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Abstract: This article delves into the realm of S-metric spaces, an extension of metric spaces, exploring their fundamental properties
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1. Introduction and Preliminaries

French mathematician Frechet [8] pioneered the concept of
metric space in 1906, while the definition given by Husdroff
in 1914 was commonly used. One of the earliest successes in
algebraic topology was the Brouwer [2] fixed point theorem,
which serves as the basis for more general fixed point
theorems that are extremely important to functional analysis,
but this theorem can’t provide the uniqueness of the fixed
point. Later, Banach [1] in 1922, established the fixed point
theorem, which is also known as the Banach contraction
principle. This principle provides the existence and
uniqueness of a self-mapping on a metric space. The idea of
metric spaces has been widely generalized in the literature
by many authors (refer [3], [5], [7], [10], [13], [14], [21],
[22] and so on).These fixed point theorems were strongly
followed by other authors in generalized metric spaces as
well. The idea of D-metric space was introduced by
Dhage[6] while Mustafa and Sims [11] established D" metric
space which is the modification of D metric space. In 2005,
Mustafa and Sims [12] also introduced G-metric space.
Consequently, S- metric space was established by Sedghi et
al. [15], who also proved fixed point theorems in this space.
More research on S-metric space can be found in ([16], [17],
[19], [20]). In this paper, we established some fixed point
and common fixed point theorems in S-metric spaces which
generalize, extends and improves some fixed point results in
existing literature.

We began by reviewing some fundamental definitions that
comes about for S- metric spaces which will be required
within the sequel.

Definition 1.1 [15]: “Let X be a non-empty set. An S-metric
on Xis a mapping §: X x X x X - R* which satisfies the
following condition:

(S)Sw,v,w) =0ifandonlyifu=v=w = 0;

(82) S(w,v,w) < S(w,u,a) +S,v,a) +Ss(w,w,a), for
all u,v,w,a e X.
The pair (X, S) is called an S-metric space.”

Example 1.2 [15]: “Let X = R. Then §(u,v,w)is an S-
metric on R given by §(u, v,w) = |u — w| + |v — w|,which
is known as usual S-metric space on X.”

Lemma 1.3 [15]: “If (X,S) is an S-metric space on a non-
empty set X, then (X,8) satisfy the symmetric condition,
that isS (u, u, v) =S(v,v,u), forall u,ve X.”

Definition 1.4[15] “Let (X,S) be an S-metric space. For
r > 0 and u € X we define the open ball B, (u,r) and closed
ball and B, [u, ] with a center u and radius r as follows:
B;(u,r) ={veX:S(v,v,u) <r}
Bur]={veX:S(wv,v,u) <r}”

Definition 1.5 [17]: “A sequence {u,} in (X,S) is said to
be convergent to some point u € X, if S(u,,u,,u) — 0 as
n N m.’9

Definition 1.6[17]: “A sequence {u,,} in (X,S) is said to be
Cauchy sequence if §(u, ,u, ,u,,) » 0asn,m - co.”

Definition 1.7 [17]: “An S -metric space (X, §) is said to be
complete if every Cauchy sequence in X is convergent in
x.’7

Lemma 1.8 [17]: “Let (X,S) be an S-metric space. If
u, »uandv, -»vthenS(u,,u,,v,) - S, u,v).”

Lemma 1.9 [15]: “Let (X,S8) be an S-metric space and
{u, }is a convergent sequence in X. Then lim,_, u, Iis
unique.”
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Lemma 1.10 [15]: “If {u,} is a sequence of elements from
S-metric  space (X,S) satisfying the following
propertyS (u, , Uy , Ups1) < kS(up_q,Un_1,u,), for each
k € [0, 1) where n € N, then {u,} is a Cauchy sequence.”

2. Main Results

In this section, certain fixed point and common fixed point
theorems in S-metric spaces are proved. The following is our
first main result:

Theorem 2.1: Let (X,S) be a complete S-metric space. A
mapping 7: X — X is such that
S(Tu,Tu,Tv)
<pSu,u,v)
+q[Sw,u,Tu) +Sw,v,Tv)]
+
+r [S(w,u,Tv) + S(v,v,Tu)]
S(u,u,v)S(u,u,Tv)

s [Zs(u, w,v) + S, v,Tv)
| @y

[ Suu,Tv)s(v,v,Tv)
28 (u,u,v)+S(v,v,Tv)

Forall u,v € X withu # vand p,q,7,s,t € [0,1) such that
p+2q+3r+s+t<landp+ 2r <1. Then, T contains
a fixed point which is also unique in X.

