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Abstract: Let C be a non-perfect square positive-integer and € = m? + 1,m? + 2,m? + m. The basic solution of the Pell equation is
found in the present articlex? — Cy? = +1by using Continued fraction expansion of v/C. Also, in terms of Generalized Bi-Periodic
Fibonacci and Lucas sequences, we obtain all positive-integer solutions of the Pell equation x? — Cy? = +1.
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1. Introduction

It is generally recognized that the Pell equation x? — Cy? =
1 always have positive-integer solutions, where C is a
positive-integer which is not a perfect square. When N is not
equal to 1, there may be no positive-integer solution for
x?—Cy?= N. The positive-integer solution forx? —
Cy? = —1lequation depends on the period length of
v/Ccontinued fraction expansion. When m is a positive
integer as well as C = m? + 1,m? + 2, m? + m, particularly
if a solution is available, all positive integer solutions are
provided in terms of Generalized Bi-Periodic Fibonacci and
Lucas sequences. In the present article, we will utilize
v/Ccontinued fraction expansion to obtain all positive integer
solutions of the equations for different values of C, if a
solution exists.

2. Preliminaries

Some writers have generalized the sequences, Fibonacci and
Lucas, by altering their initial conditions and recurring
relations. Yayenie and Edson [11] generalize the Fibonacci
sequence to the new set of sequences denoted as {p, } and is
defined by

if niseven

if nis odd,

apn -1 + Pn—-2,
= 0’ = 1’ = {
Po P1 Pn bpn—l + Pn—2

=2

Bilgici [1], generalized the Lucas sequence by presenting a
bi-periodic Lucas sequence denoted as {l, } and is expressed

as:
bl,_1+ 1,5, ifniseven
= = = >
bh=2hL=al {aln_l +1, ., ifnisodd, "=?2
as well as several interesting associations between
{p,, }and{l, } have been proven.

We now consider a generalized bi-periodic Fibonacci
sequence {f,}and Lucas sequence {g,} which are the
generalization of {p, }and{l, }, defined by:

afy_1 + cfap, if niseven
= = — >
fo OJfl L fn {bfn—l + Cfn—z; ifn is odd, nz2
and
_ _ _ (bGn—1+ cqn_p, if niseven
qo =2d,q; = ad, q, = {aqn_l +Cqy_g,if nis 0dd n=2

where a, b, ¢, d are nonzero real numbers.

Yayenie and Choo [11] and [3] gave Binet’s formulas for
{f,}and{q,} are given by

a((n+1) a® — ﬂn
w(@b,c)=——|—F 1
fulab,0) (ab)lﬂ(“—ﬂ) (1)
qn(a,b,c,d) = W(an +8" (@)
ab)!2 n
where o = 22FVaTb +abe ““22”2+4abc and g = ab—Ja'b-+4abe aZ;’ZH“bC ie.,

aandp are equation roots x> — abx — abc = 0, and
{(n)=n-2 BJ is the parity function such that

_(0if niseven
() = {1 if nisodd.

We now provide the fundamental solution to an equation
x? — Cy? = +1 utilizing the length ofa period of C
continued fraction expansion.

Lemma 2.1:Supposel be period length of +/C continued
fraction expansion. Whenl is even, then the fundamental
solution forx? — Cy? = 1equation is given by

X1 +yVC =py + qVC
andx? — Cy? = —1equation has no integer solution. In case
of [ is odd, then the fundamental solution forx? — Cy? =
lequation is given by

X1+ yVC =py1 + qu-1VC
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and fundamental solution forx? — Cy? = —1equation is
given by

X1+ V€ =piy + qVC
Cognition 2.1 Let x; + y;+/C be the fundamental solution
ofx? — Cy? =1 equation. Then all positive-integer

solutions ofx? — Cy? = 1equation is given by

X, + yn\/f = (x1 + ylx/f)n

withn > 1.

Cognition 2.2 Let x; + y,v/C be the fundamental solution
ofx? — Cy? = —1 equation. Then all positive-integer
solutions forx? — Cy? = —1equation are given by

2n—-1

X, + yn\/f = (xl + yl\/E)

withn > 1.

Cognition 2.3 LetC = m? + 1,m? + 2,m? + m.Then V/C continued fraction expansionis given by

[m; 2m], ifC=m?+1withm=>1
[m—1;1,2m =2], ifC=m? —1withm > 1

N [m; m, 2m], ifC=m?+2withm>1
[m—-1;1,m-21,2m - 2], ifC=m?—-2withm>1
|[m;2,2m], ifC=m?+mwithm>1

[m—1;2,2m — 2], ifC=m?—mwithm > 1

Corollary 2.1LetC = m? + 1,m? + 2,m? + m.The basic solution of x> — Cy? = 1equation is given by
Cm?*+ 1) +2mVC, ifC=m?+1
Cm? -1 +2mVC, ifC=m?—-1

(m?+1) +mVC, if C=m?+2

(m?-1) +mVC, if C=m? -2
Cm+1)+2VC, if C=m?*+m
Cm-1+mVC, if C=m?-m

Xq +y1\/E=<

Corollary 2.2Let m>0 and C =m?+ 1. The basic  Thus, it follows that

solution of x? — Cy? = —1lequation is x; + y;VC = m + o = a" + B" andv. = " = p"
\/E. n 2 yn 2\/?
3. Main Theorems Let
_ab+ va?b? + 4abc _ab-— Va?b? + 4abc
Theorem 3.1: Suppose m > 0andC = m? + 1. Then all a= 2 andp = 2

positive solution of the equation

x? — Cy? = 1 are given by Case (i)
(x,y) )
1 1 = = —_ —
= (22"‘1mmthn (1, m.4—,1),22”‘1ml’”fzn <1,m,4—>> Take a =1,b=m,c =T, we get
m m m+vm? +1 m—vm?+1
(or) a=————andf=————
) Thus, 42 = (2m? + 1) + 2mymZ + 1 = a; and 462 =

