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Abstract: In this study, we analyze the order statistics (OS) arising from independent, non-identically distributed (INID) Shifted
Exponential (SH-E) random variables. We deduce the moments of the rth order statistic, provide graphical representations of the
probability density function (PDF) and cumulative distribution function (CDF) and present numerical examples, including cases where
n = 3. This research offers insights into the distributional properties of SH-E variables and their practical applications in numerical data

analysis.
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1. Introduction

In reliability engineering and survival analysis, the two-
parameter exponential distribution or (Shifted Exponential
distribution) is widely used in modelling the lifetime data. It
offers a robust extension to the classical exponential model.
Its applications span finance and environmental science. In
the last few years research focused on estimation
improvements, model selection techniques, and exploring its
applications in emerging fields. For Example, [1] proposed
the PDF and CDF of two parameter exponential distribution
to discuss its key properties related to order statistics. [2] used
stress-strength reliability as a measure to compare the
lifetimes of two systems and inferred it for the two-parameter
exponential distribution using generalized order statistics first
without constraint on the location and scale parameters,
second when the scale parameters are equal. [3] presented an
interval estimation for the two-parameter Exponential
distribution based on upper record values. [4] proposed an
estimation method of process performance index for the two-
parameter exponential distribution with measurement errors
to fill this gap. [5] used the linear exponential loss function
method to derive parameter estimators from the exponential
distribution of two parameters on type | censored data. [6]
introduced the Max-EWMA chart, employing maximum
likelihood estimators and exponentially weighted moving
average (EWMA) statistics, to jointly monitor SH-E
distribution parameters. The probability density function PDF
of two- parameter SH-E distribution is given by

f(x) = ae” *CV)  x>v, a,v > 0. )

And the cumulative distribution function CDF of two -
parameter SH-E distribution is given by

F(x) = 1—e & V) x>y, a,v > 0 (2)

Where «and v are scale and
respectively.

location parameters

On the other hand, the subject on non-identical order statistics
is explained widely in the literature in [7], [8], [9], [10], [11],
[12] and [13] for continuous distributions. Also, in [14] for
discrete distributions. Recently, many authors interested with
it for example: [15] considered new ordering among
continuous distribution functions of independent, but not
necessarily identically distributed random variables INID and
introduced new order statistics defined as the observations
from these ordered distribution functions. [16] presented
methods of obtaining single moments of order statistics
arising from possibly dependent and non-identically
distributed discrete random variables. [17] provided new
upper and lower bounds for the Fi:n Furthermore, new
approximations for F1: nand Fn: n, as well as for other cases,
are derived. Comparisons with respect to approximations
suggested by [15] are also provided. [18] studied order
statistics OS from independent non identically distributed
INID samples for two large classes of statistical distributions:
Exponentiated Distributions (ED) and Proportional Hazard
Rate Models (PHRM). [19] derived the explicit expressions
for moments of order statistics under the independent
identically distributed (1ID) case and independent not
identically distributed INID case.

This research is motivated by the lack of prior studies on order
statistics for independent, non-identically distributed
variables following the Shifted Exponential distribution, as
well as the recurrence relationships to the single moments of
the rth order statistics from this distribution was not
previously introduced, in which it is difficult to find a closed
form.

In section 2, we obtained the probability density function PDF
and the cumulative distribution function CDF of the rth OS
arising from INID SH-E distribution and their graphical
representation at n = 3. Computation of moments of the rth
OS of INID random variables arising from SH-E distribution
are found in section 3.

From [10], [12] and [13], the PDF& CDF of the rth INID OS
are written as:
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1 r—1 n
fron® = e T ZB&M) fio o [ 00R )

Where Z denotes the summation over all n! permutations (iy, i,,..., i) of (1,2,..n).

p

[10] write it in the form of permanent as:

frin(¥) =

; per

1
r—D! (n—1r)! F®

r—1

Fron (%) =i Zﬁﬂa(x) ]_[ 1 -
j=r  pj a=1

c=j+1

Where Z
Pj

g <, < <.

Using permanent, equation (5) written as:

n Fy (x)

1
Frn(x)= T n= D1

i=r

er :
P Fn(ﬂx)

4

2. Non-identical order statistics from SH-E

Distribution:

For X, ,X,, ==+, X,, be INID random variables from SH-E
distribution with parameters (a4, ay, ..., ay,) respectievely:

F(x)=1-e %“&V) x>vo,v>0;i=12..,n (7)
fO)=aqe” %6V x>y, q,v>0;/=12,...,n  (8)
and by substituting the equations (7) and (8) in equations (3)

and (5) we obtain the CDF & PDF of the rth OS of INID SH-
E variables as:

1 _ — o —
fron) =mr ooy 2o AZi[l—e” “ia V]
n-r+1
xoci,e_(x_v)zan a

€

Frn(x)(x) =20 5 Tl [1—e e ™))

e~ (x—v)2721=j+1 aj, x=v)

(10)

is all permutations of (i,,i,, i)

(3)
f ) {1- F()} (4)
1 n-r
F, (x)] )

for (1,---,n) which satisfy i1<i2<---<ijand

1 - F(x)

