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1. Introduction

The class of generalized open sets in a topologicalspaceis
calledb-open sets was introduced by Andrijevic [1]. H. Z.
Ibrahim [2] introduced the concept ofa BC-open set. In
1968, Velicko [10] introduced the concept of 6-open. Di
Maio and Noiri [11] introduced the concept of semi-6-open.
R. H. Yunis[12] introduced the concept of properties of 8-
semi open sets. In 1963, Levine [5] introduced the concept
of simple extension of a topologyt(B) ={(BNnO)uU
0'/0,0’e t. F. Nirmala lrudayam [3] introduced the concept
of b*-open sets in extended topological spaces. The class of
b*-open sets is contained in the class of semi-pre*open sets
and contains all semitopen and pretopen sets. Joseph and
Kwack [9] introduced the concept of 6-semi open sets using
semi-open sets. It is well-known that a space X is called
T,if for, each pair of distinct points X, y of X there exists a
pair of open sets, one containing X but not y and the other
containing y but not x, as well as is T, if and only if for any
point xeX, the singleton set {x} is closed.In this article,
(X,t)stand for topological spaces with no separation axioms
assumed unless otherwise stated.

2. Preliminaries

Definition 2.1

A subset A of a space X is called b*open ifA C
Int(CI* (A)UCITInt(A)). The family of all b*open subsets
of a simple extended topological space (X,z%) is denoted
by BTO(X, ) or (Briefly.BT0(X)).

Lemma: 2.2

For a subset A of a space (X,7), the following conditions are
equivalent:

1) AERO(X).

2) A€ 7 n SC(X).

3) A€ a0(X) N SC(X).

4) A€ PO(X) n SC(X).

Definition: 2.3

A subset A of a space X is called 8-semi-open if for each
xeA,there exist a semi-open set G such that each XxeG c
CI(G) c A.

Definition: 2.4

A subset A of a space X is called semi- @ -open if for
each XeAthere exist a semi-open set G such that each
xeG c SCI(G) c A.

Definition: 2.5

A subset A of a space X is called @ -open if for each
xeA,there exist an open set G such that each XxeG c
Cl(G) c A

Theorem: 2.6
If X iss -normal, then S60(X) = 60(X) = 6S0(X).

We recall that a topological space X is said to be extremely
disconnected, if CI(G) is open for every open set G of X.

Definition: 2.7
A space X is called locally indiscrete if every open subset of
X is closed.

Theorem: 2.8
A space X is extremely disconnected
if 50(X) =06S0(X).

if and only

Theorem: 2.9
A space X is extremely disconnected if and only if RO(X) =
RC(X).

3. On B*C-Open set

This section introduces a new class of b*™-open sets namely
B*C-open sets in simple extended topological spaces and
various properties of this novel set are studied.

Definition: 3.1

A subset A of a space (X,tt) is called B*Copen, if for
each xeAeBt0(X), there exists a closed set F such
thatxeF c A.

The family of all B*Copen subsets is denoted

by B*CO(X) of a simple extended topological space (X, t%).

Theorem: 3.2

A subset A of a space X is B*C open, if and only if A
isbtopen and it is a union of closed sets in (X,77).ie)
A=UF,.
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That is A=U F, where A is b*open set, and F, is closed sets
in (X, t1) for eacha.

Proof:
The proof is obvious from the definition.

Remark: 3.3
Every B*C open subset of a space (X,7+) is btopen.

Remark: 3.4
The converse of the above remark need not be true, as
shown inthe following example,

Example:3.5

Consider X= {1, 2, 3} with the topology
T={¢, X {1},{2},{1,2}}

={¢,X {2,3},{1,3}, (31}

B ={3},t*(B) = {(BN 0) U 0/0.0ert}

Then the family of closed sets are:

{o,X {1}{2},{2,3}{1.3},{2,3}}

Hence from the definitions we find the following families:
BTO(X)={ ¢ X {1}{2}{1,2}{1,3}{2,3}} and
BTCO(X)={ ¢, X {1,3}{2,3}}

Theorem:3.6

Let {A,: aeA} be a collection of B*Copen sets in a simple
extended topological space (X,t7)then U {A,:aeA}is
B*Copen.

