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Abstract: In this study, we explore the hyponormality of Toeplitz operators with non-harmonic symbols within the framework of weighted
Bergman spaces. By examining necessary and sufficient conditions, we demonstrate that the Toeplitz operator is hyponormal when
particular constants and functions meet the defined criteria. Further, we analyze scenarios in which Toeplitz operators become normal
and hyponormal based on operator symbols and coefficients, providing both theoretical and practical insights.
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1. Introduction

For ¢ in L*(dD) , the Toeplitz operator T, is the operator on
H? of the unit disk D defined by T,,u = Pou where P is the
orthogonal projection L?(9D) of onto H? .

An operator A is called hyponormal if its self- commutator
A*A — AA* is positive. On Bergman space A2(D) of analytic
functions in L2(D) we defined, the Toeplitz operator T, by
T,f = P(¢f) for ¢ € L”(D),and f € A*(D), and P is the
orthogonal projection maps L?(D) onto A%(D).

Lastly, for —1 < a < oo, the weight Bergman space of all
analytic functions in  L2(D,dA,) , where dA,(z) =
(a+1)(1—|z|?) dA(z)

Given abounded measurable function ¢ in L*(dD) , the
Toeplitz operator T, is the operator with the symbol
¢ on A%(D) is defined by
T,9 :=P(p.9) (g € A%)
Where P is the from
L*(D,dA,) on to A%(D).

orthogonal  projection

For ¢ in L*(dD) , the Toeplitz operator T, is the operator on
H? of the unit disk D defined by T,,u = Pou where P is the
orthogonal projection L?(dD) of on to H? . For an operator
A is called hyponormal if its self- commutator A*A — AA™ is
positive.

Aims

This paper aims to investigate the conditions under which
Toeplitz operators with non-harmonic symbols exhibit
hyponormality within weighted Bergman spaces.

Brown and Halmos began study algebraic properties of
Toeplitz operators and in [ 4, p.98] , that T,, is normal if and
only if ¢ = a + p where @ and f are complex numbers
and p is a real valued function in L* .

Properties of hyponormal Toeplitz operators have played an
important role in work on Halmos's problem 5, [31], "is every
subnormal Toeplitz operator either normal or analytic? "But
characterization has been lacking.

In [5,12,13], and [15], the basic properties of the Bergman
space and the Hardy space are well known.

The hyponormality of Toeplitz operators on the Hardy space
has been developed in [9,8,19], and [30].

In [16], Cowen characterized the hyponormality of Toeplitz
operator T, on H? by the properties of the symbols
@ in L”(m) .Cowen's method is to reconstruct the operator-
Theoretic problem of hyponormal Topelitz operator into the
problem of finding a solution of equations of functionals.
Recently, in [20,17], the authors characterized the
hyponormality of Toeplitz operators on Bergman space with
harmonic symbols.

The hyponormality of Toeplitz operators has been researched
in [9,10,19]. In [29], the auther characterized the
hyponormality T,, on H?(m ) of by using the properties of
symbols ¢ in L” () as follows:

Cowen's theorem [8] for ¢ in L™ (), let
e(p) ={keH”:|[kllo < 1land ¢ — ki € H*(m)}.

Then is hyponormal if and only if e( ¢ ) is nonempty.

The main idea of the proof of Cowen's Theorem is dilation
theorem as in [34].

However, Cowen's Theorem cannot be utilized to 42 (D). So,
for the weighted Bergman space, determining the Toeplitz
operators Very difficult.

In fact, there seems to be very little study of hyponormal
Toeplitz operators onA2 (D) in the literature. In [18, 16, 34,
35, 28], the Authors charctrized the hyponormality of
Toeplitz operator T, in terms of the coefficient of the symbols

¢ under certain Assumptions on A% (D) . Moreover, since the
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hyponormal Toeplitz operators onA2%(D) is translation
invariant, we can assume that the constant terms is zero.

This research contributes to the ongoing understanding of
operator theory by characterizing the hyponormality
conditions of Toeplitz operators, which has implications for
further applications in functional and complex analysis.

