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Abstract: This study explores the uniqueness of best simultaneous approximation of two continuous functions on a closed interval from
a finite dimensional subspace. The uniqueness condition is demonstrated to imply that the subspace is Chebyshev. The research examines
special case of even and odd function approximations, providing valuable insights into the approximation behavior from finite-

dimensional spaces.
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1. Introduction

Let C [a, b] be the set of all real-valued continuous functions
defined on the closed interval [a,b] with the uniform norm

For f € Cla, b],
lfIl = max { |[f(x)],x € [a,b]}.

The norms [|F|l4w) ON E = Cla,b] X C[a,b] is defined
as follows:
For F=(F ,F,)€EE

IFllageoy = Max { [|F1]l, |IF ]l

Now if S is an n-dimensional subspace of C[a , b], then U =
{(s,s):s € §} forms an n-dimensional subspace of E and
thereexist u* = (s*,s")and v* = (t*,t") where s*,t* €
S such that :
IF = wlla@) = Inf IIF = ullge)
= Inf Max {||F; —sl|,||F; —
SES

s|l}
k=1 or?2.

= ||Fi = s”ll
Such s* is termed as the best A(c) simultaneous
approximation to F = (F, ,F, ) from S. The set of all best
A() simultaneous approximations to F from S will be
denoted by Pg(F,). And Ps(F,) is the set of all best
uniform approximationto F, from S, k €{1,2}.

We are interested in the uniqueness of the best A(o)
simultaneous approximation of two continuous functions
from a finite dimensional subspace. In section two we will
show that the uniqueness of the best A(c0) simultaneous
approximation of two continuous functions from a finite
dimensional subspaceS implies that S is a Chebyshev
subspace.

Definition 1: A point t € [a, b] is called a straddle point for
two functions f and g in C[a, b] if there exists ¢ = +1 such
that

Ifll = of @, llgll= —og(®.

Definition 2: The functions f and g € C[a, b] are said to
have d alternations on [a, b] if there exists d + 1 distinct
points x; < -+ < xg44 in [a, b] such that for some ¢ = +1,
f(x) =allfll, if iisodd
g(x) = —ollgll, if iiseven
or
gx) =oallgll, if iisodd
f(x;) = —ollfll, if iiseven.

Definition 3 Let S be the span of {uy,u,, ...,u, } where

Uy, Uy, ..., Uy are continuous functions on the closed interval

[ a, b ], we say that S is a Chebyshev subspace of C[a, b ] if
n

Det [u;(%))] # 0 for any set of points
ij=1
a<x <x,<...<x, <h.

The notations in this section will be used throughout this
paper. Theorems 1 of this section and the remark thereafter
which are needed for our analysis, are direct consequences of
theorems 1 and 3 of [2].

Theorem 1 Let S be an n-dimensional Haar subspace of
Cla,b],ifF, = F, on[a,b] then s* € P;(F, o) if and only
if F; —s* & F, —s* have a straddle point or

n alternations on [a,b] with ||F; —s*|| = ||F, —s"|l.
Furthermore, if

F, —s* & F;, —s™ have n alternations on [a, b] thens™ is
unique.

Remark: If t € [a, b] is astraddle point for F; —s* & F, —
s*, F; = F, on[a,b]then

(F1 = F)(8) = (Fy = s") () + (F, = s™) ()
=|IF =51+ IF = sl 2 I, = Fll.

This implies that (F, — F,)(t) = ||F; — F,|| and
IFy = s*ll + IF; = s*ll = IFy = Foll < |I[Fy = sll + [IF; —
s|| Vse€eS.

2. The Main Result

Theorem 2 Let S be n-dimensional subspace of C[a, b].If
the best A(o) simultaneous approximation to any two
continuous functions on [a,b] is unique, then S is a
Chebyshev subspace.
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Proof

Suppose that the conditions of the theorem are satisfied but S
is not a Chebyshev subspace. If S = span {u;,u,, ..., u, }
where uy,u,, ...,u, are continuous functions on the closed
interval [ a, b ], then there exists a set of

points a < x; < x, <...< x, < b such that the matrix
u () uy(xz) Uy (%)

i i un(xl) un(xz) un(xn)

is singular.