1 - F, (x) ,—00 < x <o (6)

n—i

2.1 Special cases of PDF from INID SH-E distribution:

If we substituting Eq. (7) and (8) in (3) or (4), we will obtain
the PDF of the first, second & the last order statistic from
INID SH-E distribution when n = 3 as:

3
Y3, e” TV Licaiix >y

fis (%)

f 2:3 (x) = e—(X—V)(ai1+ai2) (ail + aiz)

12i;<ip <3

3
3
-2 Zaie_(x'v)zin“i,x >v
i=1

3

3
fas (x)=e* Li=a Z a; e’ Z (e*%ix

j=1 1<i7<ip <3
J#i, 02

_ eV ail) (exaiz _ evaiz)’x 2 v
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Figure 1: Graph of PDFs of the first INID SH-E OS at a;=0.1, a, = 0.2, a3 = 0.3 and different values of v
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Figure 2: Graph of PDFs of the first INID SH-E OS at a;= 1, a, = 2, a3 = 3 and different values of v
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Figure 3: Graph of PDFs of the second INID SH-E OS at «;= 0.1, a, = 0.2, a3 = 0.3 and different values of v
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Figure 4: Graph of PDF's of the second INID SH-E OS at ;= 1, a, = 2, a3 = 3 and different values of v
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Figure 5: Graph of PDFs of the third INID SH-E OS at @;= 0.1, a, = 0.2, a3 = 0.3 and different values of v
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Figure 6: Graph of PDFs of the third INID SH-E OS at a;= 1, a, = 2, a; = 3 and different values of v

Figures (1&2) shows the curves of the pdf of the first INID
SH-E Distribution for different values of the parameters v.

3
Fis3(x) = 1_9—(x—v)2i=1ai; x> v

Figures (3&4) shows the curves of the pdf of the second INID 3
INID SH-E Distribution for different values of the parameters Fo.(x)=1-
v. Figure (5&6) shows the curves of the pdf of the third INID 2:3 L
SH-E Distribution for different values of v. tehish =3
- (x-v) Z a;g
+ 2e i=1 ;X =V

’

e —(x-v)(ay, +aj,)

2.2 Special cases of CDF of INID SH-E distribution:

If we are substituting equations (7) and (8) in (5) or (6), we
will obtain the CDF of the first, second & the last order

(1= em (e,
statistic from INID SH-E distribution when n = 3 as:

Fiz3(x)= xzv

F;.3(x)

v=1
v=2

v=3

Figure 7: Graphs of CDFs of the first, second and third INID OS from SH-E distribution at «;=0.5, @, = 0.7,a3 = 0.9

and different values of v
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3. The Recurrence Relation of the Single
Moments of the rth OS arising from INID
SH-E Random Variables

In this section, we will introduce a recurrence relation for
the single moment of INID OS arising from Equation (7)
and depending on the theorem in [11].

Theorem 3.1:

Let X;,X,,**+,X | be INID random variables from SH-
(k)

E distribution, the k™ moment of all OS, gz, , for

1<r<n and k =1, 2,... is given by:

(k)
My

= z ( - 1)i—(n—r+1) (:l:r> L (k) (11)

j=n-r+1

Where:

- k-1

I}(k) = Z1si1<i2<»--<ij5n Z’s(:(% k ( s )

k—s—

% (12)

(Zt=1ait)
Proof:
In [11] Barakat & Abdelkader derived the single moments
of INID OS and generalized this recurrence relation as
equation (11)
Where:

Iy (k)

-3

1si3<ip<-<ijsn

j
xk-1 1_[ G;, (x)dx,
t=1

j=1,2 ,n (13)

And G, (x) =1-F (x), with (iy,i,, -0, ) isa

permutatlon of (1,2, ..., n) for which

il S 1:2 < - < in.

Now

Let X,, X,, -+, X, are INID OS from SH-E

distribution, by substituting Equation (7) in equation (13),
we obtain

I (k) = > k

1<i3<ip<-<ijsn
[o 2]

J
x k-1
t=1

e~ %ie =V) gy

\4

I](k) =Z1si1<i2<~--<ijsnk

[oe]
xj xk=
v

L™ Tim®ie GoV) gy (14)

Using the transformation: y = Zt 1%, x—v)in
equation (14), we obtain:

(k) = >k

1si3<iz<--<ijsn
(o)

k—1 p
xj( ]y +v> e Y 7 Y )
t=1 %ip t=1 %i;

0

Using Binomial Expanding for the term:

k-1
(jy + v) we deduce:

Tioq g

-y

1<ip<ip<- <l]<Tl s=0

[ee]
ksl
>< f e~V dy,
al 2

t

k-1

2 (51

1sip<iz<--<ijsn s=0

2 L(k) = k

vE=STir (s + 1)
x —_—
- S+1
(o aq,)

Which gives the proof of the theorem.
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Table 1: 1 (k) using equation (12) whenn =3

