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Abstract:

The purpose of this paper is to present a uniform Haar wavelet method for approximating the
solution of a system of partially singularly perturbed problems numerically. The approximate
solution is considered on non-uniform grids. Linear and second-order system of partially
singularly perturbed problems are considered for different meshes to reduce the issues of singular
behavior and provides an approximate solution up to the specified order. By performing the
computation on present numerical algorithm, our scheme produces better results than the
non-uniform method, the parameter uniform method, and the classical finite difference operator
method. The approach is shown to be uniformly convergent in terms of the singular perturbation
parameter and error estimation. The effectiveness of the present scheme is examined through

some test examples.
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1 Introduction
The primary goal of this article is to describe a specific case of a system of partially singularly
perturbed problem with a small perturbation parameter € in one equation. Here, the class of

linear and second order system of singularly perturbed (SP) initial and boundary value problems

(BVP)as below:
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sul'(x) + ocoul(x) + aluz(x) = rl(x), (D)
uz'(x) + azul(x) + aguz(x) = rz(x), x€(0, 1], (2)

with initial conditions:

u(=a, uw0)=a, 3)
and,
— (0 + au () + au (x) =7 (%), (4)
)" (x) + au (6) + au () = 7,(x), Bxe(0,1], (5)

with respect to boundary conditions:

ul(O) =a, uZ(O) =a, ul(l) =a, and uz(l) =a, (6)

Perturbation parameter associated in the singularly perturbed problems (SPPs) is relatively a
small parameter: e<<1. The small perturbation parameter €, (0< e<1) multiplied with the highest
differential operator in the system of first order (initial value) and second order boundary value
problems with partial singular perturbations. Perturbation parameter leads to the change in the
behavior of the Haar solution to the corresponding singularly perturbed initial value problems
(SPIVPs). It is generally known that SPP frequently features interior layers with thin boundary
layers and layers where the solution varies quickly., yet away from the layers, solution behaves

regularly and varies slowly. x is an independent variable, The functions u (x) for i=1,2,34 is
unknown. Which are continuous and differentiable on an interval [0, 1] of the real number axis x, a for i
=1, 2, 3, 4 are the constant coefficients, r_(x), rz(x) are given functions of the independent variable x.
Further assume that the functions r 1(x), T 2(x), ui(x), i = 1, 2,3, and 4 with the coefficients a fori=1,

2, 3, 4 takes the real values. The following systems can be found in a variety of fields, including
radiology, biophysics, chemical reactions, psychology, semiconductor inputs, neurosciences,
circuit study, geophysics, diffusion processes, pattern reorganization problems, and mathematical
miniatures in water waves. The study of diffusion process generated by chemical reaction is one
use of this system of linear singularly perturbed boundary value problems (SPBVPs) in
electro-analytic chemistry, combustion theory, semiconductor devices, heat transfer,
semiconductor modelling, optimal control, and hydrodynamics. The diffusion coefficient of the

substances is defined by small parameters multiplied with the highest derivatives.
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For the study of systems of partially singularly perturbed problems authors refer (Lambert (1991)
and Doolan et al., 1980). For extensive study of such problems, various schemes have been
developed, such as Matthews et al., (Matthews et al., 2006) gave a parameter-uniform numerical
technique with asymptotic convergence independent of singular perturbation parameters, The
system of several novel methods for somewhat singularly perturbed initial and boundary value
issues is addressed in (Das et al., 2017, Umesh and Kumar (2020) and Kumar and Deswal (2021)
explained the numerical approach using wavelets to solve two-point SPPs. Singh et. al., (2023)
solved fourth order SPBVPs via uniformly convergent scheme.

However, for a system of singularly perturbed concerns, there are just a few results given in the
literature. Therefore, in this paper, piece-wise Shishkin mesh, p-mesh and g-mesh are considered
to solve the system of linear initial and BVPs that are slightly singularly perturbed. Uniform
Haar wavelet scheme has been taken to solve the linear system of initial and second order system
of partially SPBVPs. Furthermore, uniform Haar wavelet methodology outperforms parameter
uniform methods, non-uniform methodology and traditional numerical difference operator
theory, and demonstrated the uniform Haar wavelet method’s better efficiency with two test
problems. The structure of this research is as follows: The Uniform Haar Wavelet Method
(UHWM) and its integrals has been described in Section 2. The method of the approximation
function for the Haar wavelet is described in the next section. The piece-wise non-uniform fitted
mesh/grids are defined and suggests a numerical technique for the system of singularly perturbed
initial (first order) and boundary value (second order) is given in section 4. Section 5 gave
convergence analysis and error analysis of the present method. Section 6 discusses the findings
and conclusions as to demonstrate the suggested method’s correctness, and validity. Finally,

section 7 provides a summary of the paper's conclusions.

2 Uniform Haar Wavelet Method
Chen and Hsiao (1997) developed the Haar Wavelet Method (HWM) for the solution of

parametric systems with lumped and distributed parameters, which is a fully distributed model
that takes into account fluid property fluctuation. Following a series of papers studied by Lepik
(2011). Haar wavelets are gaining prominence in the field of differential equations. Many
researchers were drawn to Haar wavelet-based approaches because of their accuracy, low

processing cost, and superiority to alternative numerical methods. Researchers were drawn to
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new ideas in Lepik and Hein (2014), (Singh at al., 2019), (Swati at al., 2020), and (Islam et al.,

2010). In this study, a partial system of singularly perturbed initial/boundary value problems is

numerically solved using the wavelets approach. The following are the major features of Haar

wavelets that are relevant in numerical findings:

e The Haar basis function’s complexity allows for an approach to creating a set of solutions
while requiring less time and calculation.

e It’s computationally convenient method that uses constructive algorithms to manage a

numerous initial and boundary conditions.

2 Uniform Haar Wavelet Method and their integrals

Approximation of any square integrable function at different levels of resolution discussed in
Lepik (2008) and Clavero and Jorge (2016), The mother wavelet is a great wavelet-based effort
that incorporates translation and dilation of signal function and defined over the given interval x

belongs to [A, B] as follows:

hrv(x) ={1 -1, 0, if Sl(i)Sx < 192(1') if Bz(i)Sx < 193(1') elsewhere

Where:
kK 2k+1 k+1
81_7' 192 2m’83_ m "’
where j=
279 ()= A + 2kpdx, 9= A + 2k + Dpdx, 9,() = A2(k + Dplx, p =L,

B—A
2M

and Ax = For the value of i=1, Haar function hl/v(x) is the scaling parameter function for family

of Haar wavelets and is described as:

hiv(x) ={1 if 0<x <10, elsewhere (8)
L w w

SRR x0) =

0

(27, ifi=l=k+20,  elsewhere ©)
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for i = 2, the function hy(x) is known as the mother wavelet for the family of Haar wavelet, and

1s described as

R =1 -1 0, if 9()<x <9, if 9,()<x <9 () elsewhere

Here, the integer m=2j withj = 0,1,2...], parameter k=0,1,2..., m-1. Consider a minimum

index of i=1 for the Haar function, select m=1, k=0. The highest value that the index number can

. i+1 . . .
takes i=2M= 2]+ , if wavelet every level is included. Parameter, J represents the maximum level
of resolution. The highest degree at which uniform Haar solutions are computed using the
numerical analysis algorithm. The highest resolution signifies the most accurate approximation

of Haar solution. The Parameter (J) usually associated with the index of the Haar function.
In addition, hz/(x) is the mother Haar wavelet, which spans the full range (0,1), or the

fundamental square wave. Similar to this, all future curves are produced using the Haar wavelet
algorithm utilizing two operations: dilation and translation followed by Raza and Khan (2021).
The Haar operational matrices of integration will then use to calculate the numerical solution to
the system of partially SPPs.

The operational matrix Piqfor Haar of order of order m x m is created by integrating the Haar

wavelet family using the integral as the basis and defined as below:

P = £ { ......... { R (Dydt® = (cfl) £ (x — t)

¢—1, w

R (®)dt, (11)

c=1,2,..,andm=2" with j = 0Oand 1,2...J, i = 1, 2.., 2m.

