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Abstract: What happens in the inkjet nozzle when a multiphase flow for fluids which have distinct density and dynamic viscosity that 

forms a typical interface between the physics of the fluid comes in contact? To answer this question, several attempts are made with 

various configurations such as type of the physics, geometry, mesh, and flow conditions with various fluid characteristics are 

numerically simulated to realize the behaviour of the multiphase flow. The current article emphasizes various intricacies that are 

encountered during the simulation of these flow characteristics cited from the literature. This article helps researchers to take immense 

care while setting various parameters suitable for numerical simulations.  
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1. Introduction 
 

There are two types of inkjet printer nozzle controllers 

namely, piezo, and thermal for the print heads such as drop-

on-demand and continuous inkjet printing [1-2]. The nozzle 

geometry is one of the most crucial segments of the inkjet 

printer since it gives provision to alter the interface 

characteristic of the multiphase flow. Most widely used 

nozzle geometries to study the multiphase flow 

characteristic are T-section [3] and L-section [4] that are 

widely cited in the literature. At the same time, it can be 

inferred from the literature that, level set method is most 

preferable as it gives the transition mechanics at the 

interface of two fluids/inks inherently. The advantage of this 

method is that it requires fewer inputs and is compatible for 

dispersion fluids in base fluid [5]. But there are also other 

methods which can generate proper multiphase 

characteristics such as formation of bubble and traversing 

through the base fluid until ejected out from the print head 

of the nozzle. The methods include phase field [6], bubbly 

flow [7], mixture model [8], phase transport [9] and moving 

mesh [10] alongside level set method. 

 

However, each of these methods have their own pros and 

cons, their applications and type of the fluid and flow 

characteristics decides the type of the technique to choose. A 

prior to that, it is advised that there must be knowledge on 

understanding the physics of the various fluids and methods 

which decides the type of the nozzle and nozzle geometries. 

The flow characteristics such as Reynolds number to 

determine the laminar or turbulent behaviour, weber number 

to identify interphase line and Ohnesorge number which 

allows to study whether the dispersed bubbles flow with the 

base fluid or whether they fly away. Each of these number 

are dependent on the density, dynamic viscosity, surface 

tension and the characteristic length. 

 

For low and moderate Reynolds number, more 

predominantly used technique is bubble and mixture flow in 

laminar region and high Reynolds number in turbulent 

region [11]. On the other hand, phase transport mixture 

model simulates the integration between the phase transport 

and the fluid flow. Phase transport is more often intended to 

study the transport of the immiscible fluids that are 

dispersed in the base fluid, and when these are combined 

with the fluid flow characteristics such as density, pressure, 

and dynamic viscosity [12]. Basically, the physics interface 

associated with the phase transport model behaves well in 

Mach number less than 0.3, i.e., incompressible. But it is 

interesting to track the position of fluid-fluid interface which 

allows to morph the nozzle geometry flow characteristics, 

for which, a numerical simulation technique known as 

moving mesh is preferred [13]. This method has an 

advantage of studying the larger distortion in the continuum 

model when compared to the Lagrangian model. 

 

Though the existing methods are most widely used, they still 

exhibit few constraints to realize the flow characteristics 

feasible for inkjet printer applications. Hence in the current 

paper, we shall highlight the various complexities and 

constraints. To surmount these challenges, we shall discuss 

the constitutive relations of the multiphase flow with various 

methods and their effect on the nozzle geometry and 

numerical solutions.  

 

2. Level Set Method 
 

It is an implicit function that is used to realize the mechanics 

of fluid-fluid interface and their moving contours. This 

method is assumed to be the most amenable method for the 

use in finite element analysis. The application of this method 

includes to study the fluid-fluid interface, dispersion of 

particles in fluid, particle tracking, bubble and droplet 

sustainability in the base fluid. 

 

The dependent variables to use the level set function are 

velocity field and components followed by pressure. The 

controlled phase initialization time dependent equation is 

given by Eq.1[14]. 

 
𝜕∅

𝜕𝑡
+ 𝑢.∇∅ = 𝛾∇.  𝜖𝑙𝑠∇∅ − ∅ 1 − ∅ 

∇∅

 ∇∅ 
            (1) 

 

Herein the model uses reinitialization to avoid the 

deterioration of the interface, as mentioned early this is an 

advantage over Lagrangian but at the same time produces 

numerical errors which can controlled using reinitialization. 

In the above equation 𝛾 represents the reinitialization 

parameter, here it takes the form of initialization of velocity 
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as the interface is moving [15]. This reinitialization 

parameter produces few drawbacks such as distortion of 

fluid-fluid interface and lack of conservation of momentum 

equation. To surmount this problem, a novel scheme is 

introduced in the work from [16]. Under the no flow 

condition, the Eq.1 will be rewritten by Eq. 2. 

