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Abstract: The main object of the paper is to introduce a new Banach space valued sequence space 𝒄𝒆𝒔𝜽 𝑿, 𝒇, 𝒑  involving 

lacunary sequence and a modulus function. Various algebraic and topological properties of the space have been examined. 

Some inclusion relations between the space have been investigated and information on multipliers for 𝒄𝒆𝒔𝜽 𝑿, 𝒇, 𝒑 has 

been given. Our results generalize and unify the corresponding earlier results of Karakaya [3], Shiue [12], Sanhan and 

Suantai [11] and Bala [1]. 
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Introduction 
 
The notion of a modulus function was introduced in 1953 by Nakano[8]. We recall [7,8] that a modulus 𝑓is a function 
𝑓 ∶  0,∞  →   0,∞  such that 
 

i) 𝑓 𝑥 = 0 if and only if 𝑥 = 0, 
ii) 𝑓 𝑥 + 𝑦 ≤ 𝑓 𝑥 + 𝑓 𝑦 for all 𝑥 ≥ 0, 𝑦 ≥ 0, 
iii) 𝑓 is increasing, 
iv) 𝑓  is continuous from the right at 0. 

 
Because of (ii),   𝑓 𝑥 − 𝑓 𝑦   ≤ 𝑓( 𝑥 − 𝑦 ) so that in view of (iv), 𝑓 is continuous everywhere on [0,∞). A modulus 

may be unbounded (for example, 𝑓 𝑥 =  𝑥𝑝 , 0 < 𝑝 ≤ 1) or bounded (for example, 𝑓 𝑥 =  
𝑥

1+𝑥
 ). 

 
It is easy to see that 𝑓1 + 𝑓2 is a modulus function when 𝑓1 and 𝑓2 are modulus functions, and that the function 
𝑓𝑖  ( 𝑖 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟), the composition of a modulus function 𝑓 with itself 𝑖times, is also a modulus function. 
 
Ruckle [10] used the idea of a modulus function  𝑓 to construct a class of FK spaces 
 

𝐿 𝑓 = { 𝑥 =  𝑥𝑘 ∶  ∑𝑘=1
∞ 𝑓  𝑥𝑘   < ∞}. 

 

The space 𝐿(𝑓) is closely related to the space ℓ1 which is an 𝐿(𝑓)  space with 𝑓 𝑥 = 𝑥 for all real 𝑥 ≥ 0.  
 
By a lacunary sequence 𝜃 =  𝑘𝑟 ; 𝑟 = 0,1,2, …, where 𝑘0 = 0, we shall mean an increasing sequence of non-negative 
integers with 𝑕𝑟 = 𝑘𝑟 − 𝑘𝑟−1 → ∞ as 𝑟 → ∞. The intervals determined by 𝜃 will be denoted by 𝐼𝑟 = (𝑘𝑟−1, 𝑘𝑟], and the 
ratio 𝑘𝑟/𝑘𝑟−1 will be denoted by 𝑞𝑟  . The space of lacunary strongly convergent sequences 𝑁𝜃  was defined by 
Freedman et al. [2] as follows: 
 

𝑁𝜃 = {𝑥 =  𝑥𝑘 : lim𝑟→∞𝑕𝑟
−1 ∑  𝑥𝑘 − 𝑙 𝑘∈𝐼𝑟 = 0 for some 𝑙}. 

 
There is a strong connection [2] between 𝑁𝜃  and the space 𝑤 of strongly Ces𝑎 ro summable sequences, which is defined 
by 
 

𝑤 = {𝑥 =  𝑥𝑘 : lim𝑛→∞𝑛
−1 ∑  𝑥𝑘 − 𝑙 𝑛

𝑘=1 = 0 for some 𝑙}. 
 
In the special case where 𝜃 =  2𝑟  , we have 𝑁𝜃 = 𝑤. Infact, for a lacunary sequence 𝜃, 𝑁𝜃 = 𝑤 if and only if 
1 < liminf𝑟𝑞𝑟 ≤ limsup𝑟𝑞𝑟 < ∞[2, p. 511]. 
 