The explicit form of integrals in equation 11 can be written as:

Pwi,g(x) ={ 0, if 0<x < 9,()

To determine the findings of a system of partially SP initial (first order) and boundary value
(second order) problems by the HWM, the following integrals are used as:
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P" (x)= }h?”(t)dt.
g 0 i

(13)

The function of Haar wavelet complies with the following characteristic.:

Pwi’g(x) ={(x—0) (0,—x), 0 if §<x<8 if 8<x<§, elsewhere

(14)
P im(x):{ P’ (0)dt, s =1,2,. (15)
and
1
Cwig(x)=f PW_C(x)dt, ¢=12.. (16)
) 0 L
For ¢ = 2, Pwig(x) contains the following functions:
P’ 0={ 0, if 0<x < 9 (i) (=9) i e (i)
’ 20
(17)
The fact that Haar functions constitute an orthogonal basis, i.e.,
1
J R (hde = 8, (18)
0 L

Where 81’1 represents the Kronecker delta which Mallet describes in reference Mallet (1989) in

detail. Additionally, any randomly chosen twice f(x) on [0,1] is an integrable function that has

been conceivably approximated as piece-wise constant function in each sub-interval.
Y ah' = f(x) (19)
i=1 1

Volume 12 Issue 5, May 2023

Www.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR23514154953 DOI: 10.21275/SR23514154953 1170



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

The series comes to an end at 2M terms to approximate the solution. The coefficients a of Haar

wavelet are assessed as:

1
a =< RY(x), y(x) > = [ y(x).h" (x)dx.
0

(20)
3 Construction of Haar Wavelet in Uniform Manner

This section describes the study for finding the approximation of solution of linear initial value

problem system with partial singular perturbation.

3.1 Scheme for Initial Value Problem with first-Order Partially Singular Perturbation
Eu, (x) + ocoul(x) + aluz(x) = rl(x), (21)
u,'(x) + au (%) + o, (x) = 7,(x), Bx€(0,1], (22)

With initial conditions

ul(O) =a, uZ(O) =a, (23)

Presume that in order to solve the above system,

2N

u ()= T [q,H, @], (24)
and,

, 2N s w
w, ()= 3 [qH (] (25)

i=1

Following results of the Haar solution for system of partially SPIVP are obtained using

integration equation (24) and (25):

2N

u (x) = _gl[qul.W(x)) + 1 (0)], (26)
2N s w

0,00 = 210,/ () + (0] @7)
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Taking the value of ul(x), ul'(x), u, (x), and uz'(x) from equation (24)-(27) and

plugging them into equation (21) and (22), the system of equations is as follows:

2N 2N
,gd@d%@+%@ﬂ¥@»+%@)§f@%@)=q@y

oco(x)ul(O)— al(x)uz(O) x €[0,1]. (28)

and,

2N 2N
,géwﬂaﬂm&nﬁ@»+%@)§£w%@wmg@-

az(x)ul(O)— oc3(x)u2(0) x € (0,1]. (29)

The equations (28) and (29) are linear equations with uniform Haar wavelet coefficients qiland ql,2
that are unknown and solved using the gauss elimination method. The uniform Haar wavelet
coefficients values q? and qi2 is accordingly inserted in equations (26) and (27), which is uniform

Haar approximate solution of the system of first-order linear partially SPIVPs.
3.2 Scheme for Finding the Approximate Solution of Second-Order Partially Singularly
Perturbed Boundary Value Problem

- sul"(x) + aoul(x) + aluz(x) = rl(x), (30)
uz"(x) + azul(x) + 0(3u2(x) = rz(x), x€(0,1], (31

with respect to boundary conditions:

ul(O) =a, uZ(O) =a, ul(l) =a, uz(l) =a, (32)
For this system, consider
, 2N
uﬂ@=EMMKML (33)
) N
u, ()= Tla,H, () (34)

Integrating (33) from 0 to x gives us
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2N
uw/'(0) = $q,P () +u 0] (35)

i=1

In the same way integrating equation (34)

2N
. 2w
w'@ = 3 g:Q" @) +u 0], (36)
i=1
Equations (37) and (38) are obtained when integrate equations (35) and (36) from 0 to x,
respectively
N
w0 = % (qQ () +xu'(0)+ u (0), (37)
i=1 1
And,
2N
1,0 = %(4,0, () +x,/(0) +  (0), (38)
i=1

In addition, by integrating equations (33) and (34) from O to 1, ul'(O) and uz'(O) are shown

below:

N
ul'(O) = ul(l) - ul(O) — ;1 q, * Oi(x), (39)
And,

v
u,'(0) = (D) = w,©) = % 4 * 0, (40)
Here,

1
O(x)=/ P(x)dx.
0

(41)

By substituting u,'(0), andu,'(0) values from equations (39) and (40) into equations

(37) and (38), then the Haar solutions of partially SPBVPs are as follows:

2N 2N
%@ﬁagﬁw%w)+m%my—ﬁmyy§£qw»+%mx (42)
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2N 2N
1, = 4,0 () ~x(w,0) = u (1) + T 0N+ u,(0) (43)
i=1 i=1

By inserting the expressions of ul(x) and uz(x), ull'(x) and uzl'(x)from equations (33), (34),

(42) and (43) in equations (30) and (31), the following system of linear equations as shown

below:
2N

2N
z q,(— eH, (x) + o, (1)(Q,(x) — X0 (x))+ z g0, Q) - x0 @)= ()

o, (0 (e(— w,(0) + u (1) +1,(0)) — a, ()(x(w,(1) — u (0)) — u,(0)), (44)
1 2

and,

2N

b ¢ (H () + a,(0)(Qx) — x0 (0)+

2N
El qilaz(x)( Q,(x) = x0,(x)) =1,(x) — a,(x)(x(— u, (0) + ul(l)) +u, (0)

— o, () (x(= u,(0) + uz(l) . (45)

The system of linear equations that are represented in equations (44) and (45) has uniform Haar
wavelet coefficients qi1 and qiz. Moreover, any approach accessible in the literature can be used to
find the unknowns, such as using the Gauss elimination method (row reduction algorithm). On
substitution of these unknown qi1 in equation (42) and qi2 in equation (43) to locate the

second-order linear partially SPBVP system's uniform Haar wavelet approximation.

4 Creation of Non-Uniform Meshes

A piece-wise mesh is a Shishkin mesh (multidimensional variant of a tensor-product mesh). The
selection of the referred to as transition parameter(s), or the location(s), where the mesh size
drastically alters, is what sets a Shishkin mesh is distinct from other piecewise meshes. Shishkin
(1988). Term "Shishkin mesh" is one that many numerical analysts have heard of, however,
Some of them might not completely comprehend how the choice of transition parameter(s), and
therefore, the mechanism of this mesh, delivers accuracy regardless of how little the solitary

perturbation parameter is. Shishkin mesh, which is refined inside layers, is added in order to
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resolve the layer in the solution of given problem. The strength and position of the layers serve
as the foundation for this mesh. For a thorough description of its qualities, see (Roos et al.,

2008).

4.1 Grid Structure
The following are the several types of non-uniform meshes used in this study for which the Haar

wavelet approach is applied:

Mesh I Generate a non-uniform mesh see Lepik (2014), ng* in x-direction and similarly create

the mesh c;yNy in y-direction with Nx=2M and Ny=2M respectively, total number of x and y

directional points.
Mesh I generation algorithm The piece-wise uniform and non-uniform fitting mesh/grids are
discussed here:

The definition of the p-mesh, or non-uniform grid is:

i

x = =2 i=0,1,2...M,
] 1-p

x(j) ==L =12 M,
p —1

Mesh II (Shishkin Mesh) Create the Shishkin mesh, also known as the x-direction, which is

likewise, create the mesh ngX, and likewise, create the mesh, gyNy in direction of y, with N x=2M

and N y=2N respectively, total number of x and y directional points.