 

n.  𝜖𝑙𝑠∇∅ − ∅ 1 − ∅ 
∇∅

 ∇∅ 
 = 0                    (2) 

 

Few works pertaining to the level set method can be cited 

from the literature [17-19]. A swirling two phase flow was 

numerically simulated using the mass conservative level set 

method which displayed excellent numerical convergence 

[17]. The aim of using this approach is to capture the gas-

liquid interface and the jump conditions across this interface. 

Interesting facet of the work is that the authors have used 

hyperbolic tangent function rather than signed distance 

function. But still, it was reported that hyperbolic tangent 

function is contaminated and resulted in loss of mass and 

hence use of reinitialization has been performed implicating 

the importance of reinitialization parameter. Another 

interesting work on the application of this method to 

simulate the collision of droplets through interface tracking. 

The level set function comprised of coupled incompressible 

NS equation with the transport equation to obtain the 

following relation in Eq.3.  

 
𝜕𝑣

𝜕𝑡
+  𝑽.∇ 𝑽+

∇𝑝

𝜌(∅)
=

∇(2𝜇 ∅ 𝑫)

𝜌(∅)
,𝑫 =

1

2
 ∇𝐕+ ∇𝑽𝑻 ,∇.𝐕 = 0  (3) 

 

An absolute coalescence is observed between the droplets 

after head on collisions and then followed by separation was 

captured as shown in the Figure 1below [18]. 

 

 
Figure 1: Head on collision for oh=0.0047 

 

An advanced work for simulation of 3-dimensional 

dynamical simulations to study the forced liquid jets into 

another liquid was performed by [19]. The work emphasized 

on the tracking the interface between immiscible liquids. 

One interesting comment was made by the authors that, for 

capturing the laminar surface phenomena, it requires very 

fine grid solution i.e., weber number. This problem comes 

when surface tension is included in the physics model.The 

interface tracking and capturing is most important result of 

the multiphase flow simulation, these depend on the weber-

ohnesorge plane and hence Reynolds number. Thus, level set 

plays an important role in integrating NS equation with 

various other models. 

 

3. Bubbly Flow 
 

Bubbly flow is referred to as a bubble dispersed in a 

continuous flow forming an interface between the fluid and 

bubble. Numerical simulation methods such as level set 

method realizes the interface kinetics, but it is difficult for 

them to study the deformable interfaces. To simulate the 

dispersion of bubble in a deformable interface is one of the 

challenging and the bubble flow is subtle to it. The 

stationary, and time dependent studies are widely available 

in the literature, but when fluids such as two particle free 

metal inks flow together, the mechanism to model the 

bubble becomes difficult. Most of these bubbly flows are 

studied for biomedical drug delivery applications and 

channel flow in curved pipes [20-21]. The NS time 

dependant equation for the bubbly flow is given by Eq.4 and 

the modified equation will be written as Eq. 5. 

𝜌𝑖
𝜕𝑢𝑖

𝜕𝑡
+ 𝜌𝑖 𝑢𝑖 .∇ 𝑢𝑖 = ∇.  −𝑝𝑰 +𝑲 + ∅𝑖𝜌𝑖𝑔 + 𝑭,𝑲 =

𝜇𝑖(∇𝑢𝒊 + (𝛻𝑢𝒊)
𝑇)     (4) 

𝜕∅𝑔𝜌𝑔

𝜕𝑡
+ ∇.𝑵𝜌𝑔∅𝑔 = −𝑚𝑔𝐼      (5) 

The above equations haveeffective gas density, which when 

two fluids are gas-liquid interface, but if the interface is 

liquid-liquid interface, effective gas density of the dispersed 

fluid bubble needs to be considered. This is one of the most 

common errors that happens with in the numerical 

simulation. Since the bubble is in moving interface, an 

immense care must be taken, i.e., in a high-density fluid, a 

low-density fluid must be dispersed. With slip velocity and 

divergence of the velocity components rendering to zero, a 

laminar bubble flow must be numerically simulated. The 

same is the case with the turbulent flow condition to 

simulate the bubbly flow. Studies pertaining to the bubbly 

flow can be cited from the literature [22-24]. 

