑂 𝑋 . 

 

Definition: 3.10 

1) Let A be a subset of a simple extension topological 

space(X, 𝜏+) is called 𝜽+- open set if for each  x∈
𝑋,there exists an open set G such that  x∈ G ⊂
(𝐶𝑙+(G)) ⊂ A. 

2) Let A be a subset of a simple extension topological 

space(X, 𝜏+) is said to be  𝜽+- semi open set if  there 

exists a  𝜃+- open set U of X  such that  U⊂ A ⊂
𝐶𝑙+(U). 

3) Let A be a subset of a simple extension topological 

space (X, 𝜏+) called 𝜹+- open set, if for each  x∈ 𝐴, 
there exists an open set G such that  x∈ G ⊂
Int(𝐶𝑙+(G)) ⊂ A. 

4) In simple extension topological space (X, 𝜏+) to be 

s+**-normal if and only if for every semi+closed set F 

and every semi+open set G containing F,there exist an 

open set  H such that F⊂ H ⊂ 𝐶𝑙+(H)) ⊂ G. 

5) Let A be a subset of a topological space (X, 𝜏+) is 

𝐑𝐞𝐠𝐮𝐥𝐚𝐫+-Open  if  A=Int(𝐶𝑙+(A)). 

6) Let A be a subset of a topological space (X, 𝜏+) is 

𝐑𝐞𝐠𝐮𝐥𝐚𝐫+-Closed  if  A=𝐶𝑙+(Int(A)). 

 

Theorem:3.11 

Every 𝜃+-semi open set of a space  (X, 𝜏+) is  𝐵+𝐶open set. 

 

Proof: 

Let A be a 𝜃+-semi open set in (X, 𝜏+), then for each 𝑥 ∈ 𝐴, 

there exists a semiopen set G. Such that 𝑥 ∈ 𝐺 ⊂ 𝐶𝑙+(𝐺) ⊂
𝐴, so  ∪ {𝑥} ∈∪ 𝐺 ∪ 𝐶𝑙+(𝐺) ⊂ 𝐴  for each  𝑋 ∈ 𝐴implies 

that 𝐴 =∪ 𝐶𝑙+(𝐺), which is semi-open set and 𝐴 =
∪ 𝐶𝑙+(𝐺) is a union of closed sets, by Theorem 3.2, A is  

𝐵+𝐶open set. 
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The following corollaries are the direct implications from 

the definition3.10-(5) and (6). 

 

Corollary:3.12 

1) Every 𝜃+-open set is 𝐵+𝐶open. 

2) Every regular+-closure  is 𝐵+𝐶 open set. 

 

Theorem:3.13 

If a simple extended topological space (X, 𝜏+) is locally 

indiscrete, then 𝑆+𝑂(𝑋) ⊂ 𝐵+𝐶𝑂(𝑋). 

 

Proof: 

Let A be any subset of a space X  

𝐴𝜖𝑆+𝑂(𝑋), if A=𝜑  then 𝐴𝜖𝐵+𝐶𝑂(𝑋), 

IfA ≠ φ,thenA ⊂ Cl+Int(A). 

Since X is locally indiscrete, thenInt(A) is closed  

HenceInt(A) ⊂ 𝐴, this implies that for 

eachxϵA, xϵx(Int(A) ⊂ A). 

Therefore, A is  𝐵+𝐶 open set. 

HenceS+O(X) ⊂ B+CO(X). 

 

Remark: 3.14 

Every open set in (X, 𝜏+)  is semi+-open, it follows that if a 

simple extended topological space (X, 𝜏+)  is T1 or locally 

indiscrete, then𝜏+ ⊂ 𝐵+𝐶𝑂 𝑋 . 

 

Theorem: 3.15 

Let (X, 𝜏+) be a simple extended  topological space, if X is 

regular, then 𝜏+ ⊂ 𝐵+𝐶𝑂 𝑋 . 

 

Proof: 
Let A be any subset of a simple extended topological space 

 X, 𝜏+ . 
Consider A be an open, if  A=𝜑, then𝐴𝜖𝐵+𝐶𝑂 𝑋 . 

