International Journal of Science and Research (IJSR)
ISSN: 23197064
SJIF (2022): 7.942

MINIMUM DEGREE ENERGY FOR SOME CLASSES OF GRAPHS

Shivakumar Swamy C. S.
Department of Mathematics
Government College for Women(Autonomous)
Mandya 571401
INDIA

cskswamy@gmail.com
Abstract
In this paper we find minimum degree energy for graphs like C, x P,, Totalgraph of C,,
Totalgraph of regular graph of degree » and Cocktail party graph
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1 Introduction

Let G be a simple graph and let its vertex set be V(G) = {v1, v9, ..., v, }. The adjacency matrix
A(Q) of the graph G is a square matrix of order n whose (7, j)-entry is equal to unity if the vertices v;
and v; are adjacent, and is equal to zero otherwise. The eigenvalues A1, Ao, ..., A, of A(G), assumed
in non increasing order, are the eigenvalues of the graph G.

The energy of G was first defined by I.Gutman|4] in 1978 as the sum of the absolute values of

its eigenvalues:

B(G) = > Inl

Ever since the graph energy F(G) of a simple graph G was introduced by I.Gutman [4], there
is a constant stream of papers devoted to this topic. Survey of development before 2001 can be
found in [5]. For recent developments one can consult [3|. The energy of a graph has close links to
chemistry(see for instance [6] . Let G be a simple graph with n vertices vy, vo, ..., v, and let d; be

the degree of v;, 1 = 1,2,3,...,n. Define

min{d;,d;} if v; and v; are adjacent,
ij =
0 otherwise.

Then the n x n matrix m(G) = (d;;) is called the minimum degree matrix of G. This was introduced

and studied in[1, 2|. The characteristic polynomial of the minimum degree matrix m(G) is defined
by O(Gip) = det(ul —m(Q))
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where I is the unit matrix of order n. The minimum degree eigenvalues pi1, o, . . ., i, of the graph
G, assumed in the non increasing order, are the eigenvalues of its minimum degree matrix m(G).

The minimum degree energy of a graph G is defined as

E,(G) = Z |44

Since m(G) is real symmetric matrix with zero trace, these minimum degree eigenvalues are all
real with sum equal to zero. In this paper, we compute the minimum degree Energy E,,(G) of
some classes of graphs like (), x P, Totalgraph of C),, Totalgraph of regular graph of degree r and
Cocktail party graph.

2 MIMINIMUM DEGREE ENERGY

In this section we find minimum degree energy of some classes of graphs.

Definition 2.1 If G, = (V}, Ey) and Gy = (V5, E,) are two graphs then the cartesian product of G,
and G2 denoted by G1x G2 = G(V, E) consists a vertex set V' = V; x V5 and (z1,y1), (T2, %) € Vi xVs

are adjacent if x179 € Fy and y; = yo or y1y2 € Eo and z; = 5.

Theorem 2.1 The minimum degree energy of C, X Py is

n

En(Cpx Py) =)

=1

o
1—1—4(:oslZ
n

omi|
144 —
+ cosn‘—l—;

Proof. The minimum degree characteristic polynomial of C,, is

3]

o n n n ]{; L n 2k
Po, (1) = =21 427 Y (-1 —— ) (5) .
k=0

The minimum degree eigenvalues of cycle C,, are the numbers 4cos 2, for i =1,2,3,...,n. The

minimum degree characteristic polynomial of P, is
Pp,(p) = 1 — 1,
the minimum degree eigenvalues os P, are 1 and 1. The eigenvalues of C,, x P, are 1+ 4 cos %
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and1—|—4cos% (1=1,2,3,...,n). Thus

n

En(Cyx Py) =)

i=1

1+4(3oslZ )

9
—1+4cosﬂ‘ +
n

Also the minimum degree energy of C,, x Ps is

Em(cn X PS)

Definition 2.2 The total graph T'(G) of graph G is that graph whose set of vertices is the union

of the set of vertices and of the set of edges of G, with two vertices of T'(G) being adjacent if and

only if the corresponding elements of GG are adjacent or incident.

Let G be regular graph of degree r, having n vertices and m edges, then the minimum degree

matrix m(7T(G)) of total graph T(G) with vertex set (vi,ve,...,Un,€ni1,€ntty---,

written in the form,

A R
m(T(G)) =
R B
where A = [a;],
2r it v; and v; are adjacent
;5 =
’ 0 otherwise,

B [bij]7
b ( 2r if e,41 and e, ; are adjacent
ij =
i 0 otherwise,
and R = [r]
2r if v; and e,4; are adjacent
T'Z" —
! 0 otherwise.

