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Abstract: The model studied in this article is an optimal control model for the spread of flu with respect to the class that are resistant to
standard anti-flu drugs. The non-endemic equilibrium point and reproduction number are obtained based on the studied system. In the
model given control, u,, efforts to prevent contact between peoples who are still healthy; the control, u,, effectively reduced the number
of peoples in the I the class, and the control, us, effectively decreased the number of peoples in the I, the class. The system of co-the
state equations obtained corresponds to the system of the state, equations. Control, u4, can prevent peoples from being infected with flu.
The control, u,, effectively reduced the number of peoples in the I the class, and the control, u3, effectively decreased the number of
peoples in the I, the class.
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1. Introduction

Flu is a disease that attacked humans centuries ago, but the
cause was newly discovered in the early 20th century; the
group the virus is now known as Flu type A, B, and C
viruses [1]. Several mathematical researchers have studied
mathematical models for combating the spread of the flu.
Chong (2014) has reviewed and developed a semi-saturated
dynamics system of the spread of avian flu in human and
avian populations [2]. Study of a mathematical model that
explains the spread of flu A virus infection in the human
respiratory tract [3]. Modeling to determine the change of
show parameters, with a simulation of the transmission flow
of flu A HIN1 in China [4]. Sungchasit (2022) analyzes
global stability in the Respiratory syncytial virus
transmission model [5]. Hill (2019) examines the spread of
seasonal flu with a modeling approach to determine human
immunity to the disease [6]. Modeling a flu epidemic to
analyze the worldline solidness of the balance point with
discrete time [7]. The factors of human mobility on the
increased transmission of flu [8].

Mathematical modeling to analyze the flow of flu A virus
spread by taking into account medicate resistance factors
[9]. Baba (2021) examined a flu strain model that pays
attention to non-resistance and resistance, where non-
resistant strains can mutate into resistant strains. [10].
Fahlena (2022) analyzed the dynamics of the coinfection of
two pathogens in respiratory diseases and flu [11]. Pinky
(2022) studied epidemic models of respite virus and found
that co-circulation of SARS-CoV-2 and RSV caused the
strongest significant influence on the spread of SARS-CoV-
2 [12].

Modeling studies and analysis on the spread of flu by
vaccinating healthy peoples can prevent and reduce the
spread of the disease [13, 14, 15]. Kim (2017) analyzed
mathematical models and optimal control strategies to
reduce the 2009 flu A/H1NL1 in the Republic of Korea [16].
Optimal control and modeling of swine flu pandemic
transmission dynamics were analyzed using a deterministic

model [17]. Optimal control and dynamic analysis of the
COVID-19 transmission system [18].

The system in this paper is a development of the Sungcasit
model [5] by paying attention to exposed the classes. The
equilibrium point and reproduction number are analyzed
based on the formulated model, which is a deterministic
model. Furthermore, optimal control is given in prevention
and treatment efforts to reduce the number of peoples
infected with the flu.

2. Literature Survey

The studied model is divided into six the class; the
susceptible the class, namely peoples who are still healthy
peoples, denoted S. Healthy peoples vaccinated against flu
enter the vaccination the class, denoted V[9]. Healthy
peoples come in contact with flu-infected peoples and
become infected and are still passive or latent into the
exposed the class denoted by E [7]. Peoples who are actively
infected but are still sensitive to standard anti-flu drugs can
transmit the disease to peoples who are still healthy and
enter the I class. Peoples who are actively infected and are
resistant to common anti-flu drugs can transmit the disease
to peoples who are still healthy and enter the I, class.
Peoples who are vaccinated and immune, peoples infected
with flu treated and recovered, enter the recovered the class
denoted by R [9].