Proof:

Let A, be a Bt Copen set for eacha, then A, isb*open.
Hence U {A4,: aeA} is b*open.

Let xe U {A,: aeA}, there exist aeA such thatx € 4,,.
Since A, is b*open for each «, there exists a closed set F.
Such thatxeF c A, cU {A,: aeA}.

So xeF cU {A,: ael}.

Therefore, U {A,: aeA} is B*Copen set.

Theorem:3.7
If the family of allbopen sets of a space X is a topology on
X, then the family of B*Copen sets is also a topology on X.

Proof:

Clearly ¢, XeB*CO(X) and by Theorem 3.6 the union of
any family of B*C open sets is B*Copen.

To complete the proof it is enough to show that the finite
intersection of B*C open sets is BTC open set.

Let A and B be two B*Copen sets then A and B are b*open
sets.

Since BTO(X) is a topology on X, so A N B is b*open.

Let xeA N B, then xeAand xeB, so there exists F and E
such that xeF c A and xeE c B this implies that xeF n
E c ANB.

Since intersection of closed sets is closed, F N E is closed
set.

Thus An B is BtCopen set.

This completes the proof.

Theorem:3.8

The set A is B*Copen in the simple extended topological
space (X, 1), if and only if for each xeA, there exists a
B*Copen set B such that xeB c A.

Proof:

Assume that A is BT Copen set.

Then for each x € 4, put A=B is B*C open set containing X
suchthat x € B c A.

Conversely, suppose that for each x € A, there exists a
B*C opensetBsuchthatx € B c A

Thus A =U B, where B, € BTCO(X) for each x,therefore A
is BYC open set

In the following theorem, the family of b*-open sets is
identical to the family of B*Copen sets.

Theorem:3.9
If a space (X,771) isT;-space, then the families BYO(X) =
B*CO(X).

Proof:

Let A be any subset of a space (X,t")andA € BT0(X).

If A= ¢q,then A€ BTCO(X).

IfA # ¢, then for eachx € A.

Since spaceX is Ty, then every singleton in (X, %) is closed
set.

Hence x € {x} c A and AeB*CO(X).

ThusB*0(X) € BTCO(X), butB*CO(X) € B*0(X)
ThereforeBT0(X) = BtCO(X).

Definition: 3.10

1) Let A be a subset of a simple extension topological
space(X,t1) is called @*- open set if for each xe
X,there exists an open set G such that XxeGc
(CI*(G)) c A.

2) Let A be a subset of a simple extension topological
space(X,t*) is said to be @*- semi open set if there
exists a O71- open set U of X such that Uc Ac
clt(u.

3) Let A be a subset of a simple extension topological
space (X,t") called &*- open set, if for each Xx€ 4,
there exists an open set G such that XxeGc
Int(Cl*(G)) c A.

4) In simple extension topological space (X,z%) to be
s+**-normal if and only if for every semi*closed set F
and every semitopen set G containing F,there exist an
open set H such that Fc H c CI*(H)) c G.

5) Let A be a subset of a topological space (X,t%) is
Regular®-Open if A=Int(Cl*(A)).

6) Let A be a subset of a topological space (X,T%) is
Regulart-Closed if A=CI(Int(A)).

Theorem:3.11
Every *-semi open set of a space (X,t*) is BT Copen set.

Proof:

Let A be a 8*-semi open set in (X, 1), then for each x € A,
there exists a semiopen set G. Such that x € G < CI*(G) c
A,50 U{x} EUGUCIT(G) c A for  each X € Aimplies
that A =u CI*(G), which is semi-open set andA =
U CI*(G) is a union of closed sets, by Theorem 3.2, A is
B*Copen set.
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The following corollaries are the direct implications from
the definition3.10-(5) and (6).