4.2 Algorithm for Generation Mesh 11
e Configure the transitional parameter p asp = min{%, k eloglog M }, where k based on the

coefficient of the response term.

« Create three subintervals from the interval [0, 1] as [0, pllp,1-pland[l-p,1].
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M
* Locate Tx mesh points within every sub-interval [0, px] and [1 — P 1] the mesh spacing is

X

N

X

- N
such that Ati contain in these subintervals . Put —= points in [px, 1 - px]. As a result, the
2(1-2p)

M

X

mesh distance A?i in this interval is

* Consider the mesh point to be

— = oM\ — _ M\ — .
Ati = { LAti, P, + (l — T)Ati' 1 — P, + (L — —)At_, i=201,.

M 3M 3M

X

P R (46)

—1
To obtain the mesh ngx = {ti} .
0

X X
i—1+ i

* Finally, define the collocation points as follows using these grid points: ,1=1, 2,...Nx.

S Convergence and Uniform Haar Wavelet Scheme Error Analysis

The 2D Haar wavelet technique's convergence analysis is in the L’ -norm. As upper bound of

integral P, 1(x) is higher than the lower bound, conclude that the convergence theorem must be

derived from the bound.

Theorem 1 Consider the integral of the Haar function hl/v(x) as described in (11) and (16)

respectively as Pwil(x) and Pwiz(x), based on the range [0, 1]. The upper limits for these

integrals are therefore provided as follows:

R <1, PY (<K (=), i > 1,P* (1) <— withi > 1, and K——
; D=L i.Z(x)_ (zf+1) & ' i,l(x)_ Ze oan IG+1/2))°

Proof: For the proof of Theorem 1, authors refer Wichailukkana et al., (2016) and Deswal et al.,
(2022).
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Definition 1. The L°-norm of the approximation at the highest degree of resolution J is given

1

2

2
by: ||e]r(x, VIl ={/f ejr(x, y) dx dy} . Here, (x,y) is in D and D is the rectangular domain
2 D

that i said to be the L’-norm of the average error.
Theorem 2 Assume that y’ and y" are real and enclosed by [a, b]. Whenever J = 0, 1, or 2 for

any M = 2], and a =0, 1, 2, 3....P, where P is the positive number, y be the exact solution and Y;

is the Haar solution and then:

1Y, = yllon L_(a b) so(#), J—w, and P—w.

(47)

L_(a, b) be the interval (a, b)'s infinity norm.

Proof: For the proof of the Theorem 2, see (Deswal et al., (2022) and Liu at al., (2022)).
Theorem 3 Haar integral Pwali(x) in (11) and (15) on [0, 1] are defined. Then the maximum
possible upper bound of Pwa’i(x) is as below:

1

Pwa‘l(x)SL PWO‘i(x)sl/Z, pwwisl/a! , pwl,i(x) <7 ifi>1,
_ 8
Where C () = Gz

Proof: For the detailed proof of the Theorem 3, see Wichailukkana at al., (2016).
Assumption 1. For the sake of this study, assume that ES%.

Theorem 4 Wichailukkana at al., (2016). If assumption 1 is accurate, Shishkin mesh with ¢

: N k . : N
>k + 1, there is [|y-y App|| <C #(ln N) "), where, y is an exact solution of problem and y App
represents the approximate solution.

Proof: The triangle inequality and Lemma 1 easily lead to the conclusion.
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Lemma 1: If presumption 1 is correct, the results for Shishkin mesh are as follows.

Algorithm for numerical study of partially singularly perturbed problems via Uniform

Haar Wavelet Method

Consider JE N,

Step I.  Compute the uniform Haar matrix hrv(x) from equation (7) as the Haar function is

given as below:

h;/V(x) ={1 -1, 0, if Bl(i)Sx < 192(1') if ﬂz(i)Sx < 193(1') elsewhere

Step II. Compute the PWL_ 1(x) and Pwiz(x), from equation (11) and equation (16) by creating

the Haar wavelet family using the integral as below:

P =[f. [RI @t = = (x — O R’
YSoaa 4t T '
Where

c=1,2,..,andi=1,2..,2m m=2, j = 0,1,2... .

Step III. Construct the scheme for first-order SPIVPs given by (21)-(29) and construct the
scheme for scheme for second order partially SPBVPs given by equation (30) to equation (45).
Step IV. Select the grid points from the grid structure.
Step V. Using the steps III to IV, construct the LHS of linear algebraic expression for the
approximate Haar solution of singularly perturbed initial/boundary value problems as below.
rl(x)-ao(x)ul(O)— al(x)uz(O) x €[0,1],
and,
rz(x)-az(x)ul(O)— 0(3(x)u2(0) x € (0,1].

Similarly construct the expression

()= G- 1,0) +u (D) +1,(0)) — @ (L1 = u () = 1,0,

and,

() = 0= 1, (0) + w (1) + 1w, (0) — G 1,(0) + u (1) — 1, (0))
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Step VI. To approximation the Haar solutions uland u,on non-uniform grids, evaluate the linear

algebraic system of equations provided in step V.

6 Results and Discussion

To demonstrate the UHWM on various meshes, in this paper, numerical problem of a linear
partially singularly perturbed system of initial value problems (first-order) as well as one
numerical problem of a partially SPBVP (second-order) has been taken to the study. To show the
uniform Haar wavelet method on various meshes, the maximum absolute residual errors with the
maximum absolute values are listed and compared to Raza and Khan (2021) and Matthews at al.,
(2002), the conventional finite difference operator method and the uniform parameter scheme,
respectively.

Problem-1 Consider an initial value problem with a partial system of singularly perturbed

problem given below:

sul'(x) + (x + Z)ul(x) — (% + 1)u2(x) = 5x + %, (48)
uz'(x) - (x + 1)u1(x) - (x + Z)uz(x) = expexp (x)* x, B x€(0, 1], (49)
with initial conditions:

ul(O) = 2 and uZ(O) = 2. (50)

Solution: The Uniform Haar Wavelet Method in discretized form is expressed as

s%ﬁﬂﬂ%wﬂ+(2+@ %ﬁé@ﬁ@yﬂ] (D P @)+ 2= 5x ++
(51)

and,

2N o m

_Jﬁw%ﬂﬂ—ﬂ+xﬂﬂﬁ@ﬁ@+ﬂ+%2+@Mﬂﬁ@ﬁ@+ﬂ

i

l

=x * exp(x). (52)

After simplifying the system (51) and (53)
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2N 2N 2N 2N

e [q,(H, @] + 23 [q, (P, @)] + 23 [q. (P, @] - X [q. (P, x))]
i=1 i=1 i=1 ]

i=1

N
- %Z q, (P?V(x)) = 5x + %—6-2‘[
i=1
(53)
and,
oo w Moy w 1w o w
3 10, (H;' G = Zla, (P )] = 2 = x = 2lq, (P ()] + 2% + 23 [0, @)

2N
+ 4+ xlgl[qiz(Pl”(x))] = x * exp(x).

(54)

o o o oo FEL ~ "
3 10,1 @) + 2 3[4, )] + x T (g N = Za @)~ 53 a (0] = 3w+ (4)
(55)

and,

N w Ny w Ny w N w N w
% H @) = LI PYeN] + 2+ 4x — x X [q PF @] + 2 2 [0 PV + x 3 [0 P o))
-1 i1 i=1 i=1 i=1

(56)

The numerical computed results based on UHWM for the partially SPIVP with different meshes and
different parameters €, J are reported in the Tables 1-2 and Table-4. Tables reports the maximum residual
error for different non uniform grids which clearly indicates that the present method gives good accuracy
as comparison with existing techniques such as non- uniform HWM and finite difference operator

method. Figures 1-15 show the numerical solutions for u, and u, and corresponding maximum absolute
residual error in 2- dimensional for the different values of parameters ¢, J, Mx, My and Si, 1=1,2,3. This

shows that the accuracy has been improved with comparison to the other existing schemes. Different level

of resolution has been carried out to examine the accuracy of UHWM on different meshes.
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Results of maximum absolute residual error for different values of 2N with Shishkin-mesh is

shown in Table-3 by non- uniform HWM and recoded the maximum absolute residual error

therein are 3.5749e-14 and 6.6391e-14 respectively for 2N= 128 and 2N=256 with € = %.The

maximum residual error of present algorithm is listed in Table-2 with residual error 2.8649¢-15

and 6.0455¢e-15 for the same collocation point and perturbation parameter. For other values of

2N, a marginal increase in accuracy is shown.