Proof: Let a sequence be{u,} in X defined as for u, € X,

Tu, = u,,q foralln =0,1,2, ... From (2.1) we have

S(un'unvun+1) = S(Tun—l'Tun—ltTun)
=< p ‘S(un—lﬁun—l'un) + q [S(un—l'un—l':run—l)
+ S (uy,, Uy, Tuy,)]

+r [‘S(un—l' un—lﬁTun) + S(un' untTun—l)]
+s [S(un—l' Un—1, un)s(un—lt Up—1, Tun)
Zs(un—l' Up—1, un) + S(un' Uy, Tun)

+t [ S(un—l'un—l'Tun)S(un'untTun)
Zs(un—l' Un—1, un) + S(un' Un, Tun)
< p S(un—lﬂun—l' un) + q [S(un—lt Up—1, un)
+ S(un' Up, un+1)]
+r [S(un—lﬁ Up—1, un+1) + S(U,n, Up, un)]
+ [S(un—l'un—lﬁun)s(un—ltun—l'un+1)
28 (Up—q, Up—1, Up) + S (U, Uy, Ungp)

+t [ ‘S(un—l'un—ltun+1)$(un:un'un+l)
2§(un_1, Up-1, un) + cS(un: Un, un+1)
< p S(un—lﬂun—ll un) + q [S(un—ll Up—1, un)
+ S(un' Uy, un+1)]
+r [2 S(un—lﬂun—lﬂun) + S(U.n, un'un+1)]

s [S(un—l' Up—1, un){z‘s(un—ll Up—1, un) + S(un' Up, un+1)}
2§(un_1, Up-1, un) + cS(un: Up, un+l)
[{25(1,{”_1, Up—1, un) + S(un' Uy, un+1)}5(un' Un, un+1)]
28 (Up_q1, Up_1,Uy) + S (Uy, Uy, Up11)
< p S(un—lﬂun—ll un) + q [S(un—ll Up—1, un)
+ S(un' Un, un+1)]
+r [2 S(un—lﬂun—lﬂun) + S(U.n, un'un+1)]
+s S(un—lﬂ Un-1, un)
t+t S(un—ltun—liun)-
(1 —q-r- t)S(un'unlun+1)
S@+q+2r+5)SUp-1,Up-1,Uy),
which implies that

pt+q+2r+s
S Uy Uny Un41) < (m)g(un—llun—llun)

S(un!un:un+1) < k S(Mn—liun—ltun):
where k = (w) <1,Sincep+2q+3r+s+t<l

1—q-r—t
Therefore, we have
S(unlun'un+1) <k S(un—l'un—llun)
=< kzg(un—Ziun—Ziun—l) -

Continuing this process up to n iterates. We have

S (Un, Un, Un11) < k™S (o, Ug, Uy).
As 0<k<1 so for n-ok™->0and
CS‘(u'n:un!u'n+1) - 0.

hence

Thus, {u,} is a Cauchy sequence in a complete S-metric
space. Therefore, there exists a point w € X such that
u, = w.

Next, we show that T has a fixed point. From (2.1) we have
Sy, uy, Tw) = S(Tuy_q, Tu,_1,TW)
=< p S(un—lxun—liw) + q [S(un—liun—liTun—l)
+S(w,w,Tw)]
+ 7 [S(Uy_1, Uy, TW) + S(W,w, Tu,_;1)]
S(un—1un—1W)SUn—1un—1,7w)

+5 |
28 (up—1up—1.Ww)+S(w,w,7w)
[S(un—1.un—1.TW)S(W.W.TW)

28 (Up—1,un—1,W)+Sww,Tw) I’

2.2)

