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Abstract: In this paper, | define a new subclass of uniformly convex functions and corresponding subclass of starlike functions with
negative coefficients and obtain coefficient estimates. Further, | study extreme points, growth and distortion bounds, radii of starlikeness and

convexity for aforementioned class.
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1. Introduction

Let A(j) denote the class of functions of the form

f@)=z+ Z a,z", JEN i (L)
n=j+1

which are analytic in the open unit disc U = {z: |z] < 1} note
that A(1) = Aand A(j) € A(1). Suppose that S(j) denote the
subclass of A(j) consisting of functions that are univalent in
U. Also, we note that S(1) = S is subclass of A consisting of
functions that are univalent in U. Further, let S; (j) and C, (j)
are the subclasses of S(j) consisting of functions respectively,
starlike of order (0 < a < 1) and convex of order a(0 <
a<l.

Let T(j) denote the subclass of S(j) consisting of functions of
the form

f@=2- )

n=j+1
A function feT() is called a function with negative
coefficients and the class T(1) =T was introduced and
studied by Silverman[10]. In 1975, Silverman [10]
investigated the subclasses of T(1) denoted by T*(a) and
K(a) for 0 < a < 1. That are, respectively starlike of order a
and convex of order a.

a,z", a, 20,vn=2j+1,jeEN,zeU..(1.2)

Furthermore, denote by S;(1):=S8" and Cy(1) :=C the
subclasses of S that are respectively, starlike and convex
functions. In 1991, Goodman [3,4] introduced and defined the
following subclasses of S*and C.

A function f(z) is uniformly convex(uniformly starlike) in U,
if f(z) isin C(S™) and has the property that for every circular
y contained in U, with centre £ also in U and the arc f(y) is
convex(starlike) with respect to £ (). The class of uniformly
convex functions denoted by UCV and the class of uniformly
starlike functions denoted by UST (for details see [3]). It is
well known from [7,9] that

erCVc»R{H

Zf," (Z)} . |Zf," (Z)|
f (2 f @

In [9], Ronning introduced a new class of starlike functions
related to UCV and defined as ’
zf (2) _ |12f @)
es, onfL L0y
1€5% SR Fw 12 e
Note that f(z) € UCV & zf (2) € S,. Further Ronning
generalized the class S, by introducing a parameter a, -—

1<a<1 ) )
zf (2) zf (2)
— > —
fESp(a)(:)R{f(Z) a}_ 2 1|

In 1997, Bharati et al.[2] introduced the subclasses k-starlike
functions of order (k —ST(a)) and k-uniformly convex
functions of order a(k — UCV (a)) of the function class S as
follows

>

zf ' (2) zf ' (2)
fek—ST(a)(:)R{f(Z) —a}zk [10) —1‘,
k>0, 0<ax<l1

and

fek—UCV(a) @32{1+Zf @)

2f" (2)
— k
@ “} =57 @
>0, 0<ax<l1

It follows that f € k — UCV(a) & zf € k — ST(a).

ke

Motivated by the above definitions and
Murugusundaramoorthy and Magesh[8],we define a new
subclass of S(j) as follows.

For k>20,-1<a<1,0<u<1 and u<ai we Ilet
S(A, u, a, k,j) be the subclass of S(j) consisting of functions
f(z) of the form (1.1) and satisfying the analytic criterion
R{ 2f (2) + 22°f " (2) }
7 77 —a
(- Wf@ +uzf @ + Q= w7 f ()

zf (2) + 22*f (2) 1

(1 -wf @) +pzf (2) + (A — wz*f" (2)
eU......(1.3)

>k

,Z

We also let TS(A, u, a, k,j) = S(A, a, k, j) N T(j).
We note that, by specializing the parameters j, A, u,a and k,
we obtain the following subclasses studied by various authors.
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1) TS(0,0,a,0;1) = S*(a) and TS(1,1,a,0; 1) =
K(a) (Silverman[10])

2) TS5(0,0,,0;j) =S"(a,j) and TS(1,1,,0;j) =
K(a,j) (Srivastava et al.[11])

3) TS(A,A4,a,0,1) =5*(A, ) (Altintas[1])

4) TS(0,0,a,k,1) =k —ST(a) and TS(1,1,a,k,1) = k —
UCV (a)(Bharati et al.[2]

5 5(0,0,a,1,1) = Sy (@) and S(1,1,,1,1) =
UCV(a) (Ronning [9])

6) S(0,0,1,k 1) =k—ST and S(1,1,1,k,1) =k —
UCV (Kanas and Wisnowska [5,6]
and Subramanian et al.[12]).