 

An excellent work from [22] discussed bubble flow 

interaction through numerical simulations envisaged from 

quasi uniform flow to vertical flow fields. Author discussed 

the bubble splitting criteria which are captured through 

various predictive models [24-25]. Authors have emphasized 

various bubble flow phenomena such as bubble flow in 

cavitation, modelling of real liquid nuclei fluid (effect of 

propeller) can be visualized inFigure 2, bubbly flow on 

hydrofoil as shown in Figure 3, bubble augmentation 

propulsion in Figure 4. 
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Figure 2: Bubble flow on propeller blade [22] 

 

 
Figure 3: Bubble flow on hydrofoil [24] 

 

 
Figure 4: Bubble flow in propulsion system [25] 

 

Figure 2shows the bubble formation within in the fluid when 

they come in contact with the rotating propeller blade, 

studying this characteristic is very important as they oxidize 

and corrode the layer of the propeller following a declining 

the wear resistance in hydrothermal environment. This may 

over the time result in the structural catastrophe, hence the 

kind of study requires bubble flow interaction studies. The 

problems that may be encountered during the bubble flow 

may be effect of the shear thinning and Pseudo elasticity. On 

the other hand, the phase distribution is interconnected with 

the interface and turbulence or laminar flow (i.e., method 

adopted for turbulence modelling). A triangle against 

understands these combinations is given by [26] as displayed 

in the Figure 5. A detailed emphasize of the Figure 5 

displayed is given in reference [26]. Figure 3 depicts the 

flow of fluid over a hydrofoil in hydrothermal environment, 

which is almost like the flow of fluid over an aerofoil. This 

study of the flows refers to the naval applications where the 

aerofoil contours can be found to the propeller blades of the 

ship. Erosion and impact of fluid particles on the aerofoil 

counter helps in deciding the choosing the material and 

design. In similar context, Figure 4 also serves the purpose 

for the propulsion systems used in the aerospace and 

aviation industry for the generating thrust from the engine. 

During the pre-combustion process, fuel and oxidizer are 

combined through a stoichiometric chemical splitting. This 

splitting allows to mix and react such that ignition takes 

place, during this phenomenon, ignition begins and bubbles 

with the viscosity generate huge pressure difference and 

hence creating a momentum in the particles to the exhaust. It 

is an interesting study to understand the effect of bubbles 

that are created and their impact on the generation of the 

thrust, hence a study in this context is also cited in the 

scientific literature.Of all the above-mentioned applications, 

when these bubbles are similarly created in the nozzle, the 

effect of the geometry on the droplet or the bubble will 

undergo dimensional distortion, due to the pressure and 

gravity that these metal inks get effected. As a result, the 

droplet or the bubble might not be able to traverse along the 

chamber and comes out of the nozzle. Hence there is need 

for the numerical simulation in terms of bubble traversing 

whole nozzle. In current numerical simulations, it is difficult 

to bring in a bubble traversing with enough pressure is 

difficult to model and hence an alternative is required. 

 

 

 
Figure 5: Bubble flow linkages 
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4. Mixture Model 
 

Mixture models are also like that of bubble models as 

themselves also study the properties of the dispersed phases 

in a continuous phase. But the only difference is that the 

density of the dispersed and continuous phase is nearly equal 

alongside it also accounts the momentum contribution of the 

dispersed phase. This model mostly serves with the phase 

characteristics such as liquid-gas and liquid-solid phase, i.e., 

the gas molecules dispersed in the liquid phase, or the solid 

nanoparticles dispersed in the liquid phase [27]. For an 

instance, once can infer from the Figure 6 below on the 

reduction of the bubble size with size of the orifice as 

mentioned earlier that bubble formation, size, traversing and 

stability depend on the geometry of the nozzle.  

 
Figure 6: Change in the bubble size 

 

For study-controlled physics, the governing equations for the 

time dependent flow are given by equation.5. 

𝜌
𝜕𝒋

𝜕𝑡
+ 𝜌 𝒋.∇ 𝒋 +  𝜌𝑑 − 𝜌𝑐  𝒋𝑠𝑙𝑖𝑝 .∇ 𝒋 = ∇.  −𝑝2𝑰 +𝑲 −

∇.𝑲𝑚 + 𝑭𝒎     (6) 

 

For a stationary flow condition, the above equation.5 is 

written as equation.6  

𝜌 𝒋.∇ 𝒋 +  𝜌𝑑 − 𝜌𝑐  𝒋𝑠𝑙𝑖𝑝 .∇ 𝒋 = ∇.  −𝑝2𝑰 +𝑲 − ∇.𝑲𝑚 +

𝑭𝑚 + 𝜌𝒈     (7) 

∇. 𝒋 = 𝑚𝑑𝑐  
1

𝜌𝑐
−

1

𝜌𝑑
      (8) 

𝑲 = 𝜇 ∇𝒋 +  ∇𝒋 𝑇 −
2

3
𝜇 ∇. 𝒋 𝑰     (9) 

 

Followed by the slip conditions which includes the diameter 

of the droplet and droplet characteristics. The Krieger type 

viscosity [28] is most widely used for solid-liquid 

interactions in a multiphase flow. Few works pertaining to 

the mixture based multiphase flow can be inferred from [29-

31]. A work in this context from [29] presented a fully 

hyperbolic conservative mixture model in a two-dimensional 

model. Authors mostly emphasized on the non-equilibrium 

flow models, the idea behind the simulation is to see that a 

relative velocity term is introduced in the mass and 

momentum equation for each phase so that source term 

effects may be avoided. A generalization of mixture velocity 

and relative velocity are given for the inference at time 

t=1.3e-4 and CFL number=0.33 as shown in the Figure 7 

below. 

