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Abstract: There are many generalization of metric space. Complete parametric bmetric space is the generalization of metric space too. 

Which was introduced and studied by Hussian [8] (a new approach to metric space) in 2014. In present paper we prove two new fixed 

point theorems based on injective mapping using contraction conditions.  
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1. General Introduction 
 

Let X be a non empty set and  𝑇:𝑋 → 𝑋 be a self mapping. 

A point 𝑝 ∈ 𝑋 such that= 𝑝; then p is called a fixed point of 

mapping T. If 𝑇:𝑋 → 𝑋 is a multi valued map (i.e. from X to 

all non empty subsets of X) then point𝑝 ∈ 𝑋 is called a fixed 

point of mapping Tif𝑝 ∈ 𝑇𝑝. Most of the physical problems 

may be transferred to fixed point problems as 𝑇𝑥 = 𝑥 (to 

find a point x in a domain of an appropriate mapping 

T).Fixed point theory has fascinated lots of researchers since 

1922 with the celebration of Banach (Polish mathematician) 

contraction principle [1] which provided a constructive 

method to find a fixed point of a map. Banach's contraction 

principal stated as a mapping 𝑇:𝑋 → 𝑋 defined on metric 

space (𝑋,𝑑)is called contraction mapping if 

 

𝑑 𝑇𝑥,𝑇𝑦 ≤ 𝑘𝑑 𝑥, 𝑦    ∀ 𝑥, 𝑦 ∈ 𝑋 & 0 < 𝑘 < 1 

 

However, only drawback of Banach contraction principle 

was the mapping T must be continuous throughout space X. 

Kannan [2] rectified this problem and proved a fixed point 

theorem for operators that need not be continuous. Further, 

Chatterjea [3], in 1972, also proved a fixed point theorem for 

discontinuous mapping, which is actually a kind of dual of 

Kannan mapping. A lucid survey shows that there exist a 

vast literature available on fixed point theory. Fixed point 

theorems are important tools for proving the existence and 

uniqueness to the solution inmetric equation, convex 

minimization and split feasibility, Iteration methods, 

differential equations, partial differential equations, integral 

differential equations, variational inequalities as well as for 

finding zeros of contractive mappings. 

 

The concept of metric space is generalized in many 

direction. Wang et.al. [4] introduced and defined expansive 

mapping and  proved some fixed point theorems in complete 

metric space for  expansive mapping  wherein Daffer and 

Kaneko [5] proved some fixed point theorems for a pair of 

mappings in complete metric space for  expansive mapping. 

The notion of a b-metric space was studied by Czerwik [6, 

7] and many fixed point theorems were proved for single 

mapping and multi-valued mappings by different authors 

have been obtained on b-metric spaces and in ordered b-

metric spaces. Alghamdi, et al. defined [8] b-metric-like 

spaces and obtained some fixed point theorems for single 

mapping and two mappings. The concept of fuzzy sets was 

initiated by Zadeh [9] in 1965. The fuzzy metric space was 

introduced by Kramosil and Michalek [10]. Also, Grabeic 

[11] proved the contraction principle in the setting of 

fuzzymetric space. Also, George and Veeramani [12] 

modified the notion of fuzzy metric space with the help of 

continuous t-norm, by generalizing the concept of 

probabilistic metric space to fuzzy situation. Later several 

authors, for example, Bariet. al. [13], Vetro et. al. [14] etc. 

proved fixed and common fixed point theorems in fuzzy 

metric spaces. In 2004, Park [14] introduced the notion of 

intuitionistic fuzzy metric space. In 2014Hussain et al. [15] 

studied and introduced New Approach to Fixed Point 

Results in Triangular Intuitionistic Fuzzy Metric Space. 

Hussain et. al. [16] introduced fixed point results for various 

contractions in parametric and fuzzy b-metric spaces. The 

notion of parametric metric space. Later on gave generalized 

parametric metric space and introduced parametric b-metric 

space which is combination of both metric space and b-

metric spaces. In the present paper we prove fixed point 

theorems on complete parametric b metric space. 

