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1. Introduction and Preliminaries

The notion of a b-metric spaces was studied by Bakhtin [1],
Czerwik [2] and many fixed point results were obtained for
single and multivalued mappings by Czerwik and many
other authors. (See [3] - [8]) The generalizations of b- metric
spaces Kamran et al. [9] and others (see [10]- [11]) was
introduce extended b- metric spaces. Mlaiki et al. [11]
introduced controlled metric spaces were obtained many
fixed point results and many authors. (see [12]- [15]) Which
is generalized form of extended b- metric spaces. Again
Mlaiki [11] introduced new type of metric spaces we
generalize many results in the literature. New type of metric
spaces is metric -like spaces. Das and Gupta [16] established
first fixed point theorem for rational contractive type
conditions in metric spaces further many authors established
fixed point theorems in rational contractive type conditions.
(see [17]). Recently Pandey et al. [18] established fixed
point theorem on rational type contractions in controlled
metric spaces. In this paper, we establish fixed point
theorem on rational type contractions in the setting of
controlled metric- like spaces. We also provide example to
illustrate significance of the established result. Our result are
the extension of several well- known results of literature.

Definition 1: [1] Let M #¢ and s >1. A function Y: M x M
— [0, ) is called b- metric if for all 1, s, t € M,

1) Y(r,s)=0ifr=s

2) Y(r,s)=Y(sT)

3) Y, t)ysSs[Y(r,s)+Y (s, )]

The pair (M, Y) is called a b-metric space.

Definition 2: [9] Let M #¢ and ©: M x M — [1, ) be a
function. A function Y: M x M — [0, o) is called an
extended b- metric if forallr, s, t € M,

1) Y(r,s)=0iffr=s

2) Y(r,s)=Y(s,T)

3) Yot [Y(rh,s)+Y(s, )]

The pair (M, Y) is called an extended b-metric space.

Definition 3 [11] Let M #p and T : M x M — [1, ) be a
function. A function Y: M x M — [0, o) is called
controlled metric if forallr, s, te M,

1) Y(r,s)=0ifr=s

2) Y(r,s)=Y(s,1)

3) Y(rt<t(r,s)Y(r,s)+1(s,t) Y (s, 1)

The pair (M, Y) is called controlled metric space.

Definition 4 [11] Let M #$ and : M x M — [1, ) be a
function. A function Y: M x M — [0, «) is called
controlled metric- like space if for all r, s, t € M,

1) Y (r,s)=0impliesr=s

2) Y(r,s)=Y(s,1)

3) Y(r,t)yst(r,s) Y(r,s)+t (s, 1) Y (s, 1)

The pair (M, Y) is called controlled metric like space.

Example 1 [11] Let M = {0, 1, 2}. Define the function Y":
M x M — [0, ) by

Y (0,0) =Y (1, 1):0,Y‘(2,2):%, Y(0,1) =Y (1, 0) =1,
Y(0,2=Y@20)=5,Y(12=Y21=z
Take ©: M x M — [1, o) by

1(0,0)=t(1,H=1(2,2=1(0,2)=1,1(1,2)=2,7(0, 1)
-1

10°
Hence Y is controlled metric-like on M and (M, Y) is
controlled metric - like space.

We have Y (2, 2) ==# 0. Which imply (M, Y) is not a
controlled metric type space.

The Cauchy and convergent sequence in controlled metric-
like space are defined in this way

Definition 5: [11] Let (M, Y) be a controlled metric- like
space and {r,} be a sequence in M. then

1) The sequence {r,} converges to some r in M: if for every
€ > 0, their exists N =N (€) € N such that Y (r,, r) < € for
all n> N. in this case, we write lim,_,,, I, = I.
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2) The sequence {r,} is Cauchy; if for every € > 0, there
exists N =N (€) ¢ N such that Y'(ry, r,) <€ for all m, n >
N. in this case, we write limy, ;. (frm ) = 0.

3) The controlled metric - like space (M, Y) is called
complete if every Cauchy sequence is convergent.

Definition 6 [11] Let (M, Y') be a controlled metric- like
space. Letre M and € > 0.