We can select nonzero vectors (a4, a;, ... ,a,) and (b, by,

. ,b,) to be orthogonal to the columns and rows,
respectively, of this matrix. Hence Y-, aiu,(x;) =0 and
YR beui(x) =0, i,j =1,..,n Taking W = X7, aju,
then W(x;)=0,i=1,..n. And we may assume that
[[W]l < 1. Select {F;,F,} < C[a,b] such that F; = F, on
[a,b], IF; | = || F;ll =1and Fl(xj) =sgnb; if j is odd
Fy(x;) = sgn b; ifj isevenor F,(x;) = sgn b; ifj iseven
Fy(x;) =sgnb; if j is odd. So if G,(x) = Fy(x)[1—
W@ and G,(x) = F,(x)[1— W], then G,(x;) =
Fl(xj) = sgnb; if j is odd and Gz(xj) = Fz(xj) =
sgn b; if j iseven or Then G,(x;) = s F,(x;) = sgnb; if
j isodd and G,(x;) = F,(x;) = sgnb; if j is even or
Gi(x;) = Fy(x;) = sgnb; if j is even and G,(x;)
Fy(x;) = sgn b; if j is odd.

Now, if [[G — ull4) <1 where G =(G,,G,) and u =
(s,s)forsome s € S then ||G; —s || <1 and ||G, —s || <
1 which implies that

sgn s(xj) =sgnb;, j=1,...,n,
equation Yji_; by (x;) = 0. Therefore
forall s € S.

contradicting the
G — ull sy = 1

For 0 < 1 <1 we have
|G, (x) — AW ()| < |G ()] + AW ()]
= |FL(O[[1 = W] + AW ()]
S1-|Wk)| +AW)| <1
and
[G,(x) — AW ()| < |G, ()| + AW (x)]
= |F)[[1 = W] + AW (x)]
S1-|W)| +AIWX)| < 1.

Henceforth AW is a best A(o0) —simultaneous approximation

First we note that if m is an even integer then F, = F, on
[-1,1] and from Lemma (1) of [2] we must have
lIFy — s*ll = lIF; — s™lI.

If m is an odd integer then F;, > F, on [0, 1] and F, > F;
on[-1, 0].

Suppose  ||F; — s*|| > ||[F, — s*|| then s* € P¢(F;) and
there exists a point set

Xi={-1<x <x; <...<Xpy1 <1} suchthat
F(x)—s"(x)=o (D' IF,—s*ll, i=1, ..
,o0= +1.

,n+1

Since n+ 1 > 2 then there exists a pointy € X; n[—1,0]
such that

IF,= sl =FRO)-s0) < RLO)—s"() <IIF;-
s”||

or te X;Nn[0,1] such that

IF, = s*ll = =F@®)+s"(t) £ —FR0)+s"@) <|IF;-
s*l

and this contradict the assumption, hence we must have
IFy — s*ll = lIF; — s7]I.

Proceeding as above if ||F, — s*|| > [|[F; — s*|| completes
the proof.

Lemma 2

If both m and k are odd integers and s* € P,(F, ) such
that

F, —s* & F,—s" have n alternations on [-1, 1], then s~
is odd function.

Proof
Select s € S such that s(x) = —s*(—x) for every x €
[-1,1],so forany x € [-1,1] we have:
(F; =570 = F@) +s(=x) = =F(—x) +s(-x) ]
=1or?2.
Which implies that s € P,(F, ). But s* is unique, s0 s* =
s and this completes the proof.

Theorem 3

If both m and k are odd integers and s* € P,(F, ) such
that F, —s* & F,—s" have n alternations on [—1,1],
thens* € P(F;) j=1or2.

Proof
Let X={-1<x;<x,<...<x,41 <1} be the

to F, and F, where 0<A<1 That is best alternating set, thatis - .
A(0) —simultaneous approximation to G, and G, from S is Fi=sDx) = D™ NF = sl i=1,...n+1,
not unique contradicting the assumption and the theorem is k=0orl.
proved. Fy, if iisodd
Fi = , or

Now we consider different case, taking S = span{ 1, x, x?, F, if i iseven

,x" 1Y}, [a,b] =[-1,1], F;=x™, F,=x*and F =
(F, ,F,) wheren,mand k are integers withk >m >n > 2 F, if i isodd

Fi =
F, if i iseven
Lemmal If s* € Pg(F,),then ||F; — s*|| = ||F, — s*]I.
Proof
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F; if i isodd
Now assume k=0 and F; = )
F, if i iseven
then:

(F=sD0)=-IF— sl i=1,..q
(F,=s)(z) = Il = sl i=1,...,7,
where Y ={y1, ¥, .. ,Yq}  Z={21,2, ... .2},
X=YUZ and
n+l=q+r. If n+1liseventhen r=q andifn+1
isoddthenr =q +1or
q=1r+1.

By lemma 3 s* is odd function and we have:
Fr=s)(y)=IlF,— sl i=1,..,q
(FZ_S*)(_ZI:)=_”F2_ S*” i=1,...,7"

From the characterization theorem of best uniform
approximation, it follows that

s*€P(F) j=1,2 if nisodd Andif n is even with
q=r+1 then

s* € P(F;) also s* € P(F,) if r = q + 1. The proof is the
same for the other cases.
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