Taking limas n — oo in (2.2), we have
Sw,w,Tw) <pSw,w,w) + q [S(w,w,Tw)
+S(w,w,Tw)]
+7r[S(w,w,Tw) + S(w,w,Tw)]
Sw,w,w)S(w,w,Tw)
ts [ZS(W, w,w) +S(w,w,Tw)
Sw,w,Tw)S(w,w,Tw)
tt [ZS(W,W,W) +S(w,w,Tw)
Sw,w,Tw) < 2q + 2r + t)S(w,w,Tw),
which implies that
S(w,w,Tw) = 0.
Hence, we get Tw = w, therefore T has a fixed point.
Now we claim that the fixed point is unique.
If possible, consider w* be another fixed point of 7.
Using (2.1), we have
Sw,w,w*) =8Tw,Tw,Tw")
<pSw,w,w*) +q[Sw,w,Tw)+SW*',w"Tw")]
+r [S(w,w,Tw*) + S(w*, w*, Tw)]
Sw,w,w)S(w,w,Tw)
+s [ZS(W, w,w*) + S(W*,W*,TW*)]
Sw,w,wHS(w*,w*,Tw")
[ZS(W, w,w*) +S(w*,w*, TW*)]'
As w and w*are fixed points, so we have
Sw,w,w*) <pSw,w,w")
+q[Sw,w,w) +SW*,w,wH)]
+r [S(w,w,w*) + S(W*, w*, w)]
Sw,w,w*)S(w,w,w)
ts [ZS(W, w,w*) + S(w*,w*,TW*)]
Sw,w,w)Sw*,w*,w*)
tt [ZS(W, w,w*) + S(w*,w*,f]‘w*)]
<pSw,w,w*) +2rS(w,w,w*)
Sw,w,w*) < (p+2r)S(w,w,w*)
1-p-=-2r)S§w,w,w*) <0,
a contradictionas p + 2r < 1.
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Hence, § (w, w, w*) = 0 which implies that w = w*.
Thus, the fixed point is unique.
This completes the proof.
Theorem 2.2: Let (X, S) be a complete S-metric space and
T be a self mapping onXinto itself satisfying the following
condition

S(Tu,Tu,Tv)

<pSu,uv)

+q[Su,u,Tu)

28 (u,u,v) + S(v,v,Tv)

+ S, v,Tv)] [ SGLuTY) ]

Swu,v)+8(w,v,T7v)+S (uu,Tv)
Su,u,Tv)

+r [Su,u,Tv) + S(v,v,Tu)] [
(2.3

for all u,v € X with u # v and p, q,r € [0,1) and such that
p+2g+5r<landp +4r <0

then, T contains a fixed point which is also unique in X.

)

Proof: Leta sequence be{u,} in X defined for u, € X such
thatTu, = u, 4 foralln =0,1,2, ... From (2.3) we have
S(un'un'un+1) = S(Tun—l'Tun—l'Tun)
= p CS‘(un—lfun—lr un)
+q [S(un—l' un—lﬂTun(—l) ) ( )
28 (Up_q, Up_q,Uy) + Sy, uy,, Tu,

* S(Un'un' Tun)] [ CS‘(un—liun—lr Tun) ]
t+r [S(Un—l'un—I'Tun) + S(unrun:Tun—l)]
[S(Un—lfun—l'un) + S(un'un'Tun) + S(un—liun—erun)]
CS‘(un—lfun—lrTun)
< p S(un—lﬁun—l' un)

+q [S(un—lﬂun—l' un) ( ) ( )
28 Up 1, Up—1, Uy ) + S Up, Up, Un4q
+5(un'un'un+1)] [ CS‘(un—liun—11un+1) ]
+r [S(un—lﬂun—l' un+1) + S(un:un'un)]
[S(Un—lﬂ Un—1, un) + S(un' Up, un+l) + CS‘(un—li Up—1, un+1)]

S(un—l'un—liun+1)
=< p ‘S(un—lvun—l' un) + q [S(un—l' Up—1, un)
+ S(un' Un, un+1)]
+r [S(un—lﬂun—l' un) + S(un'un' un+l) +
Sun—1un—1un+1.
S(un'un'un+1) < (P + Q)S(un—pun—pun)
+ q‘s(un' Uy, un+1)
+r [‘S(un—ltun—ltun) + S(un:un:un+1) +
2$(un_1, Un—1, un) + cS(un: Up, un+1)]'
(1 —q-= Zr)s(un'untun+1) <
(p + q + 3r)$(un_1,un_1,un).
S(Un' Un, un+1) < (iiZ—i—;:) CS‘(un—l: Up—1, un):
which implies that
S(un' Unp, un+1) <k S(un—lf Up—1, un):

Wherek=(?:rz—j:)<1,a3p+2q+5r<1.

Repeating the iteration, we have
‘S(untun'un+1) <k ‘S(un—llun—l'un) < e
< k™S (ug, ug, uy)
As 0<k<1, so for n- ok"™ - 0and
S(Un'un'un+1) - 0.

hence

Thus, {u,} is a Cauchy sequence in a complete S-metric
space. Therefore, there exists a point w € X such that
U, > w.