Let 𝑤, ℓ0 denote the spaces of all scalar and real sequences, respectively. For 1 < 𝑝 < ∞, the Cesa ro sequence space 
𝑐𝑒𝑠𝑝  defined by 
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𝑐𝑒𝑠𝑝 = {𝑥 ∈ ℓ0:  
1

𝑛
  𝑥𝑘  

𝑛

𝑘=1

 

𝑝∞

𝑛=1

< ∞} 

 
is a Banach space when equipped with the norm 

 

∥ 𝑥 ∥=    
1

𝑛
  𝑥𝑘  

𝑛

𝑘=1

 

𝑝∞

𝑛=1

 

1/𝑝

 

 
This space was first introduced by Shiue [12], which is useful in the theory of Matrix operator and others (see [4, 5]). Some 

geometric properties of the Cesa ro sequence space 𝑐𝑒𝑠𝑝  were studied by many authors. 

 

Sanhan and Suantai [11] introduced and studied a generalized Cesa ro sequence space 𝑐𝑒𝑠 𝑝 , where 𝑝 =  𝑝𝑛  is a bounded 

sequence of positive real numbers. 

 

Quite recently, Karakaya[3], Ozturk and Basarir[9] introduced a new sequence space involving lacunary sequence and 

examined some geometric properties of this space equipped with Luxemburg norm. 

 

Let  𝑋, ∥ .  ∥  be a Banach space over the complex field ℂ. Denote by 𝑤 𝑋  the space of all 𝑋-valued sequences. Let 𝑝 =  𝑝𝑘  
be a bounded sequence of positive real numbers. 

 

We now introduce the Banach space valued sequence space 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝  as follows. 

𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 =  𝑥 ∈ 𝑤 𝑋 :∑  𝑓  
1

𝑕𝑟
∑  xk 𝑘∈𝐼𝑟   

𝑝𝑟
∞
𝑟=1 < ∞ . 

 
Some well-known spaces are obtained by specializing 𝑋, f and 𝑝. 
 
(i) If 𝑋 = ℂ and 𝑓 𝑥 = 𝑥, then 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 = ℓ 𝑝, 𝜃  (Karakaya [3]). 
 
(ii) If 𝑋 = ℂ, 𝑝𝑛 = 𝑝 1 ≤ 𝑝 < ∞  for all 𝑛, 𝑓 𝑥 = 𝑥and 𝜃 =  2𝑟 , then 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 = 𝑐𝑒𝑠𝑝  (Shiue [12]). 

 
(iii) If 𝑋 = ℂ, 𝑓 𝑥 = 𝑥and 𝜃 =  2𝑟 , then 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 = 𝑐𝑒𝑠 𝑝  (Sanhan and Suantai [11]). 
(iv) If 𝑋 = ℂ  and 𝜃 =  2𝑟 , then 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 = 𝑐𝑒𝑠 𝑓, 𝑝  (Bala[1]). 
 
The following inequalities (see, e.g., [6, p. 190]) are needed throughout the paper. 
 

Let 𝑝 =  𝑝𝑘  be a bounded sequence of strictly positive real numbers. If 𝐻 = sup𝑘𝑝𝑘 , then for any complex 𝑎𝑘  and 𝑏𝑘  , 
 
(1)                𝑎𝑘 + 𝑏𝑘  

𝑝𝑘 ≤ 𝐶  𝑎𝑘  
𝑝𝑘 +  𝑏𝑘  

𝑝𝑘  , 
 
where 𝐶 = max 1, 2𝐻−1 . Also for any complex 𝜆, 
 
(2)                𝜆 𝑝𝑘 ≤ max 1,  𝜆 𝐻 . 
 

Linear topological structure of 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝  space 
 
In this section we establish some algebraic and topological properties of the sequence space defined above. In order to 
discuss the properties of 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝 , we assume that  𝑝𝑛  is bounded. 
 