2. Hyponormality of Toeplitz operators

Theorem (2.1): T, isnormal ifand only ¢ = a + fp where
a and B are complex numbers and p is a real valued function
in L™

Definition (2.2): Let ¢ is in L , the Hankel operator Hy is
operator on H? given by
Hyu =] —p)@u) ,

Where J is unitary operator from H2 onto HZ" , j(e~i) =
ei(n—l)@_

Another way: Let v*be a function define by v*(e') =
v(e~19) , then Hy is the operator on H? defined by

(Zuv,E) = (ku,v*)  forallve H*® (D).

Remark (2.3): Necessary facts about Hankel operators

include.

1) Hy, = Hy, ifandonly if (I —p)y; = (I — p),.

2) |IHyll = inflllpllw: U =)y = U =PI}

3) Hy = Hy: .

4) Either Hy, is one —to —one or ker (Hy,) = xH? where xis
an inner function. The closure of the range of Hy is H?
in the former case and (y*H?)*in the latter.

5) HyU = U"Hy . Where U is unilateral (forward) shift on
H?.

Theorem (2.4): If ¢ isin L*(9D), where ¢ = f + g for f
and gin H? | then Ty is hyponormal if and only if

g =cTif
For some constant ¢ and some function hin H*(dD) with
lRllo < 1.

Proof: Let ¢ = f + g where f and gare in H? . For every
polynomial p in H? ,
((T4Tp — TsT3) ). p) = (Typ, Typ) — (Typ. Typ)
={fp+Pgp.fp + Pgp) 3
o _—{pfp +gp.ofp + gp)
= (fp.fP) = (PfP,PfP) —(gp, gp)
3 _ +(Pgp,PgP)
= (fP,( - p)fp) — (gP.UI — p)gp)
= (U —p)fp, U~ D)fp)
, — (1 -p)gp, U —p)gp)
ol g I

Since the polynomial are dense in H? and since the Hankel
and Toeplitz operators involved are bounded, then Tyis

hyponormal if and only if forall u in H? ,
| Hgul| < ||Hfu|| : )

Let k denote the closure of the range of Hz and let S denote

the compression of U to K. Since k is invariant for U* , the
operator S*is the restriction of U*to k .

Suppose first Ty, is hyponormal. Define an operator A on the
range of Hz by

A(H7u) = Hgu.

If Hzu; = Hpu,, so that Hz(u; —up) =0, then the
inequality (2) implies that Hg(u; — u,) = 0 too and it follow
that A is well defined. Moreover, inequality (2) implies
[lA]] <1 so A has an extension to k, which will also be
denoted A. With the same norm.

Now by the intertwining formula for Hankel operators and the
fact that k is invariant for U™, we have
HzU = AH7U = AU"Hz = AS"Hy

And also
HgU = U*Hg = U"AHz = S"AH5 .

Since the range of Hy is dense in k , we find that AS* = S*Aon

k, or taking adjoints , that
SA* = A’S.

By the usual theory (2.2.8) of the unilateral shift k = H?
there is function k in H*(aD) with ||k|l, = [|A*]| = ||Al|
such that A*is the compression to k of T, . Since kis invariant
for Ty = T4this means that A*is the restriction of Tto K and

Hg =Ty < H]—c 3)

Conversely, if equation (3) holds for some k in H* (dD) with
lkll < 1, then clearly inequality (2) holds for all u;, and Ty
is hyponormal. By using the formulation (1), equation (3)
holds if and only for all H* functions , v,

(zuv, g) = (Hzu,v") = <TEH7u,v*>
= <H7u,kv*> =(zuk*'v 2 f)
= (zuv, Ff) = (zuv, Ti=f)

Since the closed span of {zuv:u,v € H®} is zH? this means
that equation (3) holds if and only if

g=c+Tzf
For h = k* (Note that ||kl = I1k" [l )

In the cases for which Ty is normal, h is a constant of modulus
1 and in the cases for which Ty is known to be subnormal but
not normal h is a constant of modulus less than 1.

Remark (2.5): The function h that relate f and g is unique.