Next, we show that 7" has a fixed point. From (2.3) we have

Sy, Uy, TW) = S(TUpy_q, Tp_1, TW)
<p S(un—ll Up-1, W)
+q [S(un—liun—l!Tun—l)
28 (Upy_q, Up—1, W) + S(W,w,Tw)
S(un—liun—ltTW)

+ 1 [S(Up_q, Up_, TW) + S(W,w, Tu,_1)]
[S(un_1,1/."_1,w)+5(w,w,Tw)+5(un_1,un_l,Tw)

+S(w,w,Tw)]

S(up—1un-1,7w)
(2.4)
Taking lim as n — oo in (2.4), we have
Sw,w,Tw) < p S(w,w,w)
+q [S(w,w,Tw)
28(w,w,w) + S(w,w,Tw)

S(w,w,Tw)

+S(W,W,.‘TW)][

+7r[Sw,w,Tw)
Sw,w,w) +S(w,w,Tw) + S(w,w,Tw)
S(w,w,Tw)
Sw,w,Tw) < (2q + 4r)S(w,w,Tw),
which implies that S (w, w, Tw) = 0 and hence T'(w) = w.
Therefore, T has a fixed point.
Now we claim that the fixed point is unique.
If possible, let us supposew™ be another fixed point of T,
then we have T(w*) = w™.
Using (2.3), we have
Sw,w,w*) =8Tw,Tw,Tw")
<pSw,w,w)
+q[S(w,w,Tw)

+S(w*, w5, Tw*)] [
+7r [Sw,w,Tw*)
+S(w*,w*, Tw)] [

+5(W,W,TW)][

28w, w,w*) + S(w*,w*,Tw")
S(w,w,Tw*)

Sw,w,w*) + S(w*, w*,Tw*) + §(w,w, TW*)]

Sw,w,Tw*)
As w and w*are fixed points, so we have
S(w,w,w*)
<pSw,w,w")
+q [S(w,w,w)

28w, w,w*) + S(w*,w*,w*)
S(w,w,w*)

+S(w*,w*,w)] [
+7r [S(w,w,w*)
S whw)] [S(W,W,w )+ Sw*,wHw*) + S(w,w,w*)

S(w,w,w*)
<pSw,w,w) +4rS(w,w,w")
Sw,w,w*) < (p + 4r)S(w,w,w"),

a contradiction.
Hence, § (w, w,w*) = 0 which implies that w = w*.
Thus, the fixed point is unique.
This completes the proof.

Theorem 2.3: Let us take a complete S-metric space (X, S).
Let?,T: X — X then, it satisfies the below condition:
1) TQC) cP(X).
2) T and P are continuous.
3) S(Pu,Pu,Tv) <aS(u,u,v)
+B [S(u, u, Pu)
28(u,u,v) + S(v,v, Tv)]

S(u,u,Tv)

+$(v,v,Tv)][

+y [Su,u, Tv)
(28w, u,v) + S, v, Tv) + S(u,u, Tv) ¥
{S(u,u, Tv)}? ]’
forallu,v € X and a, B,y > Owith a + 28 + 8y < 1.

+ S, v, Pu)]
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Then show that Pand Tcontains a common fixed point Uy =T (uy)
which isunique.
Proof: Let there be an arbitrary point u, € X, defining the Ugy11 = P(uy))
sequence {u; };en Uy = T (uzj—1)
u; = P(uo)
We have