15

3><If]"
J =5, 2M = 64
3 : . :
25 T
I
5 |
y |
g £
I = 15 |||
= =
05 # 1+ 1 |
B 4 I 5| ] ||\
* |
0 N S
AL A
0.5 s |'u'|| | it 4 F I| |
J 'ai 1 i |
4 L AR [ R *"ILL” el 24
L5 O S :
0 02 0.4 0.6 0.8 I 0 0.2 0.4 0.6 0.8 1

z mesh points

Fig.1: Uniform Haar solution for ¢ = ?, J=5 on p-mesh. Fig.2: Residual error for € = 217, J=5 on p-mesh.
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Fig.3: Uniform Haar solution for € = ?, J=6 on p-mesh.

Fig.1 illustrates the uniform Haar solution for J=5 and 2M=64 for Problem-1 on p-mesh with
€ = ? By using the numerical technique described in Section 5, the Haar solutions u L and u )
are drawn on various grid points. With mesh points of 2M=64 and a resolution level of J=5, the
corresponding maximum absolute residual error is shown in Fig.2. The uniform Haar solutions
uland u, are presented in Fig.3 for J=6 and 2M=128 for € = ? The uniform Haar solution can
be more closely approximated by increasing the mesh points and lowering the value of epsilon.

On p-mesh, Fig.4 illustrates the corresponding maximum absolute residual error occurs in the

uniform Haar solution for level of resolution J=6, and mesh point 2M=128 with perturbation

parameter € = ? Fig.2 and Fig.4 make it abundantly evident that the maximum absolute

residual error is less when the mesh point is increased in the numerical algorithm of the uniform

Haar wavelet approach.
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Fig.7: Residual error for € = ﬁ, J=5 on p-mesh.
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Fig.6: Residual error for ¢ = ——, J=5 on p-mesh.
2
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Fig.9: Residual error for ¢ = —-, J=7 on p-mesh. Fig.10: Residual error for ¢ = —, J=8 on p-mesh.
2 2

Fig.5 shows the graph of uniform Haar wavelet solutions u, and u, for J=5, and 2M=64 on

p-mesh with € = —-. The corresponding residual error on the uniform Haar solution is given in
2

Fig.6 for the same values of mesh points and level of resolution. For € = 2110 and J=5, the

residual error is given in Fig.7. On increasing the level of resolution from J=5 to J=6 and

. 1 1 . .
decreases the value of epsilon from € = — to € = —, the maximum absolute residual error
2 2

decreases as it has been shown in Fig.6 and Fig.8. Fig.9 shows the maximum absolute residual

1 . . o .
error for J=7 and € = —7. The maximum residual error further decreases while increasing the
2

mesh points in the method for € = 2110 and J=8 on p-mesh as seen in Fig.10.

For the values of different perturbation parameter, Tables 1, 2, and 4 compare the UHWM's
maximum absolute residual errors with various levels of resolution with those calculated by the
traditional difference operator scheme and the non-uniform HWM for p-mesh. Additionally,

Figures 1-10 provide a graph Haar wavelet solution in uniform manner and corresponding

residual error. For € =ﬁ, and J=5,6,7,8 the maximum residual error is 2.1719e—15,

2.8649e—15, 6.0455e—15, 7.2646e—15 respectively.
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J =8, M = 512
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Fig.11: Uniform Haar solution for € = ﬁ, J=8 on Fig.12: Residual error for € = 217, J=8 on Shishkin
Shishkin mesh. mesh.

Fig. 11 and Fig.12 illustrates the uniform Haar solution and the accompanying maximum

residual error on the Shishkin mesh caused by calculating the numerical technique described

above for level of resolution J=8and ¢ = ;6 , with residual error 1.6229¢ 2, Fig.12 shows that

UHWM performs very well on p-mesh then the Shishkin mesh for same values of level of

resolution J=8, and perturbation parameter € = 2116 .
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Fig.13: Uniform Haar solution for € = ﬁ, J=7 on Fig.14: Residual error for € = ﬁ, J=7 on Shishkin
Shishkin mesh. mesh.

Fig.13 and Fig.14 illustrates the numerical solution and corresponding maximum absolute

. . . . 1 .
residual errors on Shishkin mesh for the perturbation parameter's value € = e with level of

resolution J=7 which draws the conclusion that on increasing the resolution level or the mesh

points in the method the accuracy is improved further.
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On Shishkin mesh, the accompanying maximum absolute residual error with € = ;4 and level

[

residual error

02 0.4

0.6 0.8
mesh points

Fig.15: Residual error for € = ﬁ, J=8 on Shishkin-mesh.

of resolution J=8 is given in Fig.15. Fig. 15 shows the stability of the UHWM for small values of

perturbation parameter €. For Shishkin mesh with perturbation parameter € =

216

and the level

of resolution J = 7 the maximum residual error decreased to 1.6229¢ 2. For particular case of

1

J=8and e = ey the residual error has been 3.2587¢7°.

Table 1: Uniform Haar Wavelet method on p-mesh, the calculation of maximum absolute residual errors

for various values of €.

£ ]64(xi) ]128(x1') ]256()61_) ]512(x]_) ]1024(x1') ]2048(x1‘)
? 2.5041e—-15  2.7860e—15  4.4892e—15 8.1365¢—15 1.1256e—14  2.7267e—13
;T 2.1719¢—15  2.8649¢—15 6.0455¢—15 7.2646e—15 1.0853e—14  1.4999¢—12
? 1.8076e—15  2.7998e—15 5.0810e—15 8.2123e—-15 9.4842e—15  1.5477e—12
2114 2.8649¢—15  3.4504e—15 5.2363e—15 7.5731e—15 9.0513e—15  1.5477e—12
? 2.8103e—15 2.7270e—15 3.6329¢—15 7.3643e—15  4.9925¢—12  3.6597e—12
2118 1.6480e—15 3.8246e—15  4.9273e¢—15 5.8066e—15 1.0564e—14  7.5797¢—12
% 4.7011e—15 5.8204e—15 8.6092e—15 1.3666e—14  2.6653e—15  8.2536e—11
% 3.2344e—15 3.8242e-15 1.1978e—14 1.0505e—14  2.7449¢-11  4.0708e—11
2124 2.1320e—15 3.7088e—15 5.3087e—15 6.7364e—15  2.8213e—11 4.3110e—11
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1.7842e—-15
6.1956e—15
8.4273e—15
1.7764e—-15
2.2569e—-15
2.4911e-15
1.9221e—-15
2.3107e-15

3.1563e—-15
5.7645e—15

1.0492e—14

1.8128e—15

2.6819¢e—15
2.7721e-15
2.6073e—15
2.2794e-15

4.7926e-15
6.6856e—15
1.0320e—14
2.3878e—15
2.3332e-15
2.1862e—-15
3.2032e—-15
2.5162e-15

6.8136e—15
1.5061e—14
1.3319¢—-14
2.6320e—-14
3.5774e-15
3.1407e-15
3.6655e—15
4.5042¢—-15

2.8385¢e—-11
2.8827e—-11
2.8260e—11
2.8895e—11
2.8591e-11
2.8591e—-11
2.8871e—11
2.8853e—-11

4.4727e—11
4.5758e—11
4.4787e-11
8.1765e—11
4.4877e—11
4.4827e—-11
4.5883e—11
4.7851e—-11

Table 2: Uniform Haar Wavelet method on Shishkin-mesh, the calculation of maximum absolute residual

errors for various values of €.