If𝐴 ≠ 𝜑, since X is regular, so for each𝑥 ∈ 𝐴 ⊂ 𝑋, there 

exists an open set G such that 

𝑥𝜖𝐺 ⊂ 𝐶𝑙+(𝐺) ⊂ 𝐴.  

Thus we have 𝑥𝜖𝐶𝑙+(𝐺) ⊂ 𝐴. 

Since A∈ 𝜏+ and hence𝐴𝜖𝐵+𝑂(𝑋),  

Therefore𝜏+ ⊂ 𝐵+𝐶𝑂(𝑋). 

 

Theorem 3.16 

Let(X, 𝜏+)  be an extremely disconnected space and 

if𝐴 ∈ 𝛿+𝑂(𝑋), then𝐴𝜖𝐵+𝐶𝑂(𝑋). 

 

Proof: 

Let  𝐴 ∈ 𝛿+𝑂(𝑋). 

IfA=𝜑,then 𝐴𝜖𝐵+𝐶𝑂(𝑋). 

If 𝐴 ≠ 𝜑,since  a space X  is extremely disconnected. 

Then 𝛿+𝑂(𝑋) = 𝜃+𝑆𝑂 𝑋  

Hence𝐴𝜖𝜃+𝑆𝑂(𝑋). 

But𝜃+𝑆𝑂(𝑋) ⊂ 𝐵+𝐶𝑂(𝑋)  

Therefore, 𝐴𝜖𝐵+𝐶𝑂(𝑋) 

 

Theorem: 3.17 

Let (X, 𝜏+) be an extremelydisconnected space, 

if𝐴𝜖𝑅+𝑂(𝑋), then𝐴𝜖𝐵+𝐶𝑂(𝑋). 

 

Proof: 
Theabove  theorem can be proved easily using theorem 3.26, 

and the conditional that 

𝑅+𝑂(𝑋) ⊂ 𝛿+𝑂(𝑋) 

 

Theorem:3.18 

Let (X,𝜏+) be an s
+**

-normal space. If𝐴𝜖𝑆+𝜃𝑂(𝑋), 

then 𝐴𝜖𝐵+𝐶𝑂(𝑋). 

 

Proof: 

Let 𝐴𝜖𝑆+𝜃𝑂(𝑋). 

IfA=𝜑,then 𝐴𝜖𝐵+𝐶𝑂(𝑋).  

If𝐴 ≠ 𝜑, since space X is s
+**

-normal, 𝑆+𝜃𝑂 𝑋 =
 𝜃+𝑆𝑂 𝑋 . 
Hence 𝐴𝜖𝜃𝑆+𝑂(𝑋). 

But 𝜃+𝑆𝑂(𝑋)𝜖 𝐵+𝐶𝑂(𝑋). 

Therefore, 𝐴𝜖𝐵+𝐶𝑂(𝑋). 

 

Theorem: 3.19 
 For any subset A of a simple extended topological 

space (X, 𝜏+) and𝐵+𝑂 𝑋 = 𝑆+𝜃(𝑋).  

The following conditions are equivalent: 

i) A is regular+closed. 

ii) A is closed and  B+Copen. 

iii) A is closed and b+open. 

iv) A is α-closed and b+open. 

v) A is pre-closed and b+open. 

 

Definition:3.20 

A subset B of a space X is called  𝐵+𝐶closed, if X/B is 

𝐵+𝐶 open. The family of all𝐵+𝐶-closed subsets of a simple 

extended topological space(X, 𝜏+) is denoted 

by𝐵+𝐶C(X, 𝜏+)  or (Briefly,𝐵+𝐶C(X)). 

 

Theorem:3.21 

 A subset B of a space X is 𝐵+𝐶-closed, if and only if B is a 

𝑏+-closed set, and it is an intersection of open sets. 

 

Proof: Proof is straight forward. 

 

Theorem:3.22 

Let {𝑏+
𝛼 : 𝛼𝜖Δ} be a collection of 𝐵+𝐶-closed sets in a 

topological space (X, 𝜏+). 

Then ∩ {𝑏𝛼 : 𝛼𝜖Δ} is 𝐵+𝐶-closed. 