S(ugjr1, Uzj 41, Uzjaz) = S (Puzji1, Puzjvr, TUzji1)
< aS(uzj,uzj,usz)
+B [S(uz), uzj, Puy; ) + S (U 41, Unj 41, TUzjs1)]
[ZS(qu'qu'u2j+1) + S(u2j+1'u2j+1'Tu2j+1)]
S(uzj,uzj,fl"uzjﬂ)
+y [S(ug)j, uzj, Tuzjsr) + S (U 41, Unj 41, Piz) )]
{28 (up), upj, Uz 1) + S ()1, Upjir, TUpj41) + S(qu:qu’Tu2j+1)}zl
(5 (uay uzy, Tz 1))
< a S(uy), ugj, Uz 41)
+B [5(u2j1u2j1u2j+1) + S(u2j+1xu2j+1:u2j+2)]
[25(u2j:712j:u2j+1) + 5(u2j+1:u2j+1xu2j+2)]
S(uz;'»uz;"quJrz)
+y [5(U2j:U2j:u2j+2) + 5(u2j+1:u2j+1:u2j+1)]
{25(u2j:U2j:U2j+1) + 5(u2j+1xu2j+1xu2j+2) + 5(u2j:U2jxu2j+2)}zl
(5 (g, 022))°
< a S(uy), upj, Uz 41)
+B [5(u2j1u2j1u2j+1) + S(u2j+1xu2j+1:u2j+2)]
+4y S(uy, uzj, Uz 42).
S(u2j+1'u2j+1'u2j+2) < @ S(ugj, uzp, Uz 41)
+B [S(u2j1u2j1u2j+1) + S(u2j+1:u2j+1:u2j+2)]

+4y [5(1‘2]',”21" u2j+1) + 5(u2j+1, Upj+1s u2j+2)],
which implies that

(1= B —4Y)S (ugj 41, Uzj 41, Uzj12) < (@ + B + 4¥)S (uz), uzj, uzj41)-

a+f+4y
5(u2j+lru2j+lru2j+2) < (m)g(qutqu»u2j+l)
S(qu+1,qu+1,qu+2) < kcs(qu,qu,qu+1), where k = ((:jg—j;:}:) <1

Continuing this way, we have
S(uzj+1,Uzj 41, Unjs2) < k7 S(Uyj,uzj, uzj41),0 <k < 1,and k¥ - 0asn - oo.
So, by Lemma 1.10, sequence {u; };¢y is a Cauchy sequence. Thus, there exists w; € X such that {u; } converges to wy.
Further, the subsequence {Pu,;} = wy and {Tuy;} - wy.
Since P and T are continuous, we have
Pw; =wy; and Tw; = wy. Thus, P and T has a fixed point wy".
Now we claim that the fixed point for 2 and T are unique.
If possible, suppose wi and w; be another two fixed point of 2 and T, then we have
S(wi,wi,wy) = S(Pwy, Pwy, Twy)
< aSwi,wi,wy)
28 (wi, wi,wy) + S(wy, wy, Twy)
S(u,u,Tv) ]
+y [Swi, wi,Tw;) + (w3, wi, Pwy)]
[{ZS(W{‘,WI*, w3) +S(ws,wy, Tws) + S(wf,w{‘,f]"wj)}z]
{S(wi, wi, Tw))}
< aSwi,wi,wy)
+y [S(wi, wi,w3) + S(wz, w3, wi)]
{28 (wi, wi,w3) + S(wz, w3, wy) + S(wi, wy, Wi‘)}z]
{S(wy, wy, wy)}? '

+B [S(wi, wi, Pwi) + S(w3, w3, Tw;)]

S(wi,wi,wz) < (a + 9y)S(wi, wi, wz) + 9yS(wz, wz, wi) . (2.5)
Similarly,
S(wz,ws,wi) < (a + 9y)S (w3, wy, wi) + 9yS (wi, wi, w;) (2.6)

Subtracting equation (2.5) and (2.6), we obtain
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|s (Wi, wi,w;) = S(w;, wz, wi)| < |allS(wi, wi,w;) — S (wz, wz, wi)|

Clearly, |a| < 1.

So, above inequality holds.

Hence, S (wy, wi,w;) — S(wy, w3, wi) =0
From (2.5), (2.7) and (2.8), we have
S(wi,wi,w;) =0and S(w;,w;,wi) =0,
which implies that wy" = wy.

This completes the proof.

(2.7)

(2.8)

Theorem 2.4: Let (X, S) be a complete S-metric space and 7: X’ — X be a self mapping satisfying the following condition:
S(Tu,Tu,Tv) < biS(w,u,v) + by (u,u, Tu) + b3S (v, v, Tv) + b,S (u,u, Tv)