: IO ™) @ T 06) )
? 9.5063e—-16 1.7850e—15 3.8385¢—15 4.7998e—15 9.3260e—-15  1.0837e—14
? 8.9165e—16 2.5041e—15 2.7860e—15 4.4892e-15 8.1365e—15  1.1256e—14
? 1.7555—-15 2.1719e—-15 2.8649¢—15 6.0455e—15 7.2646e—15  1.0853e—13
? 2.5828e—14  2.3849e¢—14  2.9345e-14 2.7714e—-14  2.3627e—-14 2.3657¢—14
% 6.4320e—14  6.5475¢—14 6.1132e—14 6.4143¢—14 6.3099¢—14  6.4824¢e—14
? 3.5034e—13  3.5781e-13 3.5680e—13 3.5675e—13 3.5829¢-13  3.5792e-13
2114 7.6351e—13  7.7651e—13 7.7847e—13 7.8022¢—13 7.7947e-13  1.5477e—12
% 1.5921e-12 1.6133e—12 1.6234e—12 1.6234e—12 1.6229e-12  1.6259¢—12
? 3.1812e—12 3.2284e—12 3.2437e—12 3.2484e-12 3.2485¢-12  7.5797e-12
# 6.1287e—12  6.2209¢—12 6.2516e—12 6.2595¢—-12  6.2592e-12  6.2552¢—12
? 4.3606e—10 4.4327e—-10  4.4557¢—-10 4.4557e-10  4.4568¢—10 4.4571e—10
;4 6.7552e—10 6.8665¢—10 6.8949¢—10 6.9020e—10 6.9038¢—10  6.9042¢—-10
? 1.8065¢—08 1.8348e—08 1.8419¢-08 1.8442e—08 1.8443e-08  4.4727e-11
223 1.8706e—-07 1.8820e—07 1.8849e-07 1.8856e—07 1.8858e—07

4.5727e—11
ﬁ 1.5672e-07 1.5769¢—07 1.5793e—=07 1.5799e—-07 1.5800e—-07  4.4787e-11
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# 1.9171e-06 1.9290-06  1.9320e-06 1.9327e—06 1.9329¢-06  1.9330e—06
;4 3.2325e-06 3.2522¢—06 3.2571e—06 3.2583¢—06  3.2587¢—06  3.2587¢-06
% 5.2326e-06 5.2638e—06 5.2716e-06 5.2736e—06 5.2741e-06  4.4827¢-11

Table 3: Table of the absolute error calculated by non-uniform HWM (Raza and Khan (2021)) at various
resolution levels and for various perturbation parameters € for Problem 1 on Shishkin mesh.

g ]64(xj) ]128(xj) ]256(xj) ]512(xj) ]1024(xj)
]2048(xi)
% 2.153e-14  6.661e—-15 1.509¢—14 1.620e—14 1.509¢—-14  3.685¢e—14
? 2.087e—-14 4.440e-15 1.909¢—-14 1.554e—-14 5.040e-14  7.593e-14
% 2.198e—14 3.574e—14 6.639¢—14 2.531e-14 9.126e-14  5.890e—13
? 9.592¢-14 2.349¢-13 1.430e—13 2.504e-13 2.802e—-13  1.068e—12
;T 4.447e—-13 5.875e-13 3.237e-13 8.477e-13 1.095e—-12  5.885e—12
? 6.747e—13 1.802e—-12 3.347e—12 4.218e—-12 5.893e—12  1.138e—11
2114 5.481e—12 8.047e-13 7.956e—12 2.048e—11 3311e-11  7.304e-11
2116 5.390e—-11 1.591e—-11 1.599¢—-11 8.026e—-11 3.311e-11  7.304e-11
2113 1.153e—10  6.964e—-11 1.599¢-11 8.026e—11 3.311e-11  7.304e-11
% 6.172e-10  7.896e—-10 7.781e—10 2.867e—09 1.194e-09  2.214e—09
? 1.286e—09  2.692e-09 4.159¢-09 2.429e-09 5.760e—09  1.098e—08
;4 5.708e—09  1.377e-08 8.824e—09 1.012e—-08 2.939¢-08  3.297e-08
2126 4.6880e—08 1.9145e—08 6.1711e—08 9.7442e—08 9.8635¢—08  1.0465¢—07
217 9.8958¢—08 1.0455e—07 1.3310e-07 1.5702e—07 3.4662e-07  1.0747¢—06
# 1.8406e—07 4.8247¢—07 3.5228e-07 1.6018e—06 1.9999¢-06  3.4653e—06
? 2.2135e-06 1.9222e-13 1.089e—-12  1.2280e—11 2.8895¢—-11  8.1765e—11
;4 1.7542e—14 1.8163e—13 1.0154e—12 1.2091e-11 2.8591e-11  8.4877e—11
2136 1.9096e—-14 1.8829e—13 1.0154e-12 1.2091e—-11 2.8591e—11 4.4827e-11
;8 1.7764e—14 1.8097¢—13 1.2020e—12 1.2412e—-11 2.8871e—11  4.5883e—11
210 3.8636e—14 1.4766e—13 1.1727e-12  1.245%e—-11 2.8853e—11  4.4534e-11
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Table-1 and Table-2 shows for Problem 1 using the uniform Haar wavelet approach on p-mesh
and Shishkin mesh, the maximum residual errors for various perturbation parameters (€) and
levels of resolution (J). Tables 1 and 2 clearly show that the uniform Haar wavelet approach
gives a superior approximation than the Shishkin mesh for a different value of € and J by
comparing the produced maximal residual errors for various p-meshes. Also, Table-3 shows the

maximum residual error on p-mesh by non-uniform HWM. Table-2, Table-3 reflects that, for the

value of perturbation parameter € = 2_16, 27 and same level of resolution, the uniform Haar
wavelet approach performs better on Shishkin mesh than the non-uniform HWM. The authors
draw the conclusion that the non-uniform Haar wavelet approach is ineffective for the SPIVP for
Problem 1. This problem has been resolved for small values of € (highly perturbed problems) on
p-mesh and Shishkin mesh using the uniform Haar wavelet approach based on the provided
numerical methodology. Tables 2 and 3 show that the numerical methodology of the uniform

Haar wavelet approach produces a smaller maximum residual error than the non-uniform HWM.
Fore =2 '° and 2N=64, the maximum residual error jump to 1. 5921 by the UHWM and

5.3906 by the non-uniform HWM on Shishkin mesh. This reflects the better efficiency of the

proposed scheme.

Table 4: Table of Maximum absolute residual errors on the Shishkin-mesh for different values &

calculated by the uniform Haar Wavelet technique.

e TG JiC) T12e@) Ty5s@) T @)
]1024(x]')

107 6.4320e-14  6.5475e-14  6.1132¢-14 6.3099¢-14 6.4823e-14 1.3487e-12

107 1.2422e-11 1.1596-13 1.1643e-11 1.1660e-11 1.1663e-11 1.1662e-11

1077 3.3175e-9 3.3711e-9 3.3849¢-9 3.3883e-9 3.3891e-9  3.3894e-9

Table- 4 shows the maximum absolute residual errors on Shishkin mesh for perturbation

parameter € = 107,10, 10~ obtained by UHWM. Table-4 draws a conclusion that, on

Volume 12 Issue 5, May 2023

www.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR23514154953 DOI: 10.21275/SR23514154953 1190



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

increasing the values of perturbation parameters, the maximum absolute residual errors
decrease for same number of grid points. Further, Table-4 shows the stability of the present
scheme for the values of small perturbation parameter (g). The uniform Haar wavelet method's

precision has been tested using a variety of mesh locations.