Corollary:3.12
1) Every 6*-open set is BT Copen.
2) Every regular®-closure is B*C open set.

Theorem:3.13
If a simple extended topological space (X,z*)is locally
indiscrete, then ST0(X) c BTCO(X).

Proof:

Let A be any subset of a space X

AeSTO(X), if A=¢p then AeB*CO(X),

IfA # @,thenA c Cl*Int(A).

Since X is locally indiscrete, thenInt(A) is closed
Hencelnt(A) c A4, this implies that for
eachxeA, xex(Int(A) c A).

Therefore, A'is B*C open set.

HenceS*0(X) c BT*CO(X).

Remark: 3.14

Every open set in (X,t") is semit-open, it follows that if a
simple extended topological space (X,7%) is T, or locally
indiscrete, thentt € BTCO(X).

Theorem: 3.15
Let (X,71) be a simple extended topological space, if X is
regular, then T+ < B*CO(X).

Proof:

Let A be any subset of a simple extended topological space
X, 1.

Consider A be an open, if A=¢, thendeB*CO(X).

IfA # ¢, since X is regular, so for eachx € A c X, there
exists an open set G such that

xeG c ClIT(G) c A.

Thus we have xeCIt(G) c A.

Since A€ 7% and hencedeB*0(X),

Thereforet™ < BTCO(X).

Theorem 3.16
Let(X,t") be an extremely disconnected
ifA € 5T0(X), thenAdeB*CO(X).

space and

Proof:

Let A € 5T0(X).

IfA=@,then AeB*CO(X).

If A #+ ¢,since aspace X is extremely disconnected.
Then 6T0(X) = 8*S0(X)

HenceAedtSO(X).

Butd*So(X) c B*COo(X)

Therefore, AeBTCO(X)

Theorem: 3.17
Let (X,t)be an extremelydisconnected
ifAeRT0(X), thenAeB*CO(X).

space,

Proof:
Theabove theorem can be proved easily using theorem 3.26,
and the conditional that

R*O(X) c 6T0(X)

Theorem:3.18
Let (X,c*)be an s" -normal
then AeB*CO(X).

space. IfAeS*TH0(X),

Proof:

Let AeSTO0(X).

IfA=@,then AeB*CO(X).

IfA # ¢, since space X is s" -normal, S*60(X) =
8+50(X).

Hence AefST0(X).

But 8*S0(X)e B*CO(X).

Therefore, AeBTCO(X).

Theorem: 3.19

For any subset A of a simple extended topological
space (X,t7) andB*O(X) = STO(X).

The following conditions are equivalent:

i) A is regular*closed.

ii) Ais closed and B*Copen.

iii) A is closed and b*open.

iv) A is a-closed and b*open.

v) A is pre-closed and b*open.

Definition:3.20

A subset B of a space X is called B*Cclosed, if X/B is
B*C open. The family of allB*C-closed subsets of a simple
extended topological space(X, t1) is denoted
byB*CC(X,t*) or (Briefly,B*CC(X)).

Theorem:3.21
A subset B of a space X is B*C-closed, if and only if B is a
b*-closed set, and it is an intersection of open sets.

Proof: Proof is straight forward.

Theorem:3.22

Let {b*,:aeA} be a collection of B*C-closed sets in a
topological space (X, 7).

Then n {b,: aeA} is B* C-closed.

Proof: The proof is analogous to theorem 3.6
The union of two B*C-closed sets need not be B*C closed
as is shown by the following counterexample,

Example: 3.23

In Example 3.5, the family of B*C closed subset of X is
B*CC(X) = {¢, X, {1}, {2}}. Here {A}eBTCC(X) and

{B} eB*CC(X), but {1}u {2} = {1,2} ¢ B*CC(X).

All of the following results are true by using complement.

Result: 3.24
If a space (X,tt) is Ty, thenBTCC(X) = BTC(X).

Result: 3.25
For any subset B of a space (X,tt). If Be67SC(X),
then BeB*CC(X).