The model assumption being studied, peoples who enter the
population only enter the susceptible the class. Peoples who
are vaccinated are only the classified peoples who are still
healthy. Each the class experiences natural death, and
infected peoples resistant to standard anti-flu drugs may die.
Vaccinated peoples may enter the recovered the class, but
peoples who are not immune and have contact with flu-
infected peoples may become infected. Peoples in the I and
I, classes are treated to be cured of flu disease. After a few
days, the recovered the class peoples may again be sensitive
to flu disease. The flow of transfers between the classes of
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the model studied is described in the schematic diagram in a _ (n — N —d. )
Figure 1. dt
The model studied in the paper is like the following
equation: 3. Method
ds I, + B,1.)S
i nN + 1R — w - (©O+ws The methods used in this study include: literature review,
4 (BiIs + B 1)V analysis and simulation. The following lemmas and
Frini i 1-9) (ﬁ) —(r+wv theorems are presented.
dE (Bl + Bo1,)S BiI, + Bol )V
Ez%ﬂl_(p) (%) Lemma 1
—(a+y+WE The solution of equation (1) is bounded for all te[0, t]
1)
di Proof:
ik (6 +m + Wl Based on equation system (1) 2_1;1 = nN — uN obtained
N
d—; =vyE +03l;, — (d +nr, + W, 0 < lim,_,o, sup N(t) < 777
dR
= =1V Anl+nl - (@ +WR, so all solutions of equation system (1) are bounded for all

with N(t) = S@) + V() + E(t) + I,(t) + I.(t) + R(t) te[0,t;]. Parameters in the system > 0 and S(0) >
0,V(0) = 0,E(0) > 0,1,(0) = 0,1.(0) = 0,R(0) > 0.
Changes in the number of population units of time are
obtained,

Lls
Is+B21:)S
nN (B11s+B21r)
N >
&s 5!5 rils IUR
y7s (1 —
rv T ‘ R
Figure 1: The dynamics of the spread of the flu
Table 1: Notations, descriptions, parameter values, and references were used.
Notations Description Values (day™) | Reference

n Recruitment rate 0.0381 [9]

T Resusceptible rate from the class R

B The contact rate between the peoples of I with S or V the class 0.00102 9]

5 The contact rate between the peoples of I, with S or V the class 0.00026 [9]

1] Vaccination rates from S to V the class 0.000273 [9]

u The natural death rate of each the class 0,000042 estimated

) Vaccine strength rate to prevent V the class from becoming infected 0,00526 [17]

r The rate at which the vaccinated people's immunity enters the R the class | 0,005 [17]

a Displacement rate from E the class to I 0,08 estimated

y Displacement rate from E the class to I, 0,03 estimated

) Displacement rate from Isthe class to I, 0,06 [17]

r The recovery rate from Isto R the class 0.1998 [9]

ry Cure rate from |, to R the class 0.0714 estimated

d The death rate due to illness in the I, the class 0.021 [9]
Based equation system (1) the non-endemic equilibrium with S* = UL G [ D N
point of the flu disease system is obtained with conditions p(O+) @)+ +T+1)6)

dS _dv _ dE _ dI V= 6nN (t+u) R* = nroN
E(t) = Is(t) =1 t)=L({t)=0and T = e = ’n = @ = p(Cr+) @+ +T+T+r)8)’ w(Cr+W) @+ +r+r+p)8)
dl, _ dR .
— = 2; = 0, obtained as follows, Reproduction Number
Ene = (51,V1,0,0,0,Ry), 3 A tool that can determine whether a disease is increasing or
®) decreasing is the reproduction number, which is the

expectation if one peoples enters a susceptible subpopulation
denoted by Ry, to seek reproduction number with the next
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generation matrix approach. The first step determines R,
which determines the F; matrix, namely the Jacobian matrix
in the S the class that is in connection with infected peoples
at the E; equilibrium point,

0 Bra-p () Fea-nl) o

F, =0 0 0 0.
l0 0 0 0J
0 0 0 0
The next step is to determine the V; matrix, which is the

matrix of Jacobian the the classes who returned and were not
in contact with infected peoples,

a+y+u 0 0 0
Vo= -« S+mn+u 0 0
= -y ) d+r,+u 0
0 -n ) T+ u
Proof

Characteristics of polynomials of det(Al; — FG™) =0 is
reproduction number from the system of equations (1), that
is, the spectral radius p(FV 1), the basic production number,
which is given by,

Ro= (k1+(A—@)ka)(@Brks+aB28+B2vke)

k3kqks ,
(r+u)( )(4)
. _ nr+u)(t+u
with kl = #((r+u)(‘r+#)+("'+7+ﬂ)9)’
K o (t+1) ks=a+y+uk,=8+

T W G+ +T0)’
n+u ks=d+nr+u.

