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1. Introduction

The fixed-point technique is the most important and
powerful tool used for solving the nonlinear operator
equations. In fixed-point theory we find the points which
remain invariant under the action of a mapping. From many
decades, the study of fixed-point theory is one of the most
active areas of research work in analysis and topology. The
importance of the study of nonlinear problems was
recognized firstly by the French Mathematician Henry
Poincare. He predicted that ‘the study of nonlinearity will
be the core part of the future Mathematics’. Since then,
many techniques and methods have been developed for
studying the nonlinear equations.

The first fixed-point theorem was proved in 1911 by
Luitzen Brouwer [2]. In 1922, the Polish Mathematician
Stefan Banach [1] established the famous contraction
mapping theorem which is also known as the Banach
contraction mapping principle. This theorem guarantees the
existence (and uniqueness) of fixed-points of certain
selfmaps on metric spaces. A constructive method for
finding those fixed-points is also provided in the same
result. Many mathematicians generalized the Banach
contraction theorem in different spaces. In 1930, Schauder
[20] generalized the Brouwer's fixed-point theorem to
Banach spaces. This result was further generalized to
multivalued functions by S. Kakutani [8]. In 1935,
Tychonoff [22] proved the fixed-point theorem for the case
when K is a compact convex subset of a locally convex
space. Robert Cauty [3] proved the full result, in 2001,
without the assumption of local convexity. In 1998, Jungck
and Rhoades [7] introduced the concept of weakly
compatible pair of mappings. In past few decades, many
authors obtained common fixed-point theorems for several
classes of mappings on different metric spaces such as
complete metric spaces, compact metric spaces, partially
ordered metric spaces and many more see [3, 5, 7, 9-14, 17,
21, 23].

In the present paper, we establish a common fixed-point
theorem for weakly C-contractive mappings satisfying the
weakly compatibility condition without wusing the
continuity. So, it is the generalization of the Choudhury's
fixed-point theorem [5].

2. Preliminaries

Definition 2.1:[11] Let X be a nonempty set, then a point x
in X is said to be a fixed-point of mapping ¢: X — X if
dx =x.

Definition 2.2:[9] Let (X,0) be a metric space, then a
selfmap ¢ on X is called a contraction if there exists A €
[0,1) such that

o(dx,dy) <ro(x,y),Vxy€X

Banach contraction mapping theorem [1] is one of the most
important and central results of functional analysis, it states
that:

Theorem 2.1:[1] Every contraction mapping on a complete
metric space possesses a unique fixed-point, that is, if
(X, 0) is a complete metric space and a mapping ¢: X — X
is such that

e(dx,dy) <Area(x,y),Vxy€X... (2.1)
where 0 < A < 1, then ¢ possesses a unique fixed-point.

Relation (2.1) implies that the mapping ¢ is continuous.
Many researchers worked on the problem of finding the
contractive conditions that will imply the existence of
fixed-point in a complete metric space but will not imply
the continuity. Kannan [15, 16] answered this problem by
extending the Banach contraction principle as follows:

Theorem 2.2:[15] Let (X, @) be a complete metric space. If
a mapping ¢: X — X satisfies the condition

e(dx,dy) <Afalx,dx) +aly,dy) | ... (2.2)
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for all x,y € X, where A € [0 ,é), then ¢ has a unique
fixed-point.

Kannan [15] has shown that the mapping ¢ need not be
continuous. Clearly, the conditions in Banach and Kannan
theorems are independent.

Definition 2.3:[15] A mapping is said to be a Kannan type
mapping (or K-mapping) if it satisfies (2.2).

Many authors established various fixed-point results for
Kannan type mappings and their generalizations see [4, 6,
9-14,17, 21, 23, 24].

Reich [18] generalized the Banach contraction principle by
unifying conditions (2.1) and (2.2) for the mappings
¢: X — X by assuming the following condition:

for all x,y€X,0(dx,dy) <Aolx,y)+nolx,Ppx) +
ne,dy) ... (2.3)

where A,mn and p are nonnegative constants satisfying A +
n+pu<lt.

Reich proved that the Banach and Kannan conclusions
about the existence and uniqueness of fixed-point hold also
for the contractions satisfying (2.3).

Gerald Jungck and B.E. Rhoades [7] introduced the
concept of weakly compatible maps as follows:

Definition 2.4:[7] Two selfmaps ¢ and s defined on a
metric space ( X, @) are said to be weakly compatible if for
allx € X,

dx =UPx = ¢Px = Ydx.

In 1972, Chatterjea [4] introduced the concept of C-
contraction as follows:

Definition 2.5:[4] A mapping ¢: X — X, where (X,0) is a
metric space, is said to be a C- contraction (or Chatterjea
type contraction) if there exists a constant A € (O ,%) such
that for all x,y € X,

e(dx, py) < A[ex,¢y) + ey, dx) ] ... (24)

He has proved the existence and uniqueness of fixed-point
of the mapping ¢ satisfying (2.4) in the following theorem:

Theorem 2.3:[4] Every C- contraction defined on a
complete metric space (X,0) possesses a unique fixed-
point.