Corollary: 3.26
Each 6" -closed set is B*C closed.

Volume 13 Issue 2, February 2024
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal

WwWWw.ijsr.net

Paper ID: MR24216141425

DOI: https://dx.doi.org/10.21275/MR24216141425

1263



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

Corollary: 3.27
Each regular*open set is B*C closed.

Remark: 3.28
If a simple extended topological space (X,7%)is locally
indiscrete, then S*C (X)c B*CC(X).

Corollary: 3.29

Let (X,71) be a simple extended topological space, if X is
regular or locally indiscrete, then the family of closed sets is
a subset of the family of B*C-closed sets.

Corollary: 3.30
Let (X,7%) be
§1C(X), then

B € B*CC(X).

any extremelydisconnectedspace. IfB €

Corollary:3.31
Let (X,7%) be an extremely disconnected space. IfB €
R*C(X), thenB € B*CC(X).

Corollary:3.32
Let (X,z™) be a s" -normal
thenB € BTCC(X).

space. If BeSTOC(X),

Theorem:3.33

For any subset B of a space(X, t*) andS+*C(X)=B*C(X).
The following conditions are equivalent:

i) b* is regularopen.

ii) b* is open and B*C-closed.

iii) b is open and b*-closed.

iv) bt is a-open and b*-closed.

v) b* is preopen and b*-closed.

4. Some Properties of B+ C Open Sets

This section is devoted to the study of B*C-neighborhood,
B*C-interior, B*C -closure of B*Cderived set via the newly
coined B*C-open sets.

Definition:4.1

Let (X,71) be a simple extended topological space and xeX,
then a subset N of x is said to be aB* C-neighborhood of x, if
there exists a B*C-open set U in X such that xe uc N.

Theorem:4.2

In a simple extended topological space(X, %), a subset A of
X is B*C-open, if and only if it is a B*C-neighbourhood of
each of its points.

Proof:

Let Ac X be a B*C-open set,

since for everyxeA, xeA c A and A is B*C-open,this shows
that A is a B*C- neighbourhood of each of its points.
Conversely, suppose that A is a B*C-neighbourhood of
each of its points.

Then for each Xxe4,
thatb*x c A.

Then A=U {b,: xeA}.
Since each b*x is B*C-open.

It follows that A is B* C-open set.

there exists b*xeBTCO(X)such

Theorem: 4.3

For any two subsets A, B of a simple extended topological
space (X,t) andA c B, if A is a B*Cneighbourhood of a
pointxeX, then B is also B*C-neighbourhood of the same
point X.

Proof:

Let A be a B*C- neighbourhood ofxeXandA c B then by
Definition 3.1.

There exists a BT C-open set U such thatxe uc A c B.

This implies that B is also a B* Cneighbourhood of x.

Remark: 4.4

Every B*(C neighborhood of a point is ab*-
neighbourhood, This follows from the fact that every B*C-
open set is b*-open.

Definition: 4.5

Let A be a subset of a topological space(X,t"),a
pointxeX is said to be BT C-interior point of A, if there exist a
B*C-open set Usuch thatxe uc A. The set of allB*C-
interior points of A is called B* Cinterior of A and is denoted
byB*CInt(A)

Some properties of the B C-interior of a set are investigated
in the following theorem.

Theorem:4.6

For subsets A, B of a space X, the following statements
hold,

i) B*C Int(A)is the union of all B*C-open sets which are
contained in A.

ii)B*C Int(A) is B*C-open set in X.

iii)A is B C-open if and only if A = B*C Int(A).

iv)B*C Int(B*C Int(A)) = B*C Int(A).

V)B*C Int(¢) = ¢ andB*CInt(X) = X.

vi)B*C Int(A) c A.

vii) IfA c B, thenB*C Int(A) c B*C Int(B).

viii) If An B = ¢, thenB*C Int(A) c B*C Int(B).

iX)B*C Int(A) U B*C Int(B) c B*C Int(A U B).