Proof: Suppose h,and h, are in H* andc; + Tif=9=
¢, + Ty f. This is possible if and only if
TETh_lf = TETh_zf y

That is, if and only if
Tzhl—zhzf =0

Volume 13 Issue 11, November 2024
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal
WWW.ijsr.net

Paper ID: SR241102000359

DOI: https://dx.doi.org/10.21275/SR241102000359 226


http://www.ijsr.net/

International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

Thus, f must be in (zyH?)* where yis the inner factor of b, —
h,. If f is not in any such subspace, the corresponding
function h must be unique for every g.

On the other hand, if y is an inner function such that f is in
(zxH*)* andc, + Trf = g, then forany hy in H* and h, =
h, + zxhs , if follows that g = ¢, + Ty, f for some constant
C2-

Definition (2.6); Let H={veH*:v=(0) =0 and
lvll, <1} . For fin H? and let G denote the set of g in H?
such that for every u in H?,

sup [{uvo, g)| < sup [{uvy, f)
VoEH VoEH

Iffisin H® and u isin H? , then by (1),
sup [{uv,, = ||H=u
sup (v, )| |17

Theorem (2.7): If fand g are in H?, then g is in G, if and
only if
g=c+Tzf.

For some constant ¢ and some function h in H*(8D) with
lRlle < 1.

Proof: Let¢ = f + g where fand gare in H? . From [6], for

every polynomial pin H? , ((T3Ty —TyT;) (). p) =
2 2

1H7PII™ = [l1HgP"

Since the polynomials are dense in H? and since the Hankel
and Toeplitz operators involved are bounded, we see that T

is hypomormal if and only if for all u in H2,
[Hgull < ||Hpu|

Let kdenote the closure of the range of Hzand let S denote the

compression of Uto. Since K is invariant for U*, the operator
S*is the restriction of U* to K .

Suppose first that T, is hyponormal. Define an operator A on
the range of Hz by
A(Hju) = Hyu.

If Hpu; = Hpu, , so that Hg(u; —up) =0 , then the
inequality (2) implies that H;(u; — u,) = Otoo and it follows
that A is well defined. Morover (2) implies ||A|| < 1 soA has
an extension to, which will also be denotedA, with the same
norm.

Now by the intertwining formula for Hankel operators and the
fact thatK is invariant for U*, we have
HyU = AHpU = AU'H; = AS™H;
And also
HzU = U'Hy = U*AH; = S*AH;.

Since the range of Hy is dense in, we find that AS™ = S*Aon
K, or taking adjoints, that SA* = A*S.

By the usual theory of the unilateral shift if = H? , there is a
function k in H’ (aD)with ||K |l = 1A%l = |IA]| such that

A*is the compression to K of Ty.. Since K is invariant for T, =
Ti. This means that A is the restriction of Tjto K and
H; = Ty Hf ,

is holds if and only if for all H*functions u, v,
(zuv, g) = (Hyu,v") = (TpHpu, V")
= (Hpu, kv*) = (zuk™v, )
= (zuv, k*f) = (zuv, Tif)
by using relation (1) (zuv, T+ f) = TiHf = Hj.

Now by using the definition there exist
H={veH*:v(0)=0and|v|, < 1}.

If fisin H®and u is in H? , then by relation (1)
sugl(uv,f)l = ||Hfu|| .
VE

Thus (2) holds then g is in Gdefinition such that for every u
in H?,

supl(uv, g)| < sup(uv, f)|

vEH vEH

Thus T4is hyponormal , then from theorem (1)

g=c+Tpf forh =k (llkllo = Ikl -

Corollary (2.8): For fin H? , the following hold .

(i) fisin Gy.

(i) If g isin G¢ , then g + A is in G for all complex numbers
A

(iii) Gfis balanced and convex, that is , if g, and g,are in
Grand |s;| + [s,| < 1, then s, g, + 5,9, isalso in G.

(iv) Gf is weakly closed.

(V)T3G; < Gy for every inner function y.

Conversely, If Gis a set that satisfies properties (i) to (v) , then
G D Gy.
f

3. Toeplitz Operators with Non-Harmonic
Symbols

Now consider the symbol ¢ of the form:
0(2) = appz™z " withm,n €C

Theorem (3.1): Let p(2) = apz™z " withm,n €C.
Then T, on A%(D) is hyponormal if and only if m > n.