Theorem 2.1. 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝  is a linear space over the complex field ℂ. 
 
The proof is a routine verification by using standard techniques and hence is omitted. 
 
Theorem 2.2. 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝  is a topological linear space, paranormed by 

𝑔 𝑥 =    𝑓  
1

𝑕𝑟
  𝑥𝑘 

𝑘∈𝐼𝑟

  

𝑝𝑟∞

𝑟=1

 

1

𝑀

                  (2.1) 
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where 𝐻 = sup 𝑝𝑟 < ∞ and 𝑀 = max 1, 𝐻 . 
 
The proof follows by using standard techniques and the fact that every paranormed space is a topological linear space 
[13, p. 37]. 
 
Corollary 2.3. If 𝑝 is a constant sequence, then 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝  is a normed space for 𝑝 ≥ 1 and a 𝑝-normed space for 
𝑝 < 1. 
 
Theorem 2.4. 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝  is a Fr𝑒 chet space paranormed by (2.1). 
 

Proof. In view of Theorem 2.2 it suffices to prove the completeness of 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝 . Let  𝑥 𝑖   be a Cauchy sequence in 

𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 . Then 𝑔 𝑥 𝑖 − 𝑥 𝑗   → 0 as 𝑖, 𝑗 → ∞, that is 

   𝑓  
1

𝑕𝑟
  𝑥𝑘

(𝑖)
− 𝑥𝑘

(𝑗 )
 

𝑘∈𝐼𝑟

  

𝑝𝑟∞

𝑟=1

 

1

𝑀

→   0, 𝑎𝑠   𝑖, 𝑗  ∞,           (2.2) 

which implies that for each fixed 𝑘,  𝑥𝑘
 𝑖 − 𝑥𝑘

 𝑗  
 → 0 as 𝑖, 𝑗 → ∞ and so  𝑥𝑘

 𝑖   is a Cauchy sequence in 𝑋 for each fixed 

𝑘. Since 𝑋 is complete, there exists a sequence 𝑥 =  𝑥𝑘  such that 𝑥𝑘 ∈ 𝑋 for each 𝑘 ∈ ℕ and lim𝑖→∞𝑥𝑘
(𝑖)

= 𝑥𝑘  for each 𝑘. 

Now from (2.2), we have for 𝜖 > 0, there exists a natural number 𝐾 such that 

  𝑓 
1

𝑕𝑟
  𝑥𝑘

(𝑖)
− 𝑥𝑘

(𝑗 )
 

𝑘∈𝐼𝑟

  

𝑝𝑟∞

𝑟=1

< 𝜖𝑀        𝑓𝑜𝑟 𝑖, 𝑗 > 𝐾.                   (2.3) 

Since for any fixed natural number 𝑟0 , we have from (2.3), 

  𝑓  
1

𝑕𝑟
  𝑥𝑘

(𝑖)
− 𝑥𝑘

(𝑗 )
 

𝑘∈𝐼𝑟

  

𝑝𝑟

< 𝜖𝑀        𝑓𝑜𝑟 𝑖, 𝑗 > 𝐾,

𝑟0

𝑟=1

 

by taking 𝑗 → ∞ in the above expression we obtain 

  𝑓 
1

𝑕𝑟
  𝑥𝑘

(𝑖)
− 𝑥𝑘 

𝑘∈𝐼𝑟

  

𝑝𝑟

< 𝜖𝑀        𝑓𝑜𝑟 𝑖 > 𝐾.

𝑟0

𝑟=1

 

 
Since 𝑟0  is arbitrary, by taking 𝑟0 → ∞, we obtain 

  𝑓  
1

𝑕𝑟
  𝑥𝑘

(𝑖)
− 𝑥𝑘 

𝑘∈𝐼𝑟

  

𝑝𝑟∞

𝑟=1

< 𝜖𝑀      𝑓𝑜𝑟 𝑖 > 𝐾, 

 

that is, 𝑔 𝑥 𝑖 − 𝑥 < 𝜖 for 𝑖 > 𝐾. 