X)B*C Int(A N B) c B*C Int(A) N B*C Int(B).

Proof:

Let x€ X and x€ B*C Int(A), then by Definition 4.5

There exists a B*C-open setUsuch thatxeuc A c
B implies that xeuc B.

Thus x€ B*C Int(B).

The other parts of the theorem can be proved easily.

Theorem:4.7.

For a subset A of a simple extended
space(X, t),then

B*C Int(A) c b*Int(A).

topological

Proof:
This follows immediately since all B*C-open set is b™-open.

Definition: 4.8.

Let A be a subset of a space X. A point x€ X is said to be
B*C-limit point of A, if for each B*Copen set U containing
X, U N (A\{x}) # @. Then the set of all B*C-limit points of
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A is called a B*C-derived set of A, and is denoted
byB*CD(A).

Theorem:4.9.

Let A be a subset of X, if for each closed set F of X
containing x such that

F n (A\{x}) # ¢, then a point xe X is B*C-limit point of
A

Proof:

Let U be anyB™*C-open set containing x.

Then for each xe U € B*0(X), there exists a closed set F
suchthatxe F c U.

By hypothesis, we have F N (A\{x}) # ¢.

HenceU N (A\{x}) # ¢.

Therefore, a pointxe X is B*C-limit point of A.

Some properties of B*C-derived set are stated in the
following theorem,

Theorem:4.10.

Let A and B be subsets of a space X. Then we have the
following properties:

i) B*CD(@) = @

ii) IfXe B*CD(A), thenxe BTCD(A\{X}).

iii) If Ac B, thenB*CD( A) c B*CD(B).

iv) B¥CD( A) U B*CD( B) ¢ B*CD(A U B)

v) B¥CD(An B) c B*CD( A) n B¥*CD(B)

vi) BFCD(B*CD( A))\A B*CD(A).

Vi) BTCD( AU BTCD( A) © (A U B*CD(A))

Proof: We only prove vi), vii), and the other resultscan be
proved obviously.
vi)If x€ B*C D(B*CD(A)\A).

U is a B*C-open set containing x.
U N (B*CD(A\{x}) # o.
Let ye Un (BTCD(A)\{x})

Since ye BTCD(A) andye U, U N (A)\{y}) # .

Letze U n (A\{y)).

Then, z# x for ZEA andxg A.

Hence U n (A)\{x}) # o.

Therefore, xe BTCD(A).

vii) Let x€ BTCD(A UBTCD(A)).If xeAthe result is
obvious.

Let x € B¥CD(A U B*CD(A)\A).

Then for B*Copen
B*CD(A)\{x})) # ¢.

Thus, U N (A\{x}) # @ orUn (B*CD(A)\{x}) # o.
Now, it follows similarly from i) that U n (A\{x}) # o.
Hence, x€ BTCD(A).
Therefore, in any
B*CD(A).

set U containingx, UN (AU

case(B*CD(A) UB*CD(A)) c AU

Corollary:4.11.
For a subset A of a simple extended topological space
(X,t1), then b*D(A)c B*CD(A)

Proof:
It is sufficient to recall that every B*C-open set is b open.

Definition:4.12

For any subset A in a simple extended topological space
(X,t%), the B*C-closure of A, denoted by BYCCI*(A), is
defined by the intersection of all B*C-closed sets containing
A.

Theorem:4.13

A subset A of a simple extended topological space (X,71)
is BTC-closed if and only if it contains the set of its
B*Climit points.

Proof:

Assume that A is B*C-closed

If possible that x is a BTC-limit point of A which belongs
toX\A, then X\A is B*C-open set containing the B*C-limit
point of A, therefore An X\A # ¢.

which is a contradiction.

conversely, assume that A contains the set of its B Climit
points.

For each xe X\A, there exists a B*C-open set U containing
X such that An U = ¢,

that is x€ U < X\A4 by Theorem 3.8, X\Ais B*C -open set
Hence Ais B*C-closed set.

