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Abstract: This article delves into the theory of summability, specifically focusing on the generalization of the limit concept for
sequences and series influenced by linear means of sequence or series. Researchers have shown significant interest in exploring the
degree of approximation of functions in the Lipschitz and Zygmund classes using various means of Fourier series and conjugate
Fourier series. The paper introduces the generalized Zygmund class and investigates the degree of approximation of functions within it
using the (N, Pn) (E, 1) means of Fourier series. The article presents a theorem that provides an expression for the degree of
approximation in this context. The proof of the theorem involves several lemmas and mathematical techniques. This work contributes to
the understanding of approximation theory and the application of Fourier series in generalized Zygmund classes.
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1. Introduction

The theory of summability is concern about the
generalisation of concept of the limit of a sequence of series
which is affected by an auxiliary of linear means of
sequence or series The degree of approximation of function
in Lipschitz and Zygmund class using different means of
Fourier series ans conjugate Fourier series have been great
interest among the researcher.The generalized Zygmund
class was introduced by Leindler [3] Moricz [4], moricz and
Nemeth [5] etc. Recently Singh et. al. [7] Mishra et. al. [6],
Kim [2] find the results in Zygmund class by using different
summability Means. In this paper we find the degree of
approximation of function in the generalized Zygmund class
by (N, Pn) (E, 1) means of Fourier series.

2. Definition

Let f be a periodic function of period 27 integrable in the
sense of Lebesgue over [, - w]. Then the Fourier series of f
given by

ft) = %" + Yr_i(a,cos nx + b,sinnx) ....... 2.1

Zygmund class z is defined as

Z={feCl-mu]lf(x+t)+flx—t)—-2f(0)| =
o).

In this paper , we introduce a generalized Zygmund
Z" (a,y) defined as

2Y(a,y) = f € Cl-m,7] f|f(x O+ f—1)

1

14
- 2f(X)|de> = 0(|t|“w(D)

Where ¢ = 0,y = 1 and w is a continuous non negative and
non decreasing function. If we take a=1 w=
constant and y - o , then Z% (a, y) class reduces to the z
class.

We write through the paper
D.)=fx+)=2f(x)+f(x—1¢t) ....... (2.3)

K, (t) =

sini (17+ )t
O }(24)

Pn—k
2Py, Zk 0(1+q)k{
3. Main Result

In this paper we prove the following theorem.
Theorem - Let f be a 2w periodic function, Lebesgue
integrable in [0,2m] and belonging to generalized Zygmund

class Zr(W) (r = 1). Then the degree of approximation of
function f by (N, Pn) (E,1) product mean of Fourier series is
given by

T ow(t)
— i NE __ v o
E,(f) =inf lIity" = flI7 = OOthv(t) dt)
n+
Where w(t) and v(t) denotes the Zygmund modulai of
continuity such that % is positive and increasing .
4. Lemma

To prove the theorem we need the following lemma.

Lemma 4(a) - For 0 < t < ——we have sinnt = n sint

K, ()] = o(n) ....... @.1)

Proof-For0 <t < n%and sinnt = n sint then

" 1y sind (Bu+z)t
| Kn (O] = |55 Zk=o (2)"{ =0) =5 i) }

n (k) (2v+1)sint (—)
le=o (Z)k =0 sm;,('z—)

1
= 2mPy,

Volume 12 Issue 11, November 2023

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR231106105234

DOI: https://dx.doi.org/10.21275/SR231106105234

1665


mailto:santosh.sinha@lcit.edu.in

International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

1 n
= k=0 (z)k

E 2k + Dz}

< %y P (2K + D))
(2n+1)
= ZZP |Zk o Pn— kl
=o(n)
Lemma 4(b) - For — <t < m,sins>< and sinnt < 1
n+1 2 T
we have
1
PAGIETIC - (4.2)
Proof - For%s t < n,sin; >£ and sinnt <1
Pn—k sin{ C’u+2)t
| K, ()] = { () e }

1 \ DPn—k {zk: (k) n}
— k -
2P, £ 2) L \v t

<

n
2tP, kzp""‘
=0
()
=0\|—
t

Lemma4(c)—Let f € Z,EW) thenfor 0<t<m
@ e D, =ow(®)
o(w(t)

() I9C+y,0)+ 9=y, = 20C, 0, = {7
(iii) If w(t) and v(t) are defined as intheorem then

IpC+y,6) + P =y, 8) = 2¢(, Ol = {v(y)%

Where ¢p(x,t) = f(x +t) + f(x — t) — 2f (x).