The main object of this paper is to obtain a sufficient
coefficient condition for functions f of the form (1.1) to be in
the class TS(A, u, a, k,j). We show that the result is also a
necessary condition for functions belong to this class. Further
we investigate extreme points, growth and distortion bounds,
radii of starlikeness and convexity for the aforementioned
class.

2. Coefficient Estimates

In this section we obtain a necessary and sufficient condition
for functions f(z) in the classes TS(A, u, a, k, j).

Theorem 2.1. A function f(z) of the form (1.1) is in
S ak,j)if

Z [da(L+K) = (@+ K] lay] S 1= oo (2.1)
1\1/\:/}?1;;9 o, =n[l+An—-D], v, =[1+n—-1nA-
n—1x and —1<a<],
0<u<l pu<id and k=
(Y ¢33
Proof. It suffices to show that

k| 2f (2) +22°f" (2) ~ 1|
(1= wf (@) + pzf (2) + A —wz*f (2
ke { 2f (2) + 22°f" () B 1}
A -wf @ +upzf (@) + (A — Wz f" (2)

<l—-a«a
we have
. 2f @) + 22" (2) ~
A= wf@ +uzf @) + - Wz (2)
ke { zf @) + 22°f (2) _ 1}
A -wf @) +uzf' (2) + (A — Wz f" (2)

z2f (2) + Az*f" (2) ~ 1|
—Wf (@) +pzf (@) + A — Wz f" (2)

A RE (b~ el
B 1_2‘;.10=j+1(¢n)|an|

This last expression is bounded above by (1 — a) if

|

S(1+k)|(1

(oe]

D g4 - @+ lle] <1-a
n=j+1
hence the proof is complete.

Theorem 2.2: A necessary and sufficient condition for f(z)
of the form (1.2) to be in the class TS(4, u, a, k, j) is that

Y e+ - @+plle] <1-a

n=j+1

Proof: In view of Theorem 2.1, we need only to prove the
necessity. If f(z) € TS(4, 1, @, k, ) and z is real then
1- Z;o:j+1 (l)nanzn_1 _ >k Z;ozj+1(¢n - lpn)anzn_l
1- Zf=j+1 1l)nanZ”_1 h 1- Z$=j+1 Yn anZ"_l
Letting z —» 1 along the real axis, we obtain the desired
inequality.

D e+ - @+ bpla, <1-a,-1<a<lk

n=j+1

=0
Finally the function f(z) given by
f@
l1—«a

o (24

=z— 7/
[fj+1 (1 +K) = (a+ k)]
where ;1 and ;4 as written in (2.2)is extremal for the

function.

Corollary 2.3: Let the function f(z) defined by (1.2) be in the
class TS(A, u, a, k, j). Then
l—«a
a, <
[ (1 + k) — (a+ F),]
this equality in (2.5) is attained for the function f(z) given by
(2.4).

M=j+1 .. (25)

3. Growth and Distortion Theorem

Theorem 3.1: Let the function f(z) defined by (1.2) be in the
class TS(A, u, @, k,j). Thenfor |z| <r =1
¢ < 1f @)
Tr— T s Z
[¢j+1. (1 + k) = (a + k) 41]

1—«a .
J
[da (0 — (a+ Pl
The result (3.1) is attained for the function f(z) given by (2.4)
forz = +r.
Proof: Note that

<r+ o (3D

lee]

(6 (L +H) = @+ Y a,
- n=j+1
< ) 160 +0 - @+,
n=j+1
<1-a,
this last inequality follows from Theorem 2.2. Thus
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@Il = ) alatzr-r Y a
n=j+1 n=j+1
>r— 1-a ri+l
[@j+1. (1 + k) — (@ + k)]
Similarly
f@I<lzl+ ) aldn<r+rt )
n=j+1 n=j+1
1—a )
<r+ r/+t

[@j+1. (1 + k) — (@ + k)]
This completes the proof.

Theorem 3.2: Let the function f(z) defined by (1.2) be in the
class TS(A, u, a, k, j). Then for |z| <r =1

G+DA - ' ’
At -@rip.a <!
=T R G P e (3.2)

[@j+1. (L + k) — (@ + k)]
Proof: We have

[oe]

r@lzi- )

n=j+1

na, |z|"

F@DI<1+ ) naylz

In view of theorem 2.2,
[¢j+1. (1 + k) — (a+k)Yj44]

- na,

J+ 1 - n=j+1
< z [¢,(1+ k) — (a + K, la,
< T]—% .(3.5)

or equivalently
i G+1D(1-a)
na, <
) [dj1 (1 +K) = (& + k) 44]

A substitution of (3.6) into (3.3) and (3.4) yields the inequality
(3.2). This completes the proof.