1) The openball B (r, €) is
B(r,&)={seM: Y (r,s)<&}

2) The mapping £: M— M is said to be continuous at r € M;
if for all € > 0, there exists 6 > 0 such that £ (B (r, 5) @ B
(Er, £).

2. Main Result

In this part of our main result, we establish fixed point
theorem on controlled metric -like spaces.We also provide
example to illustrate significance of the established result.

Theorem 2.1 Let (M, Y) be a complete controlled metric-
like space. Let £ : M—M be so that there are a; € (0,1), for
alli=1,2,3,4,5with k = (a; + a,)/(1- a3.a4.as) < 1,

Y (Er, £s) < a; Y (r, S) + @ Y (r, £r) +a3 Y (S, £3) +a4
Y(rEr)Y(s,Es) Y(rEr)[14+Y(s,£9)] (2 1)
14+Y(r,s) 1+Y(1,5) '

5

Forallr, s € M. For rge M, take 1, = £" r, assume that

SUP e liM; o T(Tia, Fivz) T(Ties,Mm)/ T(Tilisr) < K. (2.2)
Suppose that,

lim,_,., T (r, r) and lim,_,, 7 (r, ry) exist are finite, and (a3
+as) lim,_, 7t(r,r,) < 1 for every r € M, then M posses a
unique fixed point.

Proof: Let roe M be initial point. Consider sequence (ry)
verifies r,.; = £r, for all n € N. Obviously, if there exists ng €
N for which ry. = o, then £ry, = 1y, , and the proof is
finished. Thus , we suppose that r,.;# r, for every n ¢ N .
Thus, by (2.1), we have

Y (foen) = Y (Erog, £6y) <ap Y (Mg, M) + @2 Y(a, £60)
+ag Y (I, £ry) +ag Y(Nng, £6na) Y(rn, £60)/1+ Y (rog, 1) +
asY (rp, £ry) [1+ Y(rn1, £r00)] 124 (r1,0)
= a3 Y(rnq,rn) +a Y(rng,m) +as Y(r,rme) +a; Y(r,.
L) Y (M M)/ 14 (rg, 1) +a5Y()rn,rn+1)[1+Y(rn_1,rn)] 11+Y(ry,.
1,

< (ar+ay) Y(rha,ln) +(astas+as) Y(rn,rns)
Y(rnfsn) < (a1+a)Y(rharn) / 1- (agtag+as ). (2.3)
Thus we have

Y(tnl) < kK Y(naln) < K)Y(Malhg) <o < K" Y(ro1)

(2.4)
For all n, m ¢ N and n < m, we have

Y (M) <t s 1) (s oen) (e, Fm) Y(Fe1,Fm)

(0, Fns) Y (M Fnet) + (et M) T2, Fne2) Y (Fnets Fs2) + T (Fnsa,
m) T (fme2, Tm) Y (Fne2,Mm)

<t(tnFnen) Y(Mnlnsn) + T(Tnet M) (e ne2) Y (e Pos2) + T (Foe 1,
m) T (Me2s M) T (Me2y Toea) Y (Tnsz, Toea) + T (Fssy Tm) T (Fnszs
Mm) T (Fe2s Tm) Y (Fnesy M)

<T(rn:rn+1)Y(rn:rn+1) + ZL n+1(H =n+1 T(r]:rm)) (rjfis) Y
(ri,riey) + H —n+1 T(rj: T) Y (Fm-1,fm)- (2.5)

This implies that,

Y (M, M) < T (M, Toen) Y (P, Toen) +
ZL n+1(H]L =n+1 t(r,,rm))r(r,,r,+1) Y (r.,r,+1)
+ H;n 1 T ) Y (Tt M)

<t(tn,Mn+1) K" Y(ro,r) + X% n+1(Hl =n+1 r(r],rm))r(r,,r,+1) K'Y

(roﬁrl)
1= n+1T(r].1“ K™Y (1o,1).