Theorem 1
The non-endemic equilibrium point of equation system (1) is
locally asymptotically stable if Ro< 1.

Based on the system of equations (1), the Jacobian matrix of E,,, as follows:

-6+ 0 0 —Bia1 —B1 T
0 —(r+uw 0 —B142 —B2q2 0 ]
J(E,.) = 0 0 —qz P1q1 + P19z P91 + B9 0
0 0 a —q3 0 0
[ 0 0 Y ) —qy 0 j
0 T 0 n 7 —(t+uw

N (rp) (T tp) g, = (1—¢)on (z+u)
w(r+ GO+ ++u)0)" 2T ()T H)0)
characteristic equation of the Jacobian matrix, is obtained,

fEO=E+0+w&+t+wE+r+mwg), with g(§) = &% + 18 + 0z +cs,

with ¢, = G=a+y+u q=86+nr+u qgs=d+nr+u The

Based on the characteristic equation for &;, j = 1, 2, 3 will be
negative if ¢;>0,i=1, 2, 3, Re< 1. Numerical calculations
are obtained, with the parameter values used in Table 1, ¢; =
0.003528, c, = 0,000741, c; = 0,00000168, and fulfill
c1C; > c3. This is Routh-Hurwitz’s criteria so that the
endemic point is locally asymptotically stable of equation
system (1).

Optimal Countermeasures Control of Flu Spread Model
Flu prevention is given through counseling and treatment.
Control u;, namely providing counseling in an effort to
prevent contact between peoples who are infected with the
flu and those who are still healthy. The control, u,, is an
effort to increase the effectiveness of treatment for people
who recover with standard cold medicines, hamely by giving
multivitamins. The control, us, is an effort to increase the
effectiveness of treatment for flu-infected peoples who are
already resistant to standard anti-flu drugs, namely by giving
multivitamins and flu drug combinations.

Based on the system of equations (1) and given control,
Uy, Uy, dan us, equation (5) is obtained:

ds 1-u I+ B,1.)S
E”N”R‘( DGLHBIS o o

av

B1ls+B21r)V
T =05 —(1—@)(1 —u) (L) — 4 v

dE  (1— Is+B21)S Is+821)V
dE _ (A—up)Balst+Balr) +(1—(p)(1—u1)((ﬁ1 Balr) )_

dt N N
((101c+v+ WE ®)
d—; =aFE — (6§ + (1 +uy) + Wl

diy
d—t=yE+815—(d+r2(1+u3)+u)1r

‘;—}: =1V +nr(1+u)l +nr+u3z)l, —(t+pR.

The optimal prevention (1 —wu,) and treatment (1 + uy)
dan (1 + u3) control of the spread of flu, constructed
functional performance index J. It helps effort to heal those
who are sick by providing controls, u;, u, and us, that is:

J = Mity, s i/ (QE ) + Qo1 (8) + Q31 (£) +
Clul2t+C2u22t+C3u32(t))dt, (6)
where Q;, Q,, and Q3 arepositive weight corresponding to
each administration, the number of infected E, I and I,
subpopulations and cost of controls u;,u, dan u; are
reduced costs with the help of the functional performance
index. We find an optimal control, uj, u; dan u3 such that
J(ui, uz, u3) = min{J (uy, u, u3), (wy, up, uz) €U},
where control set U = {(uy,up,u3)| () € (0,1),j =
1,2,3and z/lebesgue measurable on (0,1). The problem
control set solved using Pontryagin’s maximum principle
[16, 17, 18], defined functional Hamiltonian for optimal
control, taking Y = (S,V,E, I, I.,R), U = (uy,u,,uz), and
f = (El! 62! 63'64'65'66)1 then we have
H(Y,U,&) = QE®) + QoI (t) + Q31 (8) + Cruf(t)
+ Gui(t)
+Cud(O+6 (N + TR — (1 —w)(Buls + Bo1.)S/N
-6+