Theorem:4.14.
Let A be a subset of a
thenB*CCI*(A)=AB*CD(A).

space (X, 1),

Proof:

Since BY*CD(A)c B*CCI*(A) and Ac BTCCIT(A).

Then Au BTCD(A)c B*CCI*(A),on the other hand,

to prove thatB*CCI*(A) € A UB*CD(A).

sinceBTCCI*(A) is the smallest B*C-closed set containing
A,

so it is enough to prove that Au B*CD(A) is B*C-closed.
Let xgAU BTCD(A).

This implies thatx¢Aandxg¢ B*CD(A).

Sincex¢ B*CD(A), there exists a B*C-open
set G(x) of x which contains no point of A other than x
butxgA.

So G(x) contains no point of A, which implies G(x)c X\A.
Again, G(x) is a B*C-open set of each of its points.

But as G(x) does not contain any point of A, nopoint of
G(x) can be a B*C-limit point of A.

Therefore, no point of G(x) can belong toB*CD(A).

This implies that G(x)c X\B*CD(A).

Hence, it follows that x€ G(x) € X\A N X\B*CD(A) c
X(A U B*CD(A))

Therefore, A U BTCD(A) is B*C-closed.

HenceB*CCI*(A) c AU B*CD(A).

ThusB*CCI*(A)= A U B¥CD(A).

Corollary:4.15.

Let A be a set in a space (X,t%). A pointxe Uis in the
B*C-closure of A if and only if

AN U = @, for every B*C-open set U containing X.
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Proof:

Letxg¢ BTCCIt(A).

Thenx¢n F, where F is B¥C-closed with Ac F.

So xe X\N F and X\N F is a B*C-open set containing X.
Hence(X\nF) n Ac X\nF) n (nF) = o.

Conversely, suppose that there exists a B*C-open set
containing x withAn U = .

Then Ac X\U and X\U is a B¥C-closed.

Hence x¢ BTCCI*(A).

Theorem:4.16

Let A be any subset of a space ( X,tt). IFANU = ¢ for
every closed set F of X containing x, then the point X is in
the BT C-closure of A.

Proof:

Suppose that U be any B*C-open set containing x, then by
Definition 3.1, there exists a closed set F.

Such that XeEF c U,so by
hypothesis, AN F # ¢ impliesAn U # ¢ for every BT*C-
open set U containing X.

Therefore xe BTCCI*(A).

Here we introduce some properties of B*C-closure of the
sets.

Theorem:4.17

For subsets A, B of a space (X,t1), the following statements

are true.

1) The B*C-closure of A is the
B*Cclosed sets containing A.

2) Ac B*CCI*(A).

3) B*CCI*(A) is B*C-closed set in X.

4) Ais BTC-closed set if and only if A= B*CCIt(A).

5) B*CCIT(B*CCIT(A)) = B¥CCIt(A).

6) B*CCl*(¢) = ¢ andB*CCI*(X)=X.

7) If Ac B, then B*CCI*(A) c B*CCI*(B).

8) If B*CCI*(A) N B*CCI*(B)= ¢, then AB = ¢.

9) BTCCI*(A) U B*CCI*(B) c B*CCI*(A U B).

10) B*CCI*(A n B) c B*CCI*(A) n B¥CCI*(B).

intersection of all

Proof: Obvious.

Theorem:4.18

For any subset A of a topological space (X,z%). The
following statements are true.

1) X\B*CCI*(A) = B*CInt(X\A)

2) X\B*CInt(A) = B*CCIT(X\A)

3) BTCCI*(A) = X\B*CInt(X\A)

4) B*CInt(A)=X\BTCCI* (X\A)

Proof:

We only prove i), the other parts can be proved similarly.
For any point X€ X, x€ X\B*CCI*(A)implies that x &
B*CCI*(A).

Then for each Ge BTCO(X) containing X, AN G = .
Thenxe G c X\A, thusxe B*CInt(X\A).
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