Proof: If m > n,thenT, ishyponormal. Suppose that T,
is hyponormal. By the definition of hyponormal Toeplitz
operators , T,, is hyponormal if and only if

(TpT, = T,7) D ezt, Y azl) 20
i=0
For allc; € C we have:

i=0
[ee]
1T, > ezt 17 =175 Y czt I
i=0
[ee]

)
i=0
o)

- ||Tam‘nzmz_nz czt |12 = IIT,,, Z oz |2

i=0 i=0
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[oe]
m,—n i
=||P (am,nz z cizl> II?

0 [oe]
o |
- ||P<gm,nz . Zqzl) 2

i=0

2 m+i—-n+1 )
=|am,n| Z - 2|Ci|
] m+i+1)
i=max {n-m,0}
—|a —— ;| = 0.
mn (n+i+1)2 "

i=max {m-n,0}

Hence, T, is hyponormal if and only if

m+i—n+1
—lgl?
) (m+i+1)2
i=max {n—-m,0}
n+i—-m+1
sy nriomil
(n+i+1)2

i=max {m-n,0}

For allc; € C .Since | are arbitrary, we conclude that T, is
hyponormal if and only if m = n.

Consider the hyponormality of Toeplitz operator with two
terms non-harmonic symbols:

Theorem (3.2): Let ¢@(z) =az™z ™™+ bz"z™™. with
nonnegative integers m,n , with m > n and nonzerors
a,b €C..ThenT, on A*(D) is hyponormal if and only if
lal = |b|

Proof: In similar way to the proof of above theorem (3.1).

The following theorem is general characterization of
hyponormal Toeplitz operators with the symbols of the form:
9(z) = az™z™ + bzSz7t

(m=n=0,t>=s=0)with some condions.

Theorem (3.3): Let ¢@(z) =az™z™+ bz5z™" with
nonnegative integers m,n,s,twithm=n,t=>s,m+
t,m—n=t—s andnonzerosa,b € C .IfT, on A*(D)
is hyponormal then,

(2m — n)? L
Grmomz " omt9) bl if e
>m,|al?

2

o (G

(t+1)2
<m,

{|a|22{
A (m,n,t,s)} [b|2if t

(t+i-s+1) (s+i-t+1)
(t+i+1)2 (s+i+1)?

m-n,©) (m+i-n+1) (n+i-m+1)"
(m+i+1)2  (n+i+1)?

Where A (m,n,t,s) = maxe(

Proof: Similarly, to the proof above.

4. Hyponormal Toeplitz operators with
non-harmonic symbols on the weighted
Bergman spaces

For —1 < a < o , the weight Bergman space A%(D) is
defined by the space of all analytic functions in L2(D ,dA,)
, Where

dAq(z) = (@ +1) (1 —1z]?) dA(2)

Iff,g € L>(D,dA,) ,we have ( the inner product)
1

2
Ifll = ( f If(Z)Isza(Z)>
D

The space L?>(D,dA,)
inner product.

is a Hilbert space with the above

For any non-negative n and z € D ,let

B rn+a+2) n
a@= FasDra+rn >

Where I'(.) is the usual Gamma function. Then {e,} is an
orthogonal basis for the weight Bergman spaces.
If f,g € A% of the form:

f@ =) ay" and g(z) = i boz",
n=0 n=0

Then, the inner product of f and g is:

[ee]

_ Trm+ 1 I'(a+2)
{f.9)= nZ:(:) r'n+a+2) n bn

Let ¢ in L*(0D) be a bounded measureable function, the
Toeplitz operator T,, with symbol ¢ on A2(D) is defined by:

T,9 =P(g.9) ( g € AZ(D))
Where P is the orthogonal projection
L>(D,dA,) on A%(D).

from

Next, we present the Sufficient condition for hyponormal

Toeplitz operators T,, on Az (D) , where ¢ is of the form:
¢(z) = az™z™" + bzSz7¢

under certain assumptions about the coefficients and degree

of ¢(2)

Theorem (4.1): Forany a,b € C and nonnegative integers
m,n,s,t, if @) =az™z "+ bz5z7t withm —n=
s—t=0

Then T, on A%(D)is hyponormal.