 

Proof: The proof is analogous to theorem 3.6 

The union of two 𝐵+𝐶-closed sets need not be 𝐵+𝐶 closed 

as is shown by the following counterexample, 

 

Example: 3.23 

In Example 3.5, the family of  𝐵+𝐶 closed subset of X is  

B+CC X =  φ, X,  1 ,  2  . Here {A}ϵB+CC(X) and  

{B} ϵB+CC(X), but {1}∪  2 = {1,2} ∉ B+CC(X). 

All of the following results are true by using complement. 

 

Result: 3.24 

If a space (X, 𝜏+) is T1, then𝐵+𝐶𝐶 𝑋 = 𝐵+𝐶 𝑋 . 
 

Result: 3.25 

For any subset B of a space (X, 𝜏+). If  𝐵𝜖𝜃+𝑆𝐶(𝑋), 

then 𝐵𝜖𝐵+𝐶𝐶(𝑋). 

 

Corollary: 3.26 

 Each 𝜃+-closed set is 𝐵+𝐶 closed. 
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Corollary: 3.27 

Each regular+open set is 𝐵+𝐶 closed. 

 

Remark: 3.28 

If a simple extended topological space (X, 𝜏+) is locally 

indiscrete, then 𝑆+𝐶 (X)⊂ 𝐵+𝐶𝐶(𝑋). 

 

Corollary: 3.29 

Let (X, 𝜏+) be a simple extended topological space, if X is 

regular or locally indiscrete, then the family of closed sets is 

a subset of the family of 𝐵+𝐶-closed sets. 

 

Corollary: 3.30 

Let (X, 𝜏+) be  any extremelydisconnectedspace. If𝐵 ∈
𝛿+𝐶(𝑋), then 

𝐵 ∈ 𝐵+𝐶𝐶(𝑋). 

 

Corollary:3.31 

Let (X, 𝜏+) be an extremely disconnected space. If𝐵 ∈
𝑅+𝐶(𝑋), then𝐵 ∈ 𝐵+𝐶𝐶(𝑋). 

 

Corollary:3.32 

 Let (X, 𝜏+)  be a s
+**

-normal space. If  𝐵𝜖𝑆+𝜃𝐶(𝑋), 

then𝐵 ∈ 𝐵+𝐶𝐶(𝑋). 

 

Theorem:3.33 

For any subset B of a space(X, 𝜏+) and𝑆+C(X)=𝐵+𝐶(X).  

The following conditions are equivalent: 

i) b+ is regular+open. 

ii) b+ is open and 𝐵+𝐶-closed. 

iii) b+ is open and b+-closed. 

iv) b+ is α-open and b+-closed. 

v) b+ is preopen and b+-closed. 

 

4. Some Properties of B+ C Open Sets 
 

This section is devoted to the study of 𝐵+𝐶-neighborhood, 

𝐵+𝐶-interior, 𝐵+𝐶 -closure of𝐵+𝐶derived set via the newly 

coined 𝐵+𝐶-open sets. 

 

Definition:4.1 

 Let (X, 𝜏+) be a simple extended topological space and x𝜖𝑋, 

then a subset N of x is said to be a𝐵+𝐶-neighborhood of x, if 

there exists a 𝐵+𝐶-open set U in X such that x𝜖 ∪⊂ 𝑁. 

 

Theorem:4.2 

In a simple extended topological space(X, 𝜏+), a subset A of 

X is 𝐵+𝐶-open, if and only if it is a 𝐵+𝐶-neighbourhood of 

each of its points. 

 

Proof: 

Let A⊂ 𝑋 be a 𝐵+𝐶-open set, 

since for everyxϵA,  xϵA ⊂ A and A is 𝐵+𝐶-open,this shows 

that  A is a 𝐵+𝐶- neighbourhood of each of its points. 

Conversely, suppose that A is a  𝐵+𝐶-neighbourhood of 

each of its points. 

Then for each x𝜖𝐴, there exists b+xϵB+CO(X)such 

that𝑏+𝑥 ⊂ 𝐴.  

Then A=∪ {𝑏𝑥 : 𝑥𝜖𝐴}.  

Since each b+x is 𝐵+𝐶-open.  

It follows that A is 𝐵+𝐶-open set. 