Continuity of C- contraction is not necessary for proving
theorem 2.3. Rhoades [19] analyzed various definitions of
contraction mappings and established that conditions (2.1),
(2.2) and (2.4) are independent of one another.

Kirk [17] introduced the asymptotic contraction and
generalized the Banach contraction mapping theorem. In

metric spaces weakly contractive mapping is defined as
follows:

Definition 2.6: [13] Let ( X, 0) be a complete metric space,
then a mapping ¢: X — X is said to be weakly contractive
ifforallx,y € X,

e(dx, dy) < e(x,y) —v(exy)) ... 2.5)

where { : [0,00) — [0, 0) is continuous, nondecreasing,
Y(x) = 0ifand only ifx = 0 and lim Y(x) = oo.
X—00

If we put Y(x) =A%, where A € (0,1), then the weak
contraction (2.5) becomes the Banach contraction (2.1).

Choudhury [5] introduced the concept of weakly C-
contractive mapping as follows:

Definition 2.7:[5] A mapping ¢: X — X, where (X, 0) is a
metric space, is called weakly C- contraction if for all x,y €
X )

a(dx, dy) < 2 o(x, dy) + oy, $x)] —
V(e dy), e, $x)) ... 2.6)

where 1: [0,0)? — [0, ) is continuous map satisfying
¢(x,y) = 0ifand only ifx =y = 0.

In (2.6) if we put Y(x,y) = A (x+y), where A€ (0,3),
then it reduces to (2.4) and thus weak C- contraction is
generalization of C- contraction.

Following result was developed by Choudhari [5]:
Theorem 2.4:[5] Every weakly C- contraction defined on a
complete metric space (X,Q) possesses a unique fixed-
point.

3. Main Result

We have generalized the fixed-point theorem 2.4 as
follows:

Theorem 3.1: Let A be a nonempty closed subset of a
complete metric space (X, @) and o : [0,%0)? — [0, ) be
a continuous map satisfying

o(x,y) =0ifandonly ifx =y = 0. .... (3.1)

Let ¢ and § be two selfmaps defined on A satisfying the
condition:

for each pair (x,y) € XX X

a(dx, by) <3 [ e(ex, by) + e(oy, $)] -
o (e(ex,hy), e(@y, $x)) ... (3.2)

where @ : A — X satisfies

(a) ¢A c @A,PA < @A and
(b) the pairs (¢, @) and (Y, @) are weakly compatible.
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Moreover let ((A) be a closed subset of X. Then mappings
&, @ and P possesses a unique common fixed-point.

Proof: Let x, be an arbitrary point in A. Then by the
assumption (a) there exists two sequences { x,, } and { y, }
satisfying

&Xon = OXan41 = Yon , UXons1 = @Xongz = Yongr,  for
alln € N.

At first we shall prove that lim @ (y,,Vns1) = 0.
n—oo

Consider n = 2k, then we have

e (yar,Yak+1) = @ (PXax, UXoks1)

< % [ e(@xak, UXarr1) + 0(PXaxs1, PXai) |
—0 (Q((szk s UXak1), Q(@Xake1 ) ¢X2k))
= % [e(yak-1,Yaks1) + 0(Yak Y1) —

o (Q( Yak-1,Y2k+1), 0( Yok » YZk))

= 0(yak,Y2ke1) < % 0(Yak-1,Y2ks1) —
o (g(YZk-1 ' Yake1), 0) .. (3.3)

=3 [e(Yak-1,Yaks1)] - (3.4)

1
=3 [e(yak-1,Y21) + @( Y2k, Yaks1)] o B.5)

1 1
= o( Y2k, Yak+1) — > e( Y2k, Yak+1) < > e(Y2k-1,Y2x)

Hence, we get 0( Y2k, Y2k+1) < @(Yak-1, Y2k )-
Similarly, for n = 2k + 1, we get

Q(Yak+1,Y2k+2) < @( Yok » Yake1)

this shows that {o(y,,¥ns1)} is a monotonically
decreasing sequence of nonnegative real numbers and
therefore it converges, say to 1

ie let lim o(yn,¥n+1) =1 .... (3.6)
n—oo

From (3.4) and (3.5), we have
1
e(¥n,¥n+1) S 50(¥n-1,Yn4+1)
1
<5 [e(¥n-1,¥n0) + (¥n,¥nsd) |-

From above inequality, letting n — oo and using (3.6), we
get

. 1
< lim - e(Yn-1,¥n+1) < 1.
Thus lim @(yn-1,¥n+1) = 21

Now from (3.3), by letting k — coand by using the
continuity of mapping o, we get

13% 21— 06(21,0) = o (21,0)=0.
which by using (3.1) implies that1 = 0,

thus nlgrgo 0(¥n,¥n+1) =0.....(3.7

Further we will prove that the sequence {y,} is Cauchy.
But as sequence {0(Vn,Vn+1)} is monotonically
decreasing, therefore it is sufficient to show that the
subsequence { v, } is Cauchy.