+bsS (v, v,Tu),(2.9)

for all w,ve€ X with w = vandby,b,, bs, by, bs € [0,1]
such that 1—by—b,—b3—3by,>0and b+ b3+
by+ bs < 1. Then, T has a unique fixed point in X.
Proof: Let u, € X,chooseu; € X such that Tu, = uy.
Continuing this process, we can define a sequence Tu, =
U, 41, = 1,n € N.Without loss of generality, we suppose
that u, .1 # u,, for all n > 1,n € N. By condition (2.9) we
have
S(un'un'un+1) = S(Tun—erun—IJTun)
< bl‘s(un—lﬁun—l'un) + bZS(un—l'un—l'Tun—l)
+ b3S (U, Uy, Tuy,)
+b45(un—1'un—1'Tun)+b55(un'un'Tun—l)
< bls(un—lﬂun—l'un) + bZS(un—liun—lrun)
+ bSS(unrun:un+1)
+b45(un—1'un—1'un+1)+b55(un:un:un)
< bl‘s(un—l'un—lﬁun) + bzg(un—l'un—lrun)
+ b35(un'un'un+l)
+b4[2$(un—1vun—lﬁun)+$(untun'un+1)]
+ bsS (uy,, Uy, Uy,)-
Thus we have,
(1 - b3 - b4)5(un'un'un+1)
< g)bl +bb2 +22bb4)5(un—1:un—1'un)
S(Un'un'un+1) < (%) S(un—liun—lrun)
3 4
S(Un'un'un+1) < tS(un_l,un_l,un),

where
by+by+2b
e= () <L
Hence, by Lemma 1.10, we conclude that sequence {u,} is a
Cauchy sequence. Also, as (X,S) is complete so there
exists a point w € X such that u,, - w.
Next, we claim that 7" has a fixed point. From (2.9) we have
Sy, Uy, TW) = S(TUp_1, Tty_1, TW)
< blg(un—l'un—ltw) + bZS(un—llun—lliTun—l)
+ b3S(w,w,Tw)
+b,S (Uy_q, Up—1, TW)+bsS (W, W, Tu, _1)
< blg(un—l' Un—1, W) + bZS(un—llun—llun)
+ b;S(w,w,Tw)
+b,8 (Uy_1, Upy—q, TW)+bsS (W, w, Tw)
(2.10)
Taking lim as n — oo in (2.10), we obtain,
Sw,w,Tw) < biS(w,w,w) + b,§(w,w,w)
+ b3S(w,w,Tw) + b,S(w,w,Tw)
+bsS(w, w,w)
S(w,w,Tw) < (bs + by+ bs)S(w,w, Tw)
Sw,w,Tw) < (by + by + by+ bs)S(w, w,Tw).
which implies that
S(w,w,Tw) < §(w,w,Tw), a contradiction.
Hence, we get
Sw,w,Tw) =0=>Tw = w.

Thus, T has a fixed point.
Next, we claim that the fixed point is unique.
If possible, let us consider w* to be other fixed point of
T withw = w”,
Therefore, from (2.9), we have
Sw,w,w*) =8S{Tw,Tw,Tw")
< b S(w,w,w*) + b,S(w,w,Tw) + bsS(w*,w*,Tw*)
+ by S(w,w,Tw*)
+bsS(W*, w*, Tw)
< b S(w,w,w*) + b,S(w,w,w) + b3S(Ww*,w*, w*)
+ b S(w,w,w*)
+bsS(w*, w*,w)
Sw,w,w*) < (by + by+ bs)S(w, w, w*).
a contradiction as b; + bz + b,+ bs < 1, which further
implies that S (w, w,w*) = 0, and hence w* = w.
Therefore, T has a unique fixed point.
This completes the proof.

Theorem 2.5: Let (X, S) be a complete S-metric space and
T:X - X be a self mapping satisfying the following
condition:
S(Tu,Tu,Tv) < b;S(u,u,v)
+ b, [S(u,u, Tu) + (v, v, Tv)]
+b3[S(u,u, Tv) + S(v, v, Tu)]
+ by[S(u,u, Tu) + S(u,u, v)]
+bs [S(w,u, Tv) + S(u,u,v)],
(2.11)
for all u,v € X withu # v andby, b,, b3, by, bs € [0,1]such
thath; + 2b, + 3b3 + 2b, +3bs < land 1— (b, + b3 +
bs) > 0. Then, T has a unique fixed point in X.