J I; (k)
1 |L (k) —kz F(s+1)vk51( ! + ! + ! )
= (al)s+1 ((xz)s+1 ((X3)5+1
2 | L(k) =k Z’;:l (k )F (s+ 1 (((x1+01(2)5+1 + (a1+(13)5+1 + (a2+01(3)5+1) :
3|1 (k) =k Z D s+ ks !
° —~ (g + 0 +ag)s*tt

Corollary (3.1):

For the case of a sample of n (11D) random variables having closed CDF in equation (7) the | i (K ) in theorem (3.1) simply
reduces to

n 1 (k= 1\ vF571r (s+1)
po =k (;) 2 (7)) e (15)

Table 2: I'j (k) of 11D case using equation (15) when n =3

J I; (k)
-1
1 B k—1\ VES I (s + 1)
L (k) = n; k(" )@O—+1
k-1

k(k_l)w

2 L (k) = (Z) (2 )51

k—1\ VESTir(s+1)
) o

; bt = )

Table 3: y(k) of INID OS using equation (12)

. n 1 2 3
1 L (k) L (k) I; (k)
2 L (k)- I, (k) L, (k)-21; (k)
3 L (k) — L (k)+ I3 (k)

Table 4: E (x,.3), E (x2%3) and V ( x,.3 ) of INID SH-E distribution using equations (11&12) or Tables (1&3)

r E(xr:3) E(x$'3) V(xr:3)
. 1 2V 0o +2 2v Yo +1
— Z =l &
i=1 % (X oy )? (X0 )?
1 1 1 2v(——t+ St )+ 2 (——+
2v (a1+a2 + ay+as + a2+a3) + aj+ay aj+az  aptas (ag+0az)?
o4t 4 ( 1 1 1 1 )_4v2i3=1ai+4
2 Gty (x1+2<x3 aztog (otg +ap)? (20:(31+(X3)2 (ar+az)? * (az+az)? (T )2 )
1 4vY3 o +4
¥3 )— =1t _ 1 1 12
i=1 % (ap+az)? (213=1 @) to, + s + wray Y. q
— + Zl 17,2 Z—V + [2 ( 1
3 1 1 1 1 1 (a) 1 Zl 1( )2 tx1+a2 aq+og
T R =)
3| = @G Mt Gyt 20(1-'-0(2 20(1-'-0(3 20(2+a3 oc2+o3(3 (a1 +a3)? (0(1+0t3)2 (az+az)?
- + ! ((0‘1‘“12)2 (o +az)? (a2+a3)2)] + —2V23i=1ai L < ?:11 -t __t _
wtas Y 2V, 42 (Zip i) @ qtdy o ogtag
P 2
(2@ ) 1, _t )
az+asz Z?zl(xi
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4. Numerical applications:

Table 5: The values of ug.lz) arising from INID SH-E using equations (11&12)

“ 1l 05 1 15 2 25 3
1 2.33333 1.50000 1.266670 1.16667 1.11429 1.083330
1.5 2.16667 1.26667 1.000000 0.880952 0.816667 | 0.777778
2 2.10000 1.16667 0.880952 0.750000 0.677778 | 0.633333
25 2.06667 1.11429 0.816667 0.677778 0.600000 | 0.551515
3 2.04762 1.08333 0.777778 0.633333 0.551515 | 0.500000
Table 6: The values of u)(x) and V' ( x,.3 ) arising from INID [71  Abdelkader, Y. (2004) Computing the Moments of
SH-E distribution for a; = 1,a, = 2,03 = 3; v = 2 using Order Statistics from Nonidentically Distributed
equations (11&12) or Table (3) Gamma Variables with Applications Int J Math Game
r E (x/:3) E (x75) V (x5 ) Theo Algebra, 14, 1-8.
; 00415606060%70 gﬁgﬁg 5'96193%% [8] Abdelkader_, Y (2008) Computing the M_omen_ts of
3 1'216670 6'627220 5'146940 Order Statistics from Independent Nonidentically
- - - Distributed Beta Random Variables. Stat Pap, 49, 136-
. 149,
5. Conclusion [9] Balakrishnan, N. (1994). Order Statistics from Non-
o . identically Exponential Random Variables and Some

The study of order statistics for independent but non- Applications. Comput. in Statistics Data-Anal, 18,

identically distributed random variables INID has gained 203-253.

renewed interest with the emergence of new distributions, [10] Bapat, R. B. & Beg, M. I. (1989). Order Statistics from

particularly in the pursuit of calculating moments for these Non-identically Distributed Variables and Permanents.

distributions. | encourage researchers to continue exploring Sankhya, 4, 51, 79-93.

methods for determining moments, especially within various [11] Barakat, H. & Abdelkader, Y. (2003). Computing the

distributions, using diverse approaches. Future studies could Moments of Order Statistics from Nonidentical

explore the application of these findings in real-world Random Variables Stat Meth Appl, 13, 15-26.

scenar.ios such as reliability engineering and predictive [12] David, H. A. & Nagaraja, H. N. (2003). Order

analytics. Statistics, Third Edition. Wiley, New York.
[13] Vaughan, R. J. & Venables, W. N. (1972). Permanent
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