Hence the characteristic polynomial ¢(T(G); ) of m(T'(G)) is obtained as follows,

LI4+rl RRT R

Pre) (1) = (2T)m+n RT L1497 — RT'R
- 2r o
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where p = .

A (p+r)I—RRT+ (p+7+ )R + RTRR" 0
Pry(p) = (2r)™* p+2 ( )

—(p+r+1)RT + RTRRT (p+2)I
Pry(p) = (2r)™ " (p +2)™ |pI —m(G) + ﬁ( m(G) +rI)(m(G) — (p+ 1)

= (2r)" " (p+2)" 7" [(m(G))? = (20 — 1+ 3)m(G) + (p* = (r = 2)p — )|

(2r)m+np+2mnH —2p—r+3)p; +p*—(r—2)p— )
i=1

n

= @)+ 2" [T (0* = @pitr = 2)p 4 pf + (= 3)pi =),

where p;, (i = 1,2,3,...,n) are minimum degree eigenvalues of A. Now we prove the following
theorems.

Theorem 2.2 If G is a reqular graph of degree r, with n vertices and m edges, then

E(T(GQ)) = |4r(m —n)| + nz ‘ <2rpi +r?—2r+ry/r2 4+ 4+ 4pz~> ‘
i=1

+n2‘(2rp,-+r2 —2r—r\/7“2+4+4p,-> ‘
i=1

Proof. The minimum degree characteristic polynomial of 7'(G) is

or(@y) = 2y 42 T (4 = ot r =D g =3 r).

Hence minimum degree eigenvalues of T'(G) are —4r [(m — n) times| and 2pir + 1% — 2r £

ry/r2 4+ 4+ 4p; [n times]. Thus
E.(T(G)) = 4r(m—mn) + ”Z ‘ <2rpi 24+ 4pi) ‘
i=1

+nz <2Tpi+7“2— 27“—7’\/7’2 +4—|—4pi> ‘
=1

Theorem 2.3 For all n > 3,the minimum degree of T(C,,) is ,

En(T(C)) = 8(m —n)|+n Z <16 oS ? + 4\/2 + 4 cos @>

; n
=1
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T o
+nz (16COS——4\/2+4COS%> ‘

Proof. Since C, is a regular graph of degree 2, the minimum degree characteristic polynomial of

T(C,) is

z:

o(T(Cp); ) = (4)m+n ymn (— — 2c0s —,u + 16 cos 27 —4dc S@ _ 2> '

n
=1

Hence the minimum degree eigenvalues of T'(C,) is 8 [(m  n) times|] and 16cos 2™ +

4\/2 +4cos 2 [n times]. Thus
/ 2
(16005—+4 2+4cosﬂ>‘
n
—i—nz 16cos——4 2+4COS@
1/ - .

Theorem 2.4 If G is a cocktail party graph with n = 2k vertices, then

En(T(C)) = [8(m — n)| —|—nz

E,.(G) =2(n—2)%

Proof. Since G is a cocktail party graph with n = 2k, it is regular graph of degree n — 2.

Then minimum degree characteristic polynomial of G is

(G ) = (1 —2(k — 1)(2k — 2))u* (1 + 2(2k — 2))F1

Therefore, the minimum degree eigenvalues of G are 2(k—1)(2k—2), 0, —2(2k — 2) with multiplicity
1, k and (k —1). Hence

En(G)=12(k—-1)(2k = 2)| + |0k + | — 2(2k = 2)|(k — 1)

=4(k —1)(2k — 2)
=2(n —2)%
Theorem 2.5 Forn > 2, the minimum degree energy of the crown SO is equal to

En(S?) = 4(n —1)*.
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Proof. The minimum degree characteristic polynomial of S° is

$Spip) = (n D" Mt (n 1)%),
hence minimum degree eigenvalues of SO are (n — 1)((n — 1)times), —(n — 1)((n — 1)times), (n —

1)?(1time) and —(n — 1)?(1time), thus, minimum degree energy of S? is
Bn(SD) = In =1 (n— 1)+ |~(n - D] (1~ 1)+ |~(n ~ 1| +|(n - 1

En(S°) = 4(n — 1)2.
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