5. Proof of Theorem 3

Let S,(x) denotes the partial sum of Fourier series given
in (2.1) then we have
sinf (n+

Sp(x) —f(x) = —f o(t) T2t dt (5.1)
The (E, q) transform E; of 5 is glven by

~f ) = 5 fy 0O { F=0(3) %} dt

The (N, Pn) (E,q) transform of S, (x) is given by
t ()= fx) =

r— Zk =0 [p(;)_kk foﬂ @(t){ 5:0@) Sl:}gvéi))t} dt]

......... (5.4)

Let 1, (x) =6 — f(x) = [, 0(x,t) k,(O)dt then
ln(x + )’) + ln(x —}’) -2 ln(x)

=fw&+%w+¢@—»w
_ 2006 D)] ka(0) dt

Using the generalized Minkowaski’s inequality we get

©®

lpC+y,t) + o=y, 0) = 2¢(, DI,
B 1 2m
o [ Gt + =)
0

1
P
—21L,(x)|? dx

T

fm@+y0+¢&—yﬂ

21
_1f
) 2n

0o o

1

p P
dx

1
P

—2¢(x, )] k, (®)I dx} dt

—2¢(x, )] ky(t) dt

2m

sof{%of|[¢(x+y,t)+¢(x—y,t)

T

fuk(t)mp{ j|[¢(x+y,t)+¢(x )

0
1
P

—2¢(x, O]IP dx} dt

lpC+y, ) + d( =y, ) = 2¢(, Oll,| k, ()] dt

-
H‘ O\:‘

lpC+y.t) + d( =y, t) = 26(, DI, | k. (O] dt +

°\=i

- j 1C+y,0) + (-7, 0)
1

n+1
- zd)('t)”pl kn(t)l dt
=L +1, (say)

Using lemma 4(a) and 4(c) and the monotonically of

with respect to t we have

1
n+1

L = f 1C 4,8 + .~ 8) — 26C, Ol | kn(O)] dt
0

v(t)

Il
I~
o\_*_’»_x

w(t)
< 62 e )>0(n) dt

1
n+1

=o| nv(y) f (t)

Using second mean value theorem of integral we have
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For I, using lemma 4(b) and 4(c) we have

- f 1 C+y,6) + By, 0) = 26, Oll, | k(O] de
1

n+1
r w®) 1
=0 .1’- ( (y) ﬁ) ? dt
n+1
([ w®
=o| v(y) !(tv(t))
.............. (5.7) "

From (5.5) (5.6) and (5.7) we get
L C+y) + LC=y) = 2L, = o < v(y) %IL)))) +

(v(y ) f (twv((tt))) dt)

SUP |l (49)+Hn (=) =20 Ollp _
y+0 v(y)

0 (V((i“))> +o0 (f” (twv((tt))) ) ......... (5.8)

n+1 n+l

Again using lemma we have
1

L Ol < + |- oG OlIKL ()] dt

¥ (t)dt\ . f w(t) it
=0l n w o -,
n+1

T

=O<n:1w(n-1l-1)>+0 I@dt

n+1

- o(w(ﬁ)) +o<fn%@ dt) .............. (5.9)

From (5.8) and (5.9) we have

N O = 1Ol
sup L, (+y) + L, =y) = 2L, Ol

y#0 v(y)
=o(w< ! ))+o th +O<7‘“(n}-1)>
1
nrd = ‘ v(n+1)
r w(t)
+o0 1(%)
TE

Now we write J; in terms of /5 and J, , J; in term of J,.

In view of the monotonicity of v(t) we have

w(t) = (%),v(t) < v(m) (‘28) ( ES) for 0

<ts<m

Therefore we can write

Ji=0(J3)

Again using monotonicity of v(t)
B w(t) B w(t)
J2 = IT dt = 1f(tv(t)) dt

1
n+1 n+1l
([ o)
< U(T[) !(m) dt = 0(14)
n+i

n+1

Using the fact % is positive and non decreasing, we have

w(t)
Ja = ,!(t v(t)) dt

n+1

Therefore we can write

Iz = 0(]4)

So we have
L | [ (e®
1L, O = 00, = o i(—tv(t)> d
Hence o
_ N o)
E,(f) = inf (L2 = o f (—w(t)> at
n+1

This complete the proof.
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