To show that 𝑥 ∈ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 , let 𝑖 > 𝐾 and fix 𝑟0 . Since 𝑝𝑟/𝑀 ≤ 1 and 𝑀 ≥ 1, using Minkowski’s inequality, we have 

   𝑓  
1

𝑕𝑟
  𝑥𝑘 

𝑘∈𝐼𝑟

  

𝑝𝑟𝑟0

𝑟=1

 

1

𝑀

 

=    𝑓 
1

𝑕𝑟
  𝑥𝑘 − 𝑥𝑘

 𝑖 +  𝑥𝑘
(𝑖)
 

𝑘∈𝐼𝑟

  

𝑝𝑟𝑟0

𝑟=1

 

1

𝑀

 

≤    𝑓 
1

𝑕𝑟
  𝑥𝑘 − 𝑥𝑘

 𝑖  

𝑘∈𝐼𝑟

  

𝑝𝑟𝑟0

𝑟=1

 

1

𝑀

+    𝑓  
1

𝑕𝑟
  𝑥𝑘

 𝑖  

𝑘∈𝐼𝑟

  

𝑝𝑟𝑟0

𝑟=1

 

1

𝑀

 

 
< 𝜀 + 𝑔(𝑥(𝑖)) , 

from which it follows that 𝑥 ∈ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝  and the space is complete. 
 
Corollary 2.5.  If 𝑝 is a constant sequence and 𝑝 ≥ 1, then 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝  is a Banach space. 
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Inclusion between 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝  spaces 
 
We now investigate some inclusion relations between 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝  spaces. 
 
Theorem 3.1.  If 𝑝 =  𝑝𝑟  and 𝑞 =  𝑞𝑟  are bounded sequences of positive real numbers with 0 < 𝑝𝑟 ≤ 𝑞𝑟 < ∞ for 
each 𝑟, then 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 ⊆ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑞 . 
 

Proof. Let 𝑥 ∈ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 . Then∑  𝑓  
1

𝑕𝑟
∑  𝑥𝑘 𝑘∈𝐼𝑟

  
𝑝𝑟

∞
𝑟=1 < ∞ .This implies that  

 

f  
1

𝑕𝑟
∑  𝑥𝑘 𝑘∈𝐼𝑟  ≤ 1 for sufficiently large values of 𝑟, say 𝑟 ≥ 𝑟0  for some fixed 𝑟0 ∈ ℕ. Since 𝑝𝑟 ≤ 𝑞𝑟 , we have 

  𝑓 
1

𝑕𝑟
  𝑥𝑘 

𝑘∈𝐼𝑟

  

𝑞𝑟∞

𝑟 ≥ 𝑟0

≤   𝑓  
1

𝑕𝑟
  𝑥𝑘 

𝑘∈𝐼𝑟

  

𝑝𝑟

< ∞.

∞

𝑟≥𝑟0

 

 
This shows that 𝑥 ∈ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑞  and completes the proof. 
 
Theorem 3.2. If  𝑡𝑟  and  𝑢𝑟  are bounded sequences of positive real numbers with  
 
0 < 𝑡𝑟 , 𝑢𝑟 < ∞ and if 𝑝𝑟 = min 𝑡𝑟 , 𝑢𝑟 , 𝑞𝑟 = max 𝑡𝑟 , 𝑢𝑟 , then  
 
𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 = 𝑐𝑒𝑠𝜃 𝑋, f, 𝑡 ∩ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑢  and 𝑐𝑒𝑠𝜃  𝑋, f, 𝑞 = 𝐺 where 𝐺 is the subspace of 𝑤 𝑋  generated by 
𝑐𝑒𝑠𝜃 𝑋, f, 𝑡 ∪ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑢 . 
 