 

Theorem: 4.3 
For any two subsets A, B of a simple extended topological 

space (X, 𝜏+) and𝐴 ⊂ 𝐵, if A is a 𝐵+𝐶neighbourhood of a 

pointxϵX, then B is also 𝐵+𝐶-neighbourhood of the same 

point x. 

 

Proof: 

Let A be a 𝐵+𝐶- neighbourhood ofxϵXand𝐴 ⊂ 𝐵 then by 

Definition 3.1. 

There exists a 𝐵+𝐶-open set U such thatx𝜖 ∪⊂ 𝐴 ⊂ 𝐵. 

This implies that B is also a 𝐵+𝐶neighbourhood of x. 

 

Remark: 4.4 

Every 𝐵+𝐶 neighborhood of a point is a𝑏+-

neighbourhood,This  follows from the fact that every 𝐵+𝐶-

open set is 𝑏+-open. 

 

Definition: 4.5 

 Let A be a subset of a topological space X, τ+ , a 

pointx𝜖𝑋 is said to be 𝐵+𝐶-interior point ofA, if there exist a 

𝐵+𝐶-open set U such thatx𝜖 ∪⊂ 𝐴. The set of all𝐵+𝐶-

interior points of A is called 𝐵+𝐶interior of A and is denoted 

by𝐵+𝐶Int(A) 

 

Some properties of the 𝐵+𝐶-interior of a set are investigated 

in the following theorem. 

 

Theorem:4.6 
For subsets A, B of a space X, the following statements 

hold, 

i) 𝐵+𝐶 Int(A)is the union of all 𝐵+𝐶-open sets which are 

contained in A. 

ii)B+C Int(A) is B+C-open set in X. 

iii)A is B+C-open if and only if  A = B+C Int(A). 

iv)B+C Int(B+C Int A) = B+C Int(A). 

v)B+C Int ϕ = ϕ  andB+CInt X = X. 

vi)B+C Int A ⊂ A. 
vii) IfA ⊂ B, thenB+C Int A ⊂ B+C Int(B). 

viii) If A∩ B = ϕ, thenB+C Int A ⊂ B+C  Int(B). 

ix)B+C Int A ∪ B+C Int B ⊂ B+C Int A ∪ B . 
x)B+C Int A ∩ B ⊂ B+C Int A ∩ B+C Int(B). 

 

Proof: 

Let x∈ X and x∈ B+C Int(A), then by Definition 4.5 

There exists a 𝐵+𝐶-open set U such that x∈∪⊂ 𝐴 ⊂
𝐵 implies that x∈∪⊂ 𝐵.  

Thus x∈ 𝐵+𝐶 Int(B). 

The other parts of the theorem can be proved easily. 

 

Theorem:4.7.  

For a subset A of a simple extended topological 

space(X, 𝜏+),then 

B+C Int(A) ⊂ b+Int(A). 

 

Proof: 

This follows immediately since all 𝐵+𝐶-open set is 𝑏+-open. 

 

Definition: 4.8. 

 Let A be a subset of a space X. A point  x∈ 𝑋  is said to be 

𝐵+𝐶-limit point of A, if for each 𝐵+𝐶open set U containing 

x, U ∩ (A\{x}) ≠ φ. Then the  set of all 𝐵+𝐶-limit points of 
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A is called a 𝐵+𝐶-derived set of A, and is denoted 

by𝐵+𝐶D(A). 

 

Theorem:4.9.  

Let A be a subset of X, if for each closed set F of X 

containing x such that 

𝐹 ∩ (𝐴\{𝑥}) ≠ 𝜑 , then a point x∈ 𝑋 is 𝐵+𝐶-limit point of 

A. 

 

Proof: 

Let U be any𝐵+𝐶-open set containing x. 

Then for each x∈ 𝑈 ∈ 𝐵+𝑂(𝑋), there exists a closed set F 

such that x∈ 𝐹 ⊂ 𝑈. 

By hypothesis, we have 𝐹 ∩ (𝐴\{𝑥}) ≠ 𝜑.  

Hence𝑈 ∩ (𝐴\{𝑥}) ≠ 𝜑.  

Therefore, a pointx∈ 𝑋   is 𝐵+𝐶-limit point of A. 