....(3.6)

Theorem 3.3: Let f; (z) = z, and
1-—a

S e PN wy e v L

n=zj+1 ... (3.7)
for 0<A1<1,k>=0,-1<a<1. Then f(z) is in the class
TS(A, u, a, k,j) if and only if it can be expressed in the form

f(2) = Z,unfn @) o (3.8)
=j

Proof: Assume that

[ =[G+ Y e
n=j+1 l1—a )
. o

[O(opn(1 + k) - ((Z + k)lpn

ZZ‘LLHZ
n=j
11—«

_n;[qbn(uk)— (@ + k)P,

Then it follows that

] UnZ"

1-a [$n(1+10) = (@ + )]
n;1[¢n(1+k)—(a+k)¢n]“" 1-a
= Z Mo =1,

n=j+1

so by Theorem 2.2, f(z) € TS(A, u, a, k, j).
Conversely, assume that the function f(z) defined by (1.2)

belongs to the class TS (4, 4, a, k, j). Then
1—a

anS[¢n(1+k)—(a’+k)‘ll}n]’ n2]+1
Setting
_ (1 +K) — (@ + Kyl
n - an’
1—a }
(m=j+Dand py; =1- Z “w,,
n=j+1
We have
fD=z2-) a,z"
f@
1-a
=z n;ﬂ [d.(1+ k) — (a+k)y,] Up 2" e . (3.9)

Then (3.8) gives

[@=2+ ) G@D-Du=f@n+ ) L@

n=j+1 n=j+1
=) h@m
=j
and hence the proof is complete.

4. Radii of close-to-convexity, Starlikeness and
Convexity

In this subsection, we obtain the radii of close-to-convexity,
starlikeness and convexity for the class TS(4, u, a, k, j).

Theorem 4.1: Let f € TS(A, 1, @, k, ). Then f(z) is close-to-
convex of order ¢ (0 < ¢ < 1) inthe disc |z| < r; where
1

A -0+ k) — (@+ ), ]|"—T

1 = inf

n= n(l —a) ’
where pu, =20 (n=j)and Xi;p, = 1. >j+ 1. (41)
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The result is sharp with extremal function f(z) given by
(2.4).

Proof: Given f € T,and f is close-to-convex of order o, we
have

f (2)=1<1=0 wwuue..
For the left hand side of (4.2) we have

(4.2)

f @ -11< ) nalz"!
n=j+1
The last expression is lessthan 1 — ¢ if

>

a,|z|"! < 1.

n=j+1
Using the fact that f € TS(4, i, @, k, j) if and only if
. 1+k)—(a+k
[ ¢ ( ) — (a + k)] o <1
_ (1-a)
n=j+1

We can say (4.2) is true if

2]~ 1< [¢n(1 + k) B (a + k)lpn]
1-o0 1-a
Or, equivalently,

2 = [(1

which completes the proof.

—0)[ (1 + k) = (a + k)]
n(l—-a)

Theorem 4.2: Let f € TS(A, i, @, k,j). Then

i) f is starlike of order ¢ (0 < o < 1) in the disc |z|

< 1y, Where
1
1_0 ¢n(1+k)—(a+k)1/)n]m
f n— a (1-a a
>j+1lann .. (43)
i) f is convex of order o (0 < o < 1) in the unit disc|z|
< 13, where
1
inf l1-0 [¢n(1+k)_(a+k)¢n] n-1 n
n(n - a) (1-a) ’
>4 L (44)

Each of these results are sharp for the extremal function f(z)
given by (2.4).

Proof: i) Given f € T, and f is starlike of order o, we have

zf (2 |
-1{<1-0 oo eee .. (45
%) >
For the left hand side of (4.5) we have
2f'(2) 1| L Zin( = Dl

f(2) 1-X0 i anlzl"
The last expression is less than 1 — ¢ if

Z 2 9%, Iz <1
1—-c "

n=j+1
Using the fact that f € TS(4, i, @, k, j) if and only if

i [0 +R) =@+l

a, =
n=j+1 (1 a)

We can say (4.5) is true if
LAWY [$n(1+ k) = (@ + )]
1- - (1-a)
Or, equivalently,
2t = (1 - 6) [P (1 + k) — (a + k)]
z T [\n-0 1-a
which yields the starlikeness of the family.
ii) Using the fact that f is convex if and only if zf’
we can prove (ii), on lines similar to the proof of (i).

is starlike,
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