Table 5: Table of Maximum absolute residual errors on the Shishkin-mesh for different values &

calculated by the non-uniform Haar Wavelet technique.

e TG Joi@) J12p@) Jys@) Ty @)
]1024(x]')

1077 2.240e-13 4.509¢-13 7.458e-13 1.164e-13 3.262e-13 3.921e-12

107 2.794e-11 3.088-11 2.548e-11 1.085e-10 3.765e-11 5.273e-11

1077 1.002¢-08 3.236e-09  4.537e-09 5.118e-09 1.468e-08 5.084e-08

Maximum absolute residual errors obtained by the non-uniform HWM on Shishkin Mesh for
£=10"10", 10" is given in Table-5 with different mesh points. Table-4 presents better
accuracy in Maximum absolute residual errors for same values of perturbation parameter € and
level of resolution (J). The accuracy of UHWM gets improved by compare the Table-4 and

Table-5.

Table 6: Table of Maximum absolute residual errors on the Shishkin-mesh for different values of €

calculated by the conventional finite difference operator scheme.

e /() Joa) 126 s @) Ty @)
]1024(xj)

107 3.400e-02 1.810e-02 1.117e-02 7.180e-02 4.270e-03 1.370e-02

1077 3.400e-02 1.810e-02 1.117e-02 7.180e-02 4.270e-03 1.370e-02

1077 3.400e-02 1.810e-02 1.117e-02 7.180e-02 4.270e-03 1.370e-02

Table-6 presents the maximum absolute residual errors obtained by the finite difference operator

method for different values of € on Shishkin mesh. The maximum absolute residual error is

- - -7
evaluated on € = 10 3, 10 5, 10  respectively on different grid points. On compare the Table-4
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with Table-5 and Table-6, the uniform Haar wavelet yields improved results in comparison to the

existing method such as non-uniform HWM and finite difference method.

As a result of its superior interpolation capabilities, the UHWM has been used to this instability
problem. For various perturbation parameters and resolution levels, the Haar wavelet technique
produces a fast-convergent solution. When the translation parameter is increased over a certain
point, the current methods lose their ability to maintain the convergence order. With more points
contributing, the precision of the current system is also more effective. As shown in Table-4, the
uniform Haar wavelet approach is used to solve this problem for various 2N on Shishkin mesh
values. In contrast to the non-uniform HWM and finite difference operator technique, the results
based on the uniform Haar wavelet-based methodology give stable and convergent solutions.

Problem-2 The singularly perturbed boundary value problem (second order) is given below as

follows:
-sunl(x) + 2(x + 1)2u1(x) - (x3 + 1)u2(x) = 2 * exp(x) (57)
unz(x) — 2 cos cos (“Tx) u@)+2* 2e(1_x)u2(x) = 10x + 1@ x€(0,1], (58)

with the boundary conditions:

u (0)= 0,u (1) = 0, u,(0) = 0,u,(1) = 0. (59)

Solution:  The Uniform Haar wavelet Method in its discretized version on problem 2 is

expressed as:

2N 2N
-3 [q,(H, ()] + 2(x + 1) * z [q,(Q; (D] + xu'(0)] -
2N
G+ DT 0,0 () + x,'(0)] =
and, =1
2N 2N

;1 [ql_Z(HfV(x))] — 2 * cos cos (HT:C) + [.gl[qi(QrV(x)) + xul'(O) + ul(O)] +2*2exp(1-x)

2N

[T ¢ * (@, () + xu,(0) + 1, (0)]=10x+1, (59)
i=1

Simplifying the system of equation (58) and (59),
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2N 2N

) [q,(H, ()] + 2(x + D * z [4,(Q (] +2(x + D * [xu(0)] = (" + 1) * [xw,)(0)] = 2 * exp(x)
: (60)

and,

2N 2N 2N

2 [qiz(H:./V(x))] — 2 * cos cos (HTX) + [lgl[qi(QrV(x)) + x;l [— qiz* 0] +

i=1
2N 2N

2*2exp(1) 2 q, Q) +x* T [ q* 0,(0)]=10x+1
i=1 i=1

(61)
Equation (60) and equation (61) are simplified to produce the linear system of equation (62)-
(63),

2N 2N

<3 [, (H, ()] + 20x + 1) * T [4,(Q GO +2(x + D * [x * (= q,(0, ()]

=+ D) *[gQ @+ D * [x(— q.(Q ()] =2 * expexp (),

(62)
and,
2N 2N
) [qiz(Hz_/V(x))] — 2 * cos cos (HTX) + ¥ [qil(QI_/V(x))] — 2 * cos cos (%) *
i=1 - i=1
x %~ 40, (1) +2*2
(63)

and, the piecewise uniform and non-uniform fitting mesh/grids are the Shishkin -mesh, or
non-uniform grid, is:

— 1 .

x. =—= j=0,1,2...M,

]' 1 M .]

x===2020"D where j=1,2...M,
J p -1

Grid formation for q-mesh is defined as

o SctN = % ando = %, where N = 2](J : Maximum resolution level).

e FEvaluate § = ——2N
(—=2N +1)N
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- - 4
Sett, =0, t = (=t

In similar manner, sett =— t

v T 1) where i:1, 2..,2N".

4M

Lastly, define the collocation points as using these grid points t =

1,1 142N2+42N,.., 4N,

Specify the grid points as t'O =0, t'i=— 0+ io— SAi;—ll,i:l,Z...,ZN'.

ti—1+ ti
2

Table 7: Table of Maximum absolute residual errors on the Shishkin-mesh for different values of €

calculated by the uniform Haar wavelet method.

e J 1) e Juo ) T () Jp56 %) J51, ()
]1024-(xi)
2_2 1.9516e—16 3.8511e—16  4.3238e—16 8.7473e—16 1.0632¢e—15 1.5339¢—15
P.4865e—15
2_6 1.2197e—17 2.4069e¢—17 2.7024e—17 5.4671e—17 6.6451e—17 9.5807e—17
1.5541e—-16
2_10 5.9631e—19 7.6233e—19 1.5043e—18 1.6890e—18 3.4169e—18 4.1532e—18
9.7128e—18
2_14 4.7646e—20 9.4021e—20 1.0556e—19 2.1356e—19 2.5958e—19 3.7448e—19
6.0705e—19
2_18 2.9779¢e—-21 5.8763e—21 6.5970e—21 1.3347¢—20 1.6223e-20 2.3405e—-20
3.7941e—20
2_22 3.6467e—14 3.7366e—14 3.7595e—14 3.7653e—14 3.7667e—14 3.7667e—14
3.7671e—14
2_26 2.2792e-15 2.3354e—-15 2.3497e—-15 2.2533e—15 2.3542e—15 2.3542e—15
2.3545e—15
2_30 1.4245e—-16 1.4596¢e—16 1.4686e—16 1.4708e—16 1.4714e—16 1.4714e—16
1.4715e—16
2_34 8.9030e—18 8.9030e—18 9.1226e—18 9.1785e-18 9.1925e—-18 9.1969e—-1§]
9.1971e—18
2_38 1.0028e—14 1.0080e—14 1.0093e—14 1.0097¢—14 1.0097¢—14 1.0097¢ —14
1.0098e—14
2_42 3.9039¢e—14 39043e—14 3.9044e—14 3.9044e-14 3.9044e—14 3.9044e—14
3.9044e—14
2_46 1.0621e—14 1.0616e—14 1.0614e—14 1.0614e—14 1.0614¢—14 1.0614¢e—14
1.0641e—14
2_50 6.6381e—16 6.6348e—16 6.6339¢—16 6.6337e—16 6.6336e—16 6.6336e—16
6.6336e—16
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277" 4.1488¢-17 4.1467e—17 4.1462¢—17 4.1461e-17 4.1460e—17  4.1460e—17

4.1460e—17

For problem 2, Table-7 illustrates the maximum absolute residual error by the numerical
algorithm applied with the UHWM on Shishkin mesh with different values of perturbation
parameter (€) and level of resolution (J). From the Table-7, it can be seen that present method
works effectively while increasing the grid points in the method. Table-7 draw a conclusion that,
on Shishkin mesh the uniform Haar wavelet scheme performs very well for small values of
perturbation parameter (g). In compared to other methods, such as the parameter uniform

technique and the non-uniform HWM, the uniform Haar wavelet method's accuracy increases.