 

Some properties of 𝐵+𝐶-derived set are stated in the 

following theorem, 

 

Theorem:4.10. 

 Let A and B be subsets of a space X. Then we have the 

following properties: 

i) B+CD(φ) = φ 

ii) IfX∈ B+CD(A), thenx∈ B+CD(A\{X}). 

iii) If A⊂ B, thenB+CD( A) ⊂ B+CD(B). 

iv) B+CD( A) ∪ B+CD( B) ⊂ B+CD(A ∪ B) 

v)  B+CD( A∩ B) ⊂ B+CD( A) ∩ B+CD(B) 

vi) B+CD(B+CD( A))\A B+CD(A). 

vii)B+CD( A∪ B+CD( A) ⊂ (A ∪ B+CD(A)) 

 

Proof: We only prove vi), vii), and the other resultscan be 

proved obviously.                      

vi)If x∈ B+C D(B+CD(A)\A). 

 

U is a B+C-open set containing x. 

U ∩ (B+CD(A)\{x}) ≠ φ. 

Let y∈ U ∩ (B+CD A \{x}) 

 

Since y∈ B+CD(A) andy∈ U, U ∩ (A)\{y}) ≠ φ. 

Letz∈ U ∩ (A)\{y}).  

Then, z≠ x for Z∈A  andx∉ A. 

Hence U ∩ (A)\{x}) ≠ φ.  

Therefore, x∈ B+CD(A). 

vii) Let x∈ B+CD(A ∪ B+CD A ).If x∈A the result is 

obvious. 

 

Let x ∈ B+CD A ∪ B+CD A \A . 
 

Then for B+Copen set U containing x, U ∩ (A ∪
B+CD A )\{x}) ≠ φ. 

 

Thus, U ∩ (A\{x}) ≠ φ  or U ∩ (B+CD(A)\{x}) ≠ φ.  

Now, it follows similarly from i) that U ∩ (A\{x}) ≠ φ.  

Hence, x∈ B+CD A . 

Therefore, in any case B+CD A ∪ B+CD A  ⊂ A ∪

B+CD A . 
 

Corollary:4.11. 

For a subset A of a simple extended topological space 

(X, 𝜏+), then 𝑏+D(A)⊂ 𝐵+𝐶𝐷(𝐴) 

 

Proof: 

 It is sufficient to recall that every 𝐵+𝐶-open set is 𝑏+open. 

 

Definition:4.12 
For any subset A in a simple extended topological space 

(X, 𝜏+), the 𝐵+𝐶-closure of A, denoted by B+CCl+(A), is 

defined by the intersection of all 𝐵+𝐶-closed sets containing 

A. 

 

Theorem:4.13 

A subset A of a  simple extended topological space (X, 𝜏+) 

is 𝐵+𝐶-closed if and only if it contains the set of its 

𝐵+𝐶limit points. 

 

Proof: 

Assume that A is 𝐵+𝐶-closed  

If possible that x is a 𝐵+𝐶-limit point of A which belongs 

toX\A, then X\A is 𝐵+𝐶-open set containing the 𝐵+𝐶-limit 

point of A, therefore A∩ 𝑋\𝐴 ≠ 𝜑. 
which is a contradiction. 

conversely, assume that A contains the set of its 𝐵+𝐶limit 

points. 

 

For each x∈ 𝑋\𝐴, there exists a 𝐵+𝐶-open set U containing 

X such that A∩ 𝑈 = 𝜑,  

that is x∈ 𝑈 ⊂ 𝑋\𝐴 by Theorem 3.8, X\Ais  𝐵+𝐶 -open set 

Hence A is  𝐵+𝐶-closed set. 

 

Theorem:4.14.  

Let A be a subset of a space (X, τ+), 

thenB+CCl+(A)=AB+CD(A). 

 

Proof: 

Since B+CD(A)⊂ B+CCl+ A  and A⊂ B+CCl+ A . 

Then A∪ B+CD(A)⊂ B+CCl+ A ,on the other hand, 

to prove thatB+CCl+ A ⊂ A UB+CD(A). 

sinceB+CCl+ A  is the smallest B+C-closed set containing 

A, 

so it is enough to prove that A∪ B+CD(A) is B+C-closed. 