Proof. It follows from Theorem 3.1 that 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 ⊆ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑡 ∩ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑢  and that  
 
𝐺 ⊆ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑞 . For any complex 𝜆,  𝜆 𝑝𝑟 ≤ max  𝜆 𝑡𝑟 ,  𝜆 𝑢𝑟  ; thus 
 
𝑐𝑒𝑠𝜃 𝑋, f, 𝑡 ∩  𝑐𝑒𝑠𝜃 𝑋, f, 𝑢 ⊆ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝 . Let 𝐴 = {𝑟: 𝑡𝑟 ≥ 𝑢𝑟} and 𝐵 = {𝑟: 𝑡𝑟 < 𝑢𝑟}. If  
 
𝑥 ∈ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑞 , we write 

𝑦𝑟 = 𝑥𝑟 𝑟 ∈ 𝐴   and   𝑦𝑟 = 0 𝑟 ∈ 𝐵 ; 𝑎𝑛𝑑

𝑧𝑟 = 0 𝑟 ∈ 𝐴   and   𝑧𝑟 = 𝑥𝑟 𝑟 ∈ 𝐵 .
 

  𝑓 
1

𝑕𝑟
  𝑦𝑘 

𝑘∈𝐼𝑟

  

𝑡𝑟

=    

𝑟∈𝐴

+  =

𝑟∈𝐵

∞

𝑟=1

  𝑓 
1

𝑕𝑟
  𝑥𝑘 

𝑘∈𝐼𝑟

  

𝑞𝑟

< ∞ ,

𝑟∈𝐴

 

 
and so 𝑦 ∈ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑡 ⊆ 𝐺. Similarly, 𝑧 ∈ 𝑐𝑒𝑠𝜃  𝑋, f, 𝑢 ⊆ 𝐺. Thus, 𝑥 = 𝑦 + 𝑧 ∈ 𝐺. We have proved that 𝑐𝑒𝑠𝜃  𝑋, f, 𝑞 ⊆
𝐺, which completes the proof. 
 
Corollary 3.3. The three conditions 𝑐𝑒𝑠𝜃  𝑋, f, 𝑡 ⊆ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑢 , 𝑐𝑒𝑠𝜃  𝑋, f, 𝑝 = 𝑐𝑒𝑠𝜃 𝑋, 𝑓, 𝑡  and 𝑐𝑒𝑠𝜃 𝑋, f, 𝑞 =
𝑐𝑒𝑠𝜃 𝑋, f, 𝑢  are equivalent. 
 
Corollary 3.4.𝑐𝑒𝑠𝜃  𝑋, f, 𝑡 = 𝑐𝑒𝑠𝜃 𝑋, f, 𝑢  if and only if 𝑐𝑒𝑠𝜃  𝑋, 𝑓, 𝑝 = 𝑐𝑒𝑠𝜃  𝑋, f, 𝑞 . 
 

The Space of Multipliers of 𝒄𝒆𝒔𝜽 𝑿, 𝐟, 𝒑  
 
For any set 𝐸 ⊂ 𝑤(𝑋) the space of multipliers of E, denoted by S(E), is given by 
 
𝑆 𝐸 = {𝑎 =  𝑎𝑘 ∈ w X ∶ 𝑎𝑥 =  𝑎𝑘𝑥𝑘 ∈ E for all x =  𝑥𝑘 ∈ E}. 
 
Theorem 4.1.For Banach algebra X, 𝑙∞(𝑋) ⊆ 𝑆[𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 ],  where 
 

𝑙∞ 𝑋 =   𝑎 =  𝑎𝑘 ∈ w X ∶  𝑠𝑢𝑝𝑘 𝑎𝑘 < ∞ . 
 
Proof. Let  𝑎 =  𝑎𝑘 ∈ 𝑙∞ 𝑋 , 𝑇 = 𝑠𝑢𝑝𝑘 𝑎𝑘  and 𝑥 =  𝑥𝑘 ∈ 𝑐𝑒𝑠𝜃 𝑋, f, 𝑝 . Since X is Banach algebra, by definition of 
modulus function (ii), (iii) and inequality (1.2), we have 
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