Example ( 4.2): If p2)=iz’z+ Q2+
i)zz7% ,then,by Theorm.(2,7),T, on A%(D)

Example (4.3):Let o(z) = 1, €1 2m 27" + 1, ei02 z577¢
Withm —-n=s—-t >0.If |8, — 6,| <§
Then T, on AZ(D) is hyponormal.

Next, we present the necessary condition for hyponormal
Toeplitz operatorsT,, with the symbol of the form:

9(z)=az™z "+ bz5z 'and t = s.
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Theorem (4.4): Let ¢(2) = az™z™ + bzz~" withm =

nt>s,and a,b €C

If m-n=t—sandm#
t, T, on Az(D) is hyponormal then

{lal?

> max{ N 2t =5 15) W (m,n,t,s)}bl%if t

- N Cm—n—1,1n)’ T

>m|al? >max{M W (m,n,t,s)}bl%if t

- Ne (M)’ SR

<m

Where W (mmn,t,s)}=

Aa(t+1,8)— Ag(s+i,t)
max
ie{m-n,o) AgMm+in)—Ag(n+im)’

Corollary (4.5): Let ¢(2) = alz|?™ + b|z|*° witha,b €

Then T, on A2%(D) is normal and hence hyponormal.

1 2
n+1 |an| <

5. Conclusion

This paper establishes conditions under which Toeplitz
operates with non-harmonic symbols are hyponormal in
weighted Bergman spaces. By exploring both necessary and
sufficient conditions, we provide insights that bridge theory
with practical implications in operator analysis. Further
studies could further examine the potential applications of
these findings in advanced mathematical contexts.

References
[1] _, Hyponormal and subnormal Toeplitz operators,
Surveys of Recent Results

In Operator Theory, vol. 1 (J. B. Conway and B. B.
Morrel, eds.) (to appear).

[2] , On Toeplitz operators in the &-class, Scientia Sinica
(Serles A) 28 (1985), 235-241.
[3] , Ten years in Hubert space, J. Integral Equations and

Operator Theory 2 (1979), 529-564.

[4] A. Brown and P. R. Halmos, Algebraic properties of
Toeplitz operators, J. Reine Angew. Math.
213 (1963-64), 89-102.

[5] Axler, S.: Bergman spaces and their operators. In:
Surveys of Some Recent Results in Operator Theory,
Vol. I Pitman
Research Notes in Mathematices, vol. 171, pp. 1-50.
Longman, Harlow (1988).

[6] C.C.CowenandJ.J. Long, Some subnormal Toeplitz
operators, 3. Reine Angew. Math. 35(1984), 216-220.

[7] C. C. Cowen, More subnormal Toeplitz operators, J.
Reine Angew. Math. 367 (1986), 215-219.

[8] Cowen, C.: Hyponormal and subnormal Toeplitz
operators. In: Surveys of Some Recent Results in
Operator Theory,
Vol. I. Pitman Research Notes in Mathematices, vol.
171, pp. 155-167. Longman, Harlow (1988).

[91 Cowen, C.: Hyponormality of Toeplitz operators. Proc.

Am. Math. Soc. 103, 809-812 (1988).

Curto, R.E., Hwang, I.S., Lee, W.Y.: Hyponormality

and subnormality of block Toeplitz operators. Adv.

Math. 230, 2094-2151 (2012).

[10]

[11]
[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]
[32]

[33]

[34]

D. E. Marshall, BlaschkeproductsgenerateH°°, Bull.
Amer. Math. Soc. 82 (1976), 494-496.

Douglas, R.G.: Banach Algebra Techniques in
Operator Theory. Academic Press, New York (1972).
Duren, P.: Theory of Hp Spaces. Academic Press, New
York (1970).