Let x∉A∪ B+CD(A).  

This implies thatx∉Aandx∉ B+CD(A). 

Sincex∉ B+CD(A), there exists a B+C-open 

set G(x) of x which contains no point of A other than x  

butx∉A.  

So G(x) contains no point of A, which implies G(x)⊂ X\A.  

Again, G(x)  is a B+C-open set of each of its points. 

But as  G(x) does not contain any point of A, nopoint of 

G(x)  can be a B+C-limit point of A. 

Therefore, no point of  G(x)  can belong toB+CD(A). 

This implies that G(x)⊂ X\B+CD(A). 

Hence, it follows that x∈ G(x) ⊂ X\A ∩ X\B+CD(A) ⊂
X(A ∪ B+CD(A)) 

Therefore, A ∪ B+CD(A) is B+C-closed.  

HenceB+CCl+(A) ⊂ A ∪ B+CD(A). 

ThusB+CCl+(A)= A ∪ B+CD(A). 

 

Corollary:4.15.  

Let A be a set in a space (X, τ+). A point x∈ U is in the 

B+C-closure of A if and only if  

A∩ U ≠ φ, for every B+C-open set U containing x. 
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Proof: 

Letx∉ B+CCl+(A).  

Thenx∉∩ F, where F is B+C-closed with A⊂ F.  

So x∈ X\∩ F and X\∩ F is a B+C-open set containing x. 

Hence(X\∩ F) ∩ A⊂  X\∩ F ∩  ∩ F = φ. 
Conversely, suppose that there exists a B+C-open set 

containing x withA∩ U = φ. 

Then A⊂ X\U and X\U is a B+C-closed.  

Hence x∉ B+CCl+(A). 

 

Theorem:4.16 

Let A be any subset of a space ( X, τ+). If A∩ 𝑈 ≠ 𝜑 for 

every closed set F of X containing x, then the point  x  is in 

the 𝐵+𝐶-closure of A. 

 

Proof: 

Suppose that U be any 𝐵+𝐶-open set containing x, then by 

Definition 3.1, there exists a closed set F. 

Such that x∈ 𝐹 ⊂ 𝑈, so by 

hypothesis,A∩ 𝐹 ≠ 𝜑  implies A∩ 𝑈 ≠ 𝜑  for every 𝐵+𝐶-

open set U containing x. 

Therefore x∈ B+CCl+(A). 

 

Here we introduce some properties of 𝐵+𝐶-closure of the 

sets. 

 

Theorem:4.17 

For subsets A, B of a space (X,𝜏+), the following statements 

are true. 

1) The 𝐵+𝐶-closure of A is the intersection of all 

𝐵+𝐶closed sets containing A. 

2) A⊂ B+CCl+ A . 
3) B+CCl+ A  is B

+C-closed set in X. 

4) A is B+C-closed set if and only if  A= B+CCl+ A . 

5) B+CCl+ B+CCl+ A  = B+CCl+ A . 

6) B+CCl+ ϕ = ϕ andB+CCl+ X =X. 

7) If A⊂ B, then B+CCl+ A ⊂ B+CCl+ B . 
8) If B+CCl+ A ∩ B+CCl+ B = ϕ, then AB = ϕ. 
9) B+CCl+ A ∪ B+CCl+ B ⊂ B+CCl+ A ∪ B . 
10) B+CCl+ A ∩ B ⊂ B+CCl+ A ∩ B+CCl+ B . 
 

Proof: Obvious. 

 

Theorem:4.18 

For any subset A of a topological space (X,𝜏+). The 

following statements are true. 

1) X\B+CCl+ A = B+CInt X\A  

2) X\B+CInt A = B+CCl+ X\A  

3) B+CCl+ A = X\B+CInt X\A  

4) B+CInt A =X\B+CCl+ (X\A) 

 

Proof: 

We only prove i), the other parts can be proved similarly. 

For any point x∈ X, x∈ X\B+CCl+(A)implies that x ∉
B+CCl+(A). 

Then for each  G∈ B+CO X  containing x, A ∩ G = φ. 

Thenx∈ G ⊂ X\A, thusx∈ B+CInt(X\A). 
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