<t(tn,Mn+1) K" Y(ro,fr) + X% n+1(Hl =n+1 r(r],rm))r(r,,r,+1) K'Y
(ror1) (2.6)

Let

U= 7o 2o, i) T(rislies) K'Y (ro,rs) (2.7)
Consider _
V. = H; =0 r(rj, I'm)T(I'i,ri+1) kIY (ro,rl). (28)

In view of condition 2.2 and the ratio test the series
Y. v;converges. Thus lim,_.U, exists. Hence the sequence
{u,} is Cauchy. Using 2.6, we get

Y (o, M) <Y (ro,r1) [K"Y (FoyFnet) + (Unez -Un)] (2.9)
If 1(r,s) > 1. Letting m,n—o0 in 2.9,we have
My e Y fm) = 0 (2.10)

Thus , the sequence { r,} is Cauchy in the complete
controlled metric- like space(M,Y). So. There is some r ¢
M. So,

lim,_.. Y(r,r)=0. (2.11)

Noe , we prove that r" is a fixed point of M. By 3.1 and
condition (3), we get

Y (£ <t e ) Y i) +T(nen,£0) Y (Fen, £5)
= 2 ) Y (U Fner) +0(Tnes ,£0) Y (Ern EX)

ST Fost) V(U Fot) +2(0en £1) [ a0 Y(rl) + @ Y(ro,Ery)
+a3 Y (r ,£r*)

Y (rnEm) Y (r"£r7)

Y(r*,Er*)[1+Y(rn,£rn)]]
1+Y(r,r*)

14+Y(r*,m)

4 5

= T(I‘ rn+1)Y(r Mne1) +T(Tner EF ) [ & Y(ror ) + 8 Y(Mn,ns1)
+ag Y(r ,£r*)
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Y (rp,rn +1)Y(r*;£r*) +
1+Y(rp,r*)

Y(r* Er)[1+Y (ry 1y +1)]]

+a,
4 14+Y(r*ry)

(2.12)

Taking , limit n—oo and using 2,.10, 2.11 and lim,_,., t(r,,I)
and lim,_,., t(r,r,) exist, are finite, hence

Y(r £r%) < [(ag +as) liMy T(tnse,£0)]Y(, £1%) (2.13)
Suppose
I’ #£r*, having (ag +as) lim, ., ©(tn1,Er)< 1, S0
0 <Y(r'fr*) < [(ag +as) limy,, T(rpe,£0)]Y(Er%)
<Y(r'£r*)

(2.14)

Contradiction then ™ =£r*,
Now, prove the uniqueness of . Let s” be another fixed
pointof £inMthen £s =s.

Now, by 2.1, we have

Y(r',s*) = Y(Er, £5%)
<a; Y(r',s) + a, Y(r'£r) +a; Y(s ,£s) +a4%;(z*';‘s)
+a5Y(s*,Es*)[1+Y(r*,£r*)]
14+Y(r*,s*)
= Y(S) + 2 YK o Y($'S) +a
Y(s*s)[14+Y(r*r")]

1+Y(r*,s*)

+a5

<a, Y(r's).

Contradiction. Hence Y'(r',s") = 0 implies r = s
Example 3.1: Let M = { 0,1,2}. Define the function Y : M
x M — [0, ) by

Y(0,0) = Y(L1) = 0, Y(22) ==, Y(0.1) = Y(1,0) = 112,
Y(0,2)= Y(2,0) =5, Y(1,2) = Y(2,1) = 1/11

Taket: M xM — [1, w) by
©(0,0)= ©(1,1) =1(2,2) =1(0.2) = 1, 7(1,2) =7, (0, 1) = .

Hence Y is controlled metric-like on M and (M, Y) is
controlled metric - like space.

We have Y'(2,2) = %;ﬁ 0. Which imply (M, Y) is not a
controlled metric type space.

Given£: M—Mas £0 =2,£1 =£2=1.

Let a;=1/11,ay=az=a,=as =2/11. Then
1/11 +2/11
K = (a, + a)/(1- a3.84.25) = 1/_%2/1/1) =3/5 < 1,

And
SUP = Mo T(Tia1,Niv2) T(Ti,Mm)/ T(risNier) =1 < /K.

Clearly 2.2 satisfied and all the condition of Theorem 2.1 are
satisfied, and so £ has a unique fixed point , whichis r" = 1.
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