 
Figure 7: Mixture velocity (left) and relative velocity (Right) [30] 

 

Some dispersed coarse metal particles when mixed with 

water is numerically simulated in various pipe configuration 

and are absolutely stratified. This behaviour on various 

vertical, horizontal, and inclined pipe configurations were 

discoursed in reference [30]. The effect of the particle 

degradation on horizontal and vertical pipe aremodified as 

per the requirement. The degradation of the particle depends 

on concentration, velocity, and time, i.e., faster degradation 

for higher velocities. This particle degradation has impact on 

pressure drop and slurry/continuous fluid velocity. They 

have also concluded that frictional pressure drops in the 

vertical pipe when compared to the horizontal pipe due to 

the contact load produces energy loss in the horizontal pipe. 

It is implicative that, design of the inkjet nozzles in the 

vertical direction has less energy loss and subtle for the 

dispersed particle or bubble to traverse throughout the 

nozzle and exit out. The conveying, either vertical, 

horizontal, and inclined pipe configurations have larger 

effect on pressure drop and slurry velocity.  

 

 

5. Phase Transport 
 

The phase transport model is used to determine the position 

of the interface between the two immiscible fluids 

containing both fluids of low to high Reynolds number. The 

Navier-Stokes (NS) equations will be solved for 

conservation of both mass and momentum. The only 

difference from level set method is that it uses additional 

two set of variables where one is inherent with the phase, 

and another is the mixing energy density [31]. Mixing 

energy density is highly complicated in terms of mixing high 

density layers. This behaviour is well understood in terms of 

instability referred to as Rayleigh-Taylor instability [32]. 

Where the interface movement becomes difficult to capture, 

i.e., the state of the interface system is unpredictable, hence 

one must look for minimization of the free energy such that 

the state of the system can be achieved. As the name 

redirects, phase transport simulations are always time 

dependant as position of the interface dependent on its 

history. The phase field equation for the study-controlled 

flow is given by equation.7. 
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𝜕∅

𝜕𝑡
+ 𝒖.∇∅ = ∇.

𝛾𝜆

𝜖𝑝𝑓
2 ∇𝜑                        (10) 

 

𝜑 = −∇. 𝜖𝑝𝑓
2 𝛻∅+  ∅2 − 1 ∅ +

𝜖𝑝𝑓
2

𝜆

𝜕𝑓

𝜕∅
              (11) 

𝜕𝑓

𝜕∅
 is the external free energy which will be minimized to 

ensure that the state of the system i.e., interface can be 

realized. Very less works pertaining to the use of phase 

transport model can be realized from the scientific literature 

[33]. Author in the work proposed various numerical 

problems to realize the physical characteristics of the system 

in which multiphase and phase transport rise. For 

researchers working with multicomponent fluids, an intense 

care must be taken since each phase may rise a transport 

because of the bulk phase convection. This may result in the 

molecular diffusion and mechanical dispersion. These 

measures must be taken a prior performing the numerical 

analysis. The analysis contains derivation of mass flux 

equations which includes convective mass transport, 

diffusive mass transport, mechanical dispersion, combined 

mass flux equations, continuity equations for transport and 

phase-summed equation for local equilibrium transport. 

 

Few case studies such as oil infiltration on a fluctuating 

water table which studies free oil saturation against the 

depth. Another case study to study the viscosity and density 

effects on spill migration, which inclines with the current 

interest of study. Since the multiphase flow which inkjet 

nozzle has two different density and viscosity and they come 

in contact display an intriguing behaviour. Finally, one more 

case study phase transport of hydrocarbon plume using a 

coupled flow model. However not much interest in this 

context is required as the inkjet nozzle has complete particle 

free ink which refers to high energy fluid-fluid interaction 

and interface. 

 

6. Conclusion 
 

This article emphasizes the basic understanding of various 

numerical simulation model that are in practice to simulate 

multiphase flow characteristics in an inkjet nozzle. We have 

described NS equation in various forms depending on the 

type of the application. The current article described on 

various parameters and their dependency on the solution. 

Methods such as level set, bubbly flow, phase transport and 

mixture model are most widely accepted methods in the 

current scientific community.  

 

7. Future Scope 
 

This research work can be used as the guideline for 

simulation models. In future the problems that occurs during 

the simulation of various models will be discussed. 
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