Proof: Let u, € X,chooseu; € X such that Tu, = u,.
Continuing this process, we can define a sequence Tu, =
U, foralln>1,n € N,

By using condition (2.11), we have
S(un' Un, un+1) = S(Tun—lt Tun—l' Tun)
< bls(un—li Un—1, un)
+ b2 [‘S(un—ll Up—1, Tun—l)
+ S (uy,, uy, Tuy)]
+b3 [S(un—lﬂun—liTun) + S(un!un:Tun—l)]
+b4 [S(un—lﬂ Un—1, Tun—l) + S(un—l! Up-1, un)]
+b5 [S(un—li Up—1, Tun) + ‘S(un—lt Up—1, un)]
< bls(un—ll Un—1, un)
+ bZ [‘S(un—ll Un—1, un)
+ S(un: Uy, un+1)]
+b3 [S(un—l! Up—1, un+1) + S(un! Un, un)]
+b4 [S(un—l! Un—1, un) + S(un—l! Up-1, un)]
+b5 [S(un—ll Un—1, un+1) + S(un—ll Un—1, un)]
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= blg(un—ltun—lﬂun)
+ b2 [Scun—l: Up—1, un)
+ S(un, Up, un+1)]
+b3 [25(un_1, Up-1, un) + S(un' Up, un+1)]
+ 2b45(un—1v Un—1, un)
+b5 [Zs(un—lﬂ Un—1, un) + CS‘(un' Uy, un+1)
+ S(un—lﬂ Un—-1, un)]-
Thus, we have
(1 - b2 - b3 - bS)S(un'un'un+1)
< (by + by + 2bs + 2b,
+ 3b5)5(un—1vun—1'un)
St 2by 4 3b
< ( - 12_ b2 _3 b3 _25 5>S(un—1'un—1'un)
S(un, Uy, un+1) =t CS‘(un—lv Up—1, un)'
where

by+by+2b3+2by+3bs
t= ( 1—by—b3—bs ) <L
Hence, by Lemma 1.10, we conclude that sequence {u,} is a
Cauchy sequence. Also, as (X,S) is complete so there
exists a point w € X such that u,, - w.
Next, we show that 7 has a fixed point. From (2.11) we
have
Su,, u,, Tw) = S(Tuy_q, Tu,_1, TW)
=< bl‘s(un—lﬁun—lﬁw)
+ b2 [‘S(un—l' Un—1, Tun—l)
+S(w,w,Tw)]
+b3 [S(un—lﬂun—l'TW) + S(W: w, Tun—l)]
by [S (WUn—1, Un—1, Ty 1) + S (U1, U1, W)]
+b5 [‘S(un—l' Un—1, TW) + S(un—ll Up-1, W)]
= bl‘g(un—l' Up-1, W)
+ bZ [S(un—l' Un-1, un) + ‘S(W: w, TW)]
+b3 [‘S(un—lvun—lvTW) + S(W, w, un)]
+b4 [‘S(un—lﬁ Un-1, un) + S(un—lt Un-1, W)]
+b5 [S(un—l' Un—1, TW) + ‘S(un—ll Up-1, W)]
(2.12)
Taking limas n — oo in (2.12), we get
Sw,w,Tw) < b)S(w,w,w)
+ by [S(w,w,w) + S(w,w,Tw)]
+b3[S(w,w,Tw) + S(w,w,w)]
+ by[S(w,w,w) + S(w,w,w)]
+bs[S (w,w,Tw) + §(w,w,w)]
Sw,w,Tw) < (b, + bs + bs)S(w,w,Tw),
a contradiction. Thus, we have §(w,w,Tw) = 0, which
implies that Tw = w.
Hence T has a fixed point.
Next, we claim that the fixed point is unique.
If possible, let us consider w*to be other fixed point of 7.
Using (2.11), we have
Sw,w,w*) =8S@Tw,Tw,Tw*)
< b, Sw,w,w*) + b, [S(w,w,Tw) + S(w*, w*, Tw*)]
+bs[S(w,w,Tw*) + S(W*, w*,Tw)]
+ by[S(w,w,Tw) + S(w,w,w*)]
+bs[S(w,w,TW*) + S(w, w,w*)]
< b S(w,w,w*) + by [S(w,w,w) + S(W*, w*, w*)]
+b3[S(w,w,w*) + S(w*, w*,w)]
+ by[S(w,w,w) + S(w,w,w")]
+bs [S(w,w,w*) + S(w, w,w")].
Sw,w,w*) < (by + 2b3 + by + 2b5)S(w,w,w™)
S(w,w,w*) < (b + 2b, + 3b3 + 2b, + 3b5)S(w, w,w™),
a contradiction as by + 2b, + 3b3 + 2b, + 3bs < 1,

which further implies that S(w,w,w*) =0, and hence
w'=w.

Therefore, T has a unique fixed point.

This completes the proof.
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