+62(65 — (1 = @)1 —w)(Bils + B21)V/N = (r + 1)V)
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S
+6 (= w)Bils + Bl ) 3 + (L= A = w) Bl

%
+Baly) g — (ot 7+ WE)
+8a(aE — (6 + (1 +up) + W)
+&(E +0l — (d+ (1 +us) + i)
+E&(rV +r(1+uy)l + (1 +uz)l, — (t+ WR)
(7)
Applying the Hamiltonian equation (7), we get Theorem 2.

Theorem 2

Let the optimal controls wuj,u3 uzand solutions
SY VS E' I I, R of the corresponding equation system
(5), there are co-the state variables
&1, 62,83, &4, &5, Egsatisfying the following equations system:

’

&1—E3)(1— Is+B2 1,
& = ($1=$3)( u;/)(ﬂl B2 )+ (6, — &)+ &p

fé — (S(Z_53)(1_u1)(;_¢)(ﬁ115+ﬁ21r) + (& — E)r + &u
&= Q1+ (& —&Da+ (& — &)y + &p

& =—0Q, _I_(51—53)(1—111)ﬁ15+(§A1/—§3)(1—ul)(1—<ﬂ)ﬁ1V_I_
(§a =800+ (64 —$e) (L +up)ry + &4 (8)

Eé = Qs+ (§1=$3)(A—u1)B25+(E1-§3)A—u)(A-p)BV +

N
(5 = $6)(1 +uz)r, + &5(d + 1)
§6 = (§6 — )T + Sopt.
with the transversality conditions &;(¢;) = 0,j =1, 2, 3, 4,
5, 6,0f U andconditions need to be optimal, can be written
up = 3-8 B1ls+821)5+(E3 -8 A—p) B1ls+E21)V u

204N M2 =
(a—=$edr1ls  « _ (Es=Ee)ralr
) u3 -
20y 2C3
C))
Proof

The system of co-the state differential equations, obtained
using the Hamiltonian H equations [16, 17, 18] with the
transfersality condition,

0H (& —&)(A —u)(Bils + B2ly)

h=-55 = N

+ (6 -0

+&u
0H (& —8)A —u)(A —)(Bils + Ba;)

. oH
54-_ als

. & = &)1 —uBiS + (& — &)1 —un)(1 — @BV

N
+ (&4 _6%)6 + (& — &) (A +ux)ry +&4pu

$s al,
3
+ (& —8)A —udpS+ (6 —&)A —u)(A —@)B,V

N
+ (€5 — ) (A +uz)ry+&s(d + )

, 0H
$6 = IR (§6 — §1)T + &6t

The optimal control equation system is obtained by applying
the necessary conditions for optimal control to the
Hamiltonian equation H, we get
:TH = 0, obtained

1

w _ (3= (B1ls+E2L)S+H(E3—E1) (=) (B1Is+E2 1)V
u1 - )

2C1N
KL 0, obtained
auz
W = (54_56)7”115, and
2C,

LA 0, obtained
au3
ut = §s5—$e)ralr

3 203
4. Results

The solution to the system of equations (5) is solved by a
numerical method, the fourth order Runge-Kutta method, by
providing initial values. The next step is to provide the
initial values for the co-the state variables, which are solved
by the fourth order Runge-Kutta method, to obtain a solution
to the equation of the state.