Fleeman, M., Liaw, C.: Hyponormal Toeplitz
operators with non-harmonic symbol acting on the
Bergman space. Oper. Matrices 13, 61-83 (2019).
Hedenmalm, H., Korenblum, B., Zhu, K.: Theory of
Bergman Spaces. Springer, New York (2000).
Hwang, I.S., Lee, J., Park, S.W.: Hyponormal Toeplitz
operators with polynomial symbols on the weighted
Bergman spaces. J. Inequal. Appl. -335, 1-8 (2014).
Hwang, I.S., Lee, J.: Hyponormal Toeplitz operators
on the Bergman spaces. Il. Bull. Korean Math. Soc. 3,
1-6 (2007)

Hwang, I.S., Lee, J.: Hyponormal Toeplitz operators
on the weighted Bergman spaces. Math. Inequal. Appl.
15, 323-330 (2012)

Hwang, 1.S., Lee, W.Y.. Hyponormality of
trigonometric Toeplitz operators. Trans. Am. Math.
Soc. 354, 2461-2474 (2002).

Hwang, 1.S.: Hyponormal Toeplitz operators on the
Bergman spaces. J. Korean Math. Soc. 42, 387-403
(2005).

I. Amemiya, T. Ito, and T. K. Wong, On quasinormal
Toeplitz operators, Proc. Amer. Math. Soc. 50 (1975),
254-258.

J. J. Long, Hyponormal Toeplitz operators and
weighted shifts, Thesis, Michigan State Univ., 1984.
Kim, S., Lee, J.: Hyponormality of Toeplitz operators
with non-harmonic symbols on the Bergman spaces. J.
Inequal. Appl. 67, 1-13 (2021).

Ko, E., Lee, J.: Remarks on hyponormal Toeplitz
operators on the weighted Bergman spaces. Complex
Anal. Oper. Theory 14, 1-19 (2020)

Le, T., Simanek, B.: Hyponormal Toeplitz operators
on weighted Bergman spaces. arXiv:2003.07330

Le, T., Simanek, B.: Hyponormal Topelitz operators
on weighted Bergman spaces. Integral Transforms
Spec. Funct. 32, 560-567 (2021)

Lee, J.: Hyponormality of block Toeplitz operators on
the weighted Bergman spaces. Acta Math. Sci. 37,
1695-1704 (2017).

Lu, Y., Shi, Y.: Hyponormal Toeplitz operators on the
weighted Bergman space. Integral Equ. Oper. Theory
65, 115-129 (2009).

M. B. Abrahamse, Subnormal Toeplitz operators and
functions of bounded type, Duke Math. J Theory 65,
115-129 (2009).

Nakazi, T., Takahashi, K.. Hyponormal Toeplitz
operators and extremal problems of Hardy spaces.
Trans. Am. Math. Soc. 338, 759-769 (1993).

P. R. Halmos, Ten problems in Hubert space, Bull.
Amer. Math. Soc. 76 (1970), 887-933.

S. C. Power, Hankel operators on Hubert space,
Pitman, Boston, Mass., 1982.

Sadraoui, H.: Hyponormality of Toeplitz operators and
composition operators. Thesis, Purdue University
(1992)

Sarason, D.: Generalized interpolation in Hoo. Trans.
Am. Math. Soc. 127, 179-203 (1967)

Volume 13 Issue 11, November 2024
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal

WWW.ijsr.net
DOI: https://dx.doi.org/10.21275/SR241102000359 229

Paper ID: SR241102000359


http://www.ijsr.net/

International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

[3%]

[36]

[37]

[38]

Paper ID: SR241102000359

Simanek, B.: Hyponormal Toeplitz operators with
non-harmonic algebraic symbol. Anal. Math. Phys. 9,
1613-1626 (2019).

Sumin Kim,Jongrak Lee: Hyponormality of Toeplitz
operators with non-harmonic symbols on the weight
Bergman spaces,Ann.Funct.Anl.(2023)14:14

Sun Shunhua, Bergman shift is not unitarily equivalent
to a Toeplitz operator, Kexue Tongbao28 (1983),
1027-1030.

T. Ito and T. K. Wong, Subnormality and
quasinormality of Toeplitz operators, Proc. Amer.
Math. Soc. 34 (1972), 157-164.10.

Volume 13 Issue 11, November 2024
Fully Refereed | Open Access | Double Blind Peer Reviewed Journal
WWW.ijsr.net

DOI: https://dx.doi.org/10.21275/SR241102000359

230


http://www.ijsr.net/