Table 8: Non-uniform Haar wavelet method on Shishkin-mesh, the calculation of maximum absolute
residual errors for various values of €.

e I.00 J,0) Ton®) o@D Jop0) T 00
27° 1.5543¢—14 8.8818¢—15  9.3259e—15 9.7700e—15  3.4639¢—14
3286314
27° 1.5099¢—14 1.0658¢—14  1.1102e—14 9.7700e—15  3.7303¢—14  3.4639¢—14
2710 33751c—14 32863c—14  1.4655¢—14 1.9096e—14  2.8422¢—14  1.3323¢—14
2 M 1.7764e—14 1.4566e—14  2.7089¢—14 1.4211e—14  2.4869¢—14 1.4211c—14
2718 1.8652e—14 3.7748¢—14  1.7764e—14 43077e—14  2.3981e—14 5.3291c—14
2 % 2.5313¢—14 12434e—14  2.9310e—14 4.1744e—14  3.3307e—14  3.9524c—14
2720 1.9096e—14 1.1990e—14  3.7303¢—14 3.4195¢—14  3.9524e—14 2.6201e—14
2730 1.9540e—14 1.1102e-14  4.0412¢—14 1376714  2.8422¢—14
4 8400c—14
2% 2.4869¢—14 1.2434e—14  3.5971e—14 12434c—14  3.1086c—14
D 4869¢—14
2738 2.0428¢—14 1.1990e—14  3.8636e—14 12434e—14  2.9310c—14
D 3093¢—14
2 % 2.3093¢—14 1.0658e—14  3.5971e—14 12434c—14  2.0428¢c—14
4 485314
2% 2.1760e—14 1.1102¢-14 3330714 12434e—14  2.9310e—14
D 3093¢—14
270 2220414 1.1990e—14  3.6859¢—14 12434c—14  2.5313c—14
4 6185014

Table-8 presents the maximum absolute residual errors obtained by non-uniform HWM on
Shishkin mesh for various values of perturbation parameter (€). And different values of grid
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points in the numerical method of non-uniform Haar wavelet method. Maximum absolute

residual errors have been tabulated for different increasing resolution level (J) and decreasing

perturbation parameter (€). The results of maximum absolute residual error of UHWM as given

. . . . -18 C .
in Table-7 is very effective for various € such as € = 2 = on Shishkin mesh as the residual error

is improved then the residual error produced in non-uniform HWM is given in Table-8.

Table 9 Parameter uniform method on Shishkin-mesh, the calculation of maximum absolute residual
errors for various values of perturbation parameter (&) and resolution level (J).

2 Jog™*) J (%) J5,(x) J o4 (%) J 156 Jy56(x)
2° 2.6110e—03 6.5500e—04 1.6440e—04 4.1100e—05 1.0270e-05
2.5670e—06

27? 2.5760e-03 6.4630e—04 1.6170e—04 4.0440e—-05 1.0110e—05  2.5260e—06
27 2.7920e-03 7.0150e—04 1.7660e—04 4.4170e—-05 1.1040e-05  2.7580e—06
27° 2.9200e—03 7.2900e—03 1.8240e—04 4.5620e—05 1.1410e-05  2.8490e—06
27" 3.0350e-03 7.5260e—04 1.8830e—04 4.7070e—05 1.1770e-05  2.9390e—06
271 3.1160e—03 7.8060e—04 1.9390e-04 4.8420e—05 1.2300e-05  3.0550e—06
27" 3.1520e-03 7.9670e—04 1.9810e—04 4.9350e—05 1.2300e-05  3.0550e—06
27 24869e—04 1.2434e—04 3.1630e-03 8.0310e—04  2.0040e—04  4.9930e—05
271 3.1670e-03 8.0520e—04 2.0120e-04 5.0210e—-05 1.2520e-05
3.1130e—06

27" 3.1680e—03 8.0570e—-04  2.0150e—04 5.0320e—-05 1.2550-05
3.1240e—06

272 3.1680e—-03 8.0590e—04 2.0160e—-04 5.0370e—05 1.2570e—-05
3.1330e—06

2% 3.1680e—03 8.0590e—-04 2.0160e—04 5.0370e—15 1.2580e—05
3.1350e—06

27 3.1680e—-03 8.0590e—04 2.0160e—04 5.0380e—05 1.2580e—-05
3.1360e—06

27% 3.1680e—03 8.0590e—-04 2.0160e—04 5.0370e—05 1.2550e—-05
3.0960e—06

277 3.1680e—-03 8.0590e—04  2.0160e—04 5.0380e—05 1.2560e—05
3.1120e—06

Table-9 shows the maximum absolute residual errors obtained by parameter uniform method on

Shishkin mesh for various values of € and J. The maximum absolute residual errors decrease as

the values of resolution level in the parameter uniform approach increase and perturbation

parameter values decrease. In addition, Table-7 and Table-9 provide the findings of the

Paper ID: SR23514154953

Volume 12 Issue 5, May 2023
www.ijsr.net

Licensed Under Creative Commons Attribution CC BY

DOI: 10.21275/SR23514154953

1196



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

maximum absolute residual errors generated by UHWM. For a range of perturbation parameter

values (€), the UHWM performs exceptionally well such as € = 27"° based on the findings of

the parameter uniform technique as shown in Table 9 on the Shishkin mesh.

Table 10: Maximum absolute residual errors obtained by uniform Haar wavelet method on g-mesh for
various values of €.

: 10 e Jal) Tig®) ) T
1024-(xi)

272 34694c-18 3.4694c—18 8.6736e-19 8.6736e—19 1.3010c—18 0 0

7% 2.1684e-19  2.1684e-19 5.4210e-205.42101e-20 8.1315¢-20 0 0

2% 1.3553e-20 1.3553¢-20 3.3881c-21 3.3881e-21 5.0822¢-21 0

0

0 8470322 8470322 2.1176e-222.1176¢-22  3.1764¢—22 0 0

2% 52040023  5.2940e-23 1.3235¢-23 1.3235¢-23  1.9852¢-23 0 0

D722 19852e-23  2.6470e-23  82718¢-25  1.6544e-25  1.2408e-24 8.2718¢-25

8.2718¢-25

D72 12408¢-24  1.6544e-24  5.1699¢-26  1.0340e-25  7.7548¢-26  5.1699¢-25

5.1699¢—26

P70 77548026 1.0340e-25 32312627  6.4623¢-27  4.8468¢—27 3231227

3.2312¢-27

D7 4.8468¢-27  6.4623¢-27 2.0195¢-28 4.0390¢—28  3.0292¢-28 2.0195¢-28

D .0195¢-28

0% 5637222 1.3538¢-24 45817¢-27  2.0195¢-28  2.2404c—28  1.6408c —28

4 8909¢—29

2% 2.0153¢-16  4.1497e-17 54130e-18 6.9071e-19  8.7217e-20 1.0957¢—20

1.3730e-21

0" 32097¢-16  1.3831c-16 6.3955¢—17 3.0719¢—17 1.5050e—17 7.4482¢-18

3.7050e—18

270 2.0061e-17 8.6443¢—18 3.9972¢-18 1.9119¢—18 9.4062¢—19 4.6551¢—19

D 3156e—19

D% 1.2538e-18 5.4027e—19 2.4982¢—19 1.200e—19 5.8789¢—20 2.9095¢—20

4 1460e—20

On Shishkin mesh and g-mesh, Tables 7 and 10 compare the maximum absolute residual errors
produced by the uniform Haar wavelet method. When using different values of the perturbation
parameter, the uniform Haar wavelet approach compares its results with those produced using

the parameter uniform method and the non-uniform Haar wavelet method.
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The outcomes of Problem 2 concur with the theoretical findings presented in Section 3 of this
article. These conclusions were reached using various perturbation parameter values and J
resolution levels. Authors found that the uniform Haar wavelet-based approach is more accurate
and fast converges when compared the highest absolute residual error on Shishkin mesh and
g-mesh, which is presented in Tables 7 and 10, with the residual errors caused by current

methods, which are given in Tables 8, 9, and 11.