By using the parameter values in Table 1, with the initial
values of the classes S(0) = 10000000, V(0) = 500000, E(0)
= 3000, I(0) = 2000, 1(0) = 1000, and R(0) = 0, with

&= A N weights Q; = 100, Q, = 200, Q; = 300, C; = 400, C, = 500,
+ (& —EDr +&u C; = 600. Solution of equation (5) with ujand no control.
, 0H
G=—gp=—t (&3 —Sda+ (& — &)y + &3p Figures 2 and 3 show that control u},can prevent flu
infection in peoples who are still healthy from the initial
time until t = 60 days.
mxm° ‘ ‘ :
g_\\\ |
= \\ -
@ \\ -
c
BN i
5T \\ == without control|
g A —with control u1|
o ;L \~ -
O il
2t ."""-._-_ -
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0 | | | —-‘----_--l- --------

30
Time (days)

Figure 2: The dynamics spread of S with control, u, and no controls
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Figure 3: The dynamics spread of V with control uj, and no controls
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Figure 4: The dynamics spread of E with control, uj, and no controls

Based on Figure 4, control, uj, can reduce the class E peoples from baseline to t = 60 days.
x10*

o
16— “0‘ —
L |==== without control o |
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@, |===with control u2 et i
. L ]
€ =with control u1 & u2 Lot
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Figure 5: The dynamics spread of I with controls u3, ujandu;, and no controls

Based on Figure 5, the control, uj, was effective in reducing Based on Figure 6, the control, u3, was effective in reducing
flu disease compared to no control from baseline to t = 60 I, compared to no control from baseline to t = 60 days. The
days. The controls, uj, and u3, more effective in reducing controls, u; and uz, were slightly more effective in reducing
the number of I, compared to the control, u;, only from  the number of peoples I compared to control, uj, only from
baseline to t = 60 days. baseline to t = 60 days.

25 T T

——without control
----- with control u3
—with control u1 & u3
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T
|

05 I | | I I
0 10 20 40 50 60

30
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Figure 6: The dynamics spread of I, with controls u3, u;&u3 and no controls
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Figure 7: The dynamics spread of R with controls uj, u3, u3 and no controls

Based on Figure 7, the controls, uj, u3, and u3, are more effective in increasing the number of R compared to
the initial time to time t = 60 days.

Control profiles
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=——control u3

0

10 30
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Figure 8: The profile of the optimal controls uj, u5&u;

no control from

Based on Figure 8, control profiles uj, u;&usz, optimal
control, uj from t = 0 until t = 10 days, fromt =10 days to t
= 60 days decreased because peoples who are still healthy
already understand how to prevent flu infection. Optimal
control, u; from t = 0 until t = 36 days, from t = 36 days
until t = 60 days, decreased the number of I the class
because they had been treated and recovered from flu.
Optimal control, uz from t = 0 until t = 46 days, from t = 46
days to t = 60 days, decreased the number of in I, the class
because they had been treated with combination drugs and
recovered from flu.

5. Conclusion

The model under study was developed from the article by
Sungcasit [5] by paying attention to exposed the classes so
that a model of the transmission of flu was obtained, like the
system of equations (1). Based on the system of equations
(1), the non-endemic equilibrium point is obtained, and the
stability analysis of the non-endemic and reproduction
number is obtained. In the system of equation (1) is given
controls, uj, u5, and uj as in the system of equations (5).

Based on the Hamiltonian equation (7), a system of co-the
state equations (8) is obtained, which corresponds to a
system of the state equations (5). In the numerical
simulation, control, uj, can prevent peoples from getting
infected with the flu. Control, u; effectively reduced the
number of the I class peoples compared to no control.
Control, u3 effectively reduced the number of peoples in the
I; class compared to no control. Controls uj andu; more
effectively reduce the number of the Is class peoples than

control u;. Controls uj anduz are more effective in reducing
the number of the I, class peoples than the control, uz only.

6. Future Scope

This research study can be developed by adding the
parameters of recruitment into the infected compartment and
adding the parameters of reinfection of the recovered
subpopulation. To increase the effectiveness of vaccination
can also add to the control of vaccination. The spread of
influenza can also be studied in fractional form. The
population in this study is closed. The results of this study
can be used as a reference for research in the epidemic field.
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