If possible, let us suppose that the subsequence {y,, } is
not a Cauchy sequence. Then there exists some € > 0 for
which the subsequences {yZm(k)} and {ym(k)} of the
sequence { y,, } can be obtained such that n(k) is the least
index satisfying

Q( Yam(k) ;YZn(k)) =¢,...(3.8)
with k < m(k) < n(k) .

Then obviously we have

Q(Y2m(k) ,y2n(k)_2) <e...(39

Again, by the triangle inequality, we obtain
(Y2mao »Y2no) < e( Yzmao » Yznao-2) +

Q( Yank)-2 xy2n(k)—1) + Q(YZn(k)—1 :YZn(k))

<e+ Q(y2n(k)—2 xy2n(k)—1) + Q(YZn(k)—1 'an(k))

From above inequality, letting k — oo and using (3.7) and
(3.8), we get

£ < kll_rgo Q(Y2m(k):Y2n(k)) s e
= kli_,nlo e(Y2mag »Yanto) = € - (3.10)

We also have

[Q(YZm(k) 'yZn(k)+1) - Q(YZm(k) ,an(k))] <
Q(an(k) »YZn(k)+1) .. (3.11)

and

[Q(YZn(k) ) Q(YZn(k) ,Yam@o-1)] <
Q(Yzm(k)—z 'YZm(k)—l) ... (3.12)

Now from (3.7), (3.10), (3.11) and (3.12) we get
lim o( Y2mao-1 ;an(k)) = klljgo o( Yamao-2 :y2n(k)) =

k—oo

€,....(3.13)
and from (3.2) we get

o( Yam@-1-Yzn) = e(dXana » WXama-1)
1
<~ [ e(@Xzn@ » WXam@o-1) + (@Xamao-1, PXznao) |

-0 (Q(@in(k) WXomao-1) » 0(@Xzmao -1 1¢X2n(k)))

Now as o is continuous, therefore letting k — oo in above
inequality and using (3.13), we obtain

3 S%(s+s)— o(ge) = o(ge) =0,

and therefore, by using (3.1) we obtain € = 0, which is a
contradiction. Hence { y,, } must be a Cauchy sequence.

Finally, we prove that the mappings ¢, ¢ and y have a
common fixed-point. Now as {y, } is a Cauchy sequence
in the complete metric space (X, @), so there exists z € X
satisfying nlgrcl>O Yn = Z. Again as A is closed and {y, } C

A, therefore z is in A. Further by our supposition, @(A) is
closed, therefore there exists t € A such that z = @t. Now,
for alln € N, we have
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Q(?t yYone1) = (Pt Uxpnyq)

= 3 [ e(@t, YxXani1) + 0(@Xonyr, GO | —
o (Q((Pt ,WXant1) , 0(@Xant1 d)t))
=~ [0 Yzn+1) + 202n, P ] —

o (e(@t, Yxzn41) , 2(@Xan11 , D) .
Letting n — oo, we get

o(9t,z) < [o(z,2) + oz, ¢t) ] -
o (e(et,2),0(z, $D)

therefore

o (0,00, ¢0) < —% (a(dt,z)) <0
= 0(z,dt) =0 = Pt=1z.
Similarly, we get

Yyt=1z.
Therefore, we get
Ppt=Yt=@pt=2z.

Again, as the pairs (b,¢@) and (J,@) are weakly
compatible, therefore we have

bz =Yz = @z.
Further we have

Q(CPZ yYone1) = 0(dz, UXongq)

=7 [ o9z, ¥xani1) + (@Xon41 , $2)] —
o (Q((PZ WXant1), 0(@Xon41 ¢Z))

=~ [0(®2,Yzne1) + 202n, $2) ] -

o (Q(‘PZ 'YZn+1) ) Q(YZn ) ¢Z)) .

Letting n — o0, as ¢pz = Pz = @z, we get
o(¢z,7) == [o(dz,2) + oz, $2) ] -
o (e(dz,2) ,0(z, d2))

= o (e(¢z,2),0(z,$2)) = 0

= o(dpz,2) =0 = ¢z=z

and therefore from ¢z = Yz = @z,

we obtain

bz=yYz=@z=1z.

This shows that the mappings ¢, @ and y have common
fixed-point.

Further, if z;,z, are two common fixed-points of these
mappings, then from the inequality (3.2) we have

0(z1,7;) = e(dbzy ,Yz3)

< -l eez1,Uz,) + (97, , bz,)] —

o (e(z1,¥z,), 0(9z , 21))

=0(z1,2)— © (Q(Z1 1Z2),0(Z1 Zz))

=0 (Q(Z1 122),0(Z4 ’Zz)) =0

which by (3.1) implies that z; = z, .

Hence the common fixed-point is unique.

4. Conclusion

In this paper we have established a common fixed-point
theorem for weakly C-lcontraction mappings by using C-
lcontraction, weakly C-lcontraction and weakly
compatibility condition and without using the continuity.
We have generalized the fixed-point theorem developed by
B. S. Choudhury in complete metric spaces.
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