Table 11: Maximum absolute residual errors obtained by non-uniform Haar wavelet method on g-mesh
for various values of €.

e J1s&) J () J o) ] 156 Js®)  Jg, ()
]1024()61_)
2_6 5.3291e—15 4.4409e—15 7.1054e—15 5.7732e—15 8.4377e—15 3.3751e—14
2_10 5.3291e—15 3.9968e—15 6.6613e—15 5.7732e—15 8.4377e—15 3.4639e—14
2_14 5.3291e—15 3.5527e—15 7.1054e—-15 5.3291e—15 8.8818e—15 3.5083e—14
2_18 5.3291e—15 4.4409e—15 7.1054e—-15 5.3291e—15 8.8818e—15 3.5083e—14
2_22 5.3291e—15 4.4409e—15 7.1054e—-15 5.7732e—15 8.8818e—15 3.5083e—14
2_26 5.3291e—15 4.4409e—15 7.1054e—-15 5.7732e—15 8.8818e—15 3.6415e—14
2_30 5.3291e—15 4.4409e—15 7.1054e—15 6.2172e—15 8.8818e—15 3.5971e—14
2_34 5.3291e—15 3.9968e—15 7.1054e—-15 5.7732e—15 8.8818e—15 3.5527e—14
2% 53291e-15 3.9968¢-15 6.6613¢—15 5.7732e—15 8.8818¢—15  3.5527¢—14
2_42 5.3291e—15 3.9968e—15 6.6613e—15 5.7732e—15 8.8818e—15 3.5083e—14
2_46 5.3291e—15 4.4409e—15 7.1054e—-15 5.7732e—15 8.8818e—15 3.5083e—14
2_50 4.8850e—15 3.9968e—15 6.6613e—15 5.7732e—15 8.8818e—15 3.5083e—14
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Table-10 illustrates the maximum absolute residual error obtained by uniform Haar wavelet
method on g-mesh for various values of perturbation parameter and level of resolution. Table-10

shows that, on increasing the grid points in the uniform Haar wavelet method, the maximum

absolute residual error decreases. Tables 10 and 11 show that, for specific values of € (2_34) the
maximum absolute residual errors are more stabilized when compared to the non-uniform Haar
wavelet approach with g-mesh. Table-10 clearly demonstrates the uniform convergence of the
current scheme.

In their analysis of the Haar solution for Shishkin mesh and g-mesh, the authors come to the
conclusion that the obtained maximum residual errors represent the increased accuracy. As can
be seen from Tables 7 and 10, the maximum absolute residual error is higher close to the
transition points than it is in the rest of the domain.

Authors conclude that, the greatest absolute residual error for Shishkin mesh is 8.9030e-18 for &=

27 and J=16. On g-mesh, however, it will be 4.8468e-27 for the same perturbation parameter

value. Therefore, for Problem 2, the uniform Haar wavelet scheme converges on the gq-mesh

faster than the Shishkin-mesh.

14 5
12 %10 . : , : - 10!
o 41
I
35
= 0.8 o B
= %)
E g 25
= 06 El
= = 2
B 5
T T
04 = s
J g
024, I8
0.5
0 L—-_“ 0 = !

0 0.2 0.4 0.6 0.8 | 0 0.2 0.4 0.6 (.8 1
Shishkin Mesh Shishkin Mesh

Fig.16: Residual error for & = ﬁ, J=8 on Shishkin-mesh. Fig.17: Residual error for ¢ = 2%, J=8 on Shishkin-

mesh.

For Problem 2, the maximum absolute residual error on Shishkin mesh caused by calculating the
numerical algorithm described in Section 5. In addition, a graph of the maximum residual error
in uniform Haar wavelet solution is shown in Fig.16 and Fig.17 with residual error 1.1978e-14
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and 4.1573e-17 for J = 8 and perturbation parameter € = 216 and € = 2154. To plot graphs (Fig.:

16-17), authors take € = ?, and € = 2154 with J=8 and draw the conclusion that, on decreasing

the value of €, the maximum residual error decrease for Shishkin mesh.

7 Conclusion

In the current study, uniform Haar wavelet scheme has been used on various meshes, including
Shishkin mesh, p-mesh, and g-mesh to solve the system of partially singularly perturbed initial
and boundary value problems. In fact, the maximum absolute residual error occurred, and
tabulated for non-uniform grid. Furthermore, figures 1-10 clearly demonstrate that the Haar
wavelet is uniform on non-uniform grid points. Accuracy, convergence of the present scheme for
small values of perturbation parameter € as well as computational complexity are the major
research gaps with the existing schemes. Improvement on accuracy, convergence of the present
scheme for small values of perturbation parameter € as well as computational complexity of the
uniform Haar wavelet scheme has been carried out by performing the simulation on different
mesh to bridge the gap in error analysis as given in section-5. The present method approximates
the numerical solution of system of partially singularly perturbed initial (first-order) and
boundary value problems (second order) on a non-uniform grid. The uniform Haar wavelet
method limited to the strong and weak variation of the perturbation parameter € that affects the
boundary layer width and the uniform Haar solutions. Thus, care should be used while selecting
the transition parameters. The proposed scheme provides the better approximation with less
computational cost then the non-uniform Haar wavelet method, parameter uniform method and
finite difference operator method: it is due to the sparsity of the transition matrix and small Haar
wavelet coefficients. It is worth mentioning that uniform Haar wavelet method provides excellent
results for small and large values of perturbation parameter. In light of this, uniform Haar
wavelet method 1s quite effective for solving partially singularly perturbed initial and boundary
value problems numerically. Additionally, the uniform Haar wavelet method has been applied
directly on all type of differential equations, linear or non-linear, homogeneous or

non-homogeneous either constant coefficient or with variable coefficients directly. Further, the
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proposed method can used to resolve partially singularly perturbed initial and boundary value
problems that are parabolic, hyperbolic, nonlinear and also for the fractional differential
equations that involves in various physical applications specially in theoretical analysis for the
future research work. The technique introduced here is easy to apply as well as yields more

accurate results.

Nomenclature:

UHWM: Uniform Haar Wavelet Method.

SPIVP: Singularly Perturbed Initial Value Problem.
€: Small perturbation parameter.

9, i=1, 2, 3: End points of the sub-intervals.

o, I =1, 2, 3: Constant coefficients.

u, i=1, 2, 3, 4: Real valued continuous functions.
r (%), r, (x): Arbitrary functions.

P Transitional parameter.

H ?V(x): Haar wavelet function.

J: Highest level of resolution.
J: Resolution level at various levels.
m: Representation of scaling parameter.

M: Fixed finite number.
k: Parameter of translation.

i: Index of Haar function.

Pwi’g: Haar operational matrix.

a;, i=1,2...,2M Haar coefficient.

qil, qil: Uniform Haar wavelet coefficients.
81’,2 : Kronecker delta.

ODE: Ordinary Differential Equation.
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HWM: Haar Wavelet Method.
®: Unknown function.

s: Space variable.

t: Time variable.

W Constant parameter, i=1.
H l_(s): Haar wavelet function.

3,6.,6, G2 G,y b: Some real numbers.

C: Integral of Pwi’lfrom atob.

)\i: Unknown Haar wavelet coefficients.

i:\/—71.

X ; Collocation points.

St: Time discretizing unit.

cIJM(X, 1): Haar wavelet representation of ®.

E _: Error term due to Haar wavelet approximation.

P: Positive number.
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