2m?+1)-2mVm?2 +1=p,

1 min] 1
_ [ 92n-1,In 2n—1
2 - an (m, L 4m’ 1) 2 m fon <m, L 4-m>

Therefore, we get,
(4a®)" + (4p°)"
Xy =—F7——
2
= 22n—Iplnlg, (1, m,i, 1) by (2)
" 4m

withn > 1.
— 22n—1(a2n + an)

Proof

By Corollary 2.1, Cognition 2.1, and 2.3, Then all positive g4
solution of the equationx? — Cy? = 1 are given by

(4a®)" — (4p>"  _,  a*" —p*"
n Y= =
X, + Y VC = ((Zm2 +1) + vaC)

2Vm? + 1 a—p

1
= 22n—1manf (1’ m, _) by (1)
with n>1. Let a =(@2m’+1)+2myJC andp, = o 4m

2 —
(2m? + 1) — 2mV/C. Then, Thus,(x,y) =

_ 1 _ 1
X, + y,VC = ay"andx,, — y,VC = ;" (2211 'ml™ gy, (1' mo—, 1) 28 tmlnlfy, (1. m, E))
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Case (i)
Take, a =m,b = 1,c=ﬁ,weget
m+Vvm? +1 m—vm?+1
azfandﬁz 5
Thus, 4a? = 2m? + 1) + 2mVm? + 1 = @, and 4% =

Cm?+1)-2mVm?2+1=p,
Therefore, we get,
_ (4a®)" + (4p?)"
n 2
— pon-lpglnlg, (m, 1.i.
4m

— 22n—1 (aZn

+B%")
1) by (2)

and

B (4a2)n _ (4‘82)n B 22n_1 a,Zn _ ﬁZn
PN s a—p
—_ 22n—-1 ml‘ﬂ 1
=212 g (1, )by (1)
Thus,
(x,y)

min . 1)
 fon (1

From cases (i) and (ii) we get the required solution.

1
— 22n—1 In] ( 1, , 1) , 22n—1
mtiq, | m am

Now we examine the remaining instances of C without
providing evidence since they can be proven to be identical
to those of Theorem 3.1.

Theorem 3.2 Letm > 0 and C = m? + 1. Then all positive solution of the equation

x? — Cy? = —1 are given by

2n-1

(x,y) = (22"_2.m.ml 2 J.an_l (1,m, !
4m’

22n—2 lZn ! 1 1
(X,Y) - “qon—1 (m! 'ﬁ
withn > 1.
Theorem 3.3 Letm > 0 and € = m? — 1.
Then all positive solution of the equation
x? — Cy? = 1 are given by
(x,y)
— (2n=1l5l e ( -t ) n-1,,[3] ( ‘_1)
<2 mlzlm¢™gq, 1,m,4m,1 , 2" imlzlf, 1,m,4m
(or)
(x,y)

n

— Zn—l I%I 1 -1 1 22n—1 le] 1 -1
- mizig, \m, rﬁr ’ m{(n+1_)fn m, ,m

withn > 1.

Theorem 3.4: Suppose m > 0and C = m? + 2. Then all
positive solution of the equation
x? — Cy? = 1 are given by

(x,y) = 2"—1mlnlq2 (1 m i 1) 2n—1mln1f2 (1 m L)
) n ’ rzmr y n ’ 'zm

(or)
(,y) =( 20 tmlnd ( - 1) 2"—1mlnJ ( 1 i)
x,y) = Mgz, (M 1,5—11, - m1,-—
withn > 1.

Theorem 3.5: Suppose m > 0 and C = m? — 2. Then all
positive solution of the equation

x? — Cy? = 1are given by

(x,y) = [ 2" Imlnlg, (1 m -1 1) 2n—Iplnl g, (1 m _—1)
) n ’ rzmr y n ’ 'zm
(or)

-1
() = <2"_1m“”fhn (m17mr1) 275

withn > 1.

)2l (1)
)2l s (m55))

Theorem 3.6 Letm > 0 and C = m? + m. Then all positive
solution of the equation
x% — Cy? = 1 are given by

(x,y)
|n] [n]
m 1 m 1
— 2n—1 2n—1
[ ()2
(or)
(x,y)
In] |n]
m 1 m 1
= 22"y (m, 1,1,1),22" T fon (m 1, 4)

withn > 1.

Theorem 3.7 Letm > 0 and € = m? — m. Then all positive
solution of the equation
x% — Cy? = 1are given by

)
In] _ _
.m 1 1
B (1m ) g (1)
(or)
(CH0)

2n-1 mtn! —1 2n-1 mt! —1
=|2 mn q2n (m: 1:7; 1)p2 mn+1f2n (m, 1,7)
withn > 1.

m2—1,m>1

2
Theorem 3.8 Let € = ! rmnz t ; mz > 2 then the equation
mi+mm=1
m2—m,mz=2
x% — Cy? = —1 has no solution in positive integers.
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Proof
Since by Cognition 2.3, the period length of +/Ccontinued
fraction expansion is even always. It follows from Lemma
2.1 that equation does not have a positive-integer value

x> —Cy? = —1.

4. Conclusion

In this paper, we investigate the Pell equation x? — Cy? =
+1, C=m?+1,m?>+2,m?>+m and in xandy, we are
seeking positive-integer values. We have all positive integer
values in the Pell equations x? — Cy? = +1for generalized
Bi-Periodic Fibonacci and Lucas sequences when C = m? +
1,m2+2,m?+m.
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