 

2. Preliminaries 
 

Proceeding to our main result, let we furnish some 

definitions, proposition, properties &lemmas needed in 

sequel. 

 

2.1 Definition: Let X be a non empty set andTp : X × X ×

 0,∞ →  0,∞   be a map on X such that ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋  and 

𝑡 > 0   
(a)Tp 𝑥, 𝑦, 𝑡 = 0 if𝑥 = 𝑦 

(b). Tp 𝑥, 𝑦, 𝑡 = Tp 𝑦, 𝑥, 𝑡  

(c)Tp 𝑥, 𝑦, 𝑡 ≤ Tp 𝑥, 𝑧, 𝑡 + Tp 𝑧, 𝑦, 𝑡  

 

ThenTp   is called parametric metric and pair (𝑋, d) is called 

parametric metric space. 
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2.2 Properties: 

 

a) If lim𝑛→∞ 𝑥𝑛 , 𝑥, 𝑡 = 0 ⇒ lim𝑛→∞ 𝑥𝑛 = 𝑥  , for all 𝑡 >
0then sequence{𝑥𝑛 }𝑛=1

∞    converses 𝑥 ∈ 𝑋 

b) If   lim𝑛→∞ 𝑥𝑛 , 𝑥𝑚 , 𝑡 = 0  for all 𝑡 > 0; then sequence 

{𝑥𝑛 }𝑛=1
∞   is called Cauchy sequence.  

c) If every Cauchy sequence is convergent, then 

parametric metric space (𝑋, d) is a complete parametric 

metric space. 

d) Let(X, d)be a parametric metric space and 𝑇:𝑋 → 𝑋 be 

a mapping, then we say T is a continuous mapping at p 

in X, if for any sequence {𝑥𝑛 }𝑛=1
∞ ∈ 𝑋such that 

lim𝑛→∞ 𝑥𝑛 = 𝑥  ⇒ lim𝑛→∞ 𝑇𝑥𝑛 = 𝑇𝑥  . 
 

2.3 Example 

 

Let X denote the set of all functions𝑓: (0;∞) → 𝑅.Define 

𝑝 ∈ 𝑋 × 𝑋 × (0;∞) → (0;∞) by 𝑝 𝑓;𝑔; 𝑡 =  𝑓 𝑡 −
𝑔(𝑡) ∀ 𝑓;𝑔∈𝑋and 𝑡>0. Then 𝑝 is a parametric metric on X 

and the pair (𝑋, 𝑝) is a parametric metric spaces. 

 

Hussain et al. [15, 16] introduced the concept of parametric 

b-metric space as follows. 

 

2.4 Definition 

 

Let X be a non empty set; 𝑠 ≥ 1 be a real number and 

𝑇𝑝𝑏 : X × X ×  0,∞ →  0,∞   be a map on X such that 

∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋  and 𝑡 > 0   
(a) 𝑇𝑝𝑏  𝑥, 𝑦, 𝑡 = 0 if𝑥 = 𝑦 

(b). 𝑇𝑝𝑏  𝑥, 𝑦, 𝑡 = 𝑇𝑝𝑏  𝑦, 𝑥, 𝑡  

(c)𝑇𝑝𝑏  𝑥, 𝑦, 𝑡 ≤ 𝑠 [𝑇𝑝𝑏  𝑥, 𝑧, 𝑡 + 𝑇𝑝𝑏  𝑧, 𝑦, 𝑡 ]   

 

Then𝑇𝑝𝑏   is called parametric b- metric and pair (𝑋, d) is 

called parametric b- metric space. 

 

2.5 Properties 

 

Let {𝑥𝑛 }𝑛=1
∞ be a sequence in parametric b- metric space; 

then  

(a).  Iflim𝑛→∞ 𝑥𝑛 , 𝑥, 𝑡 = 0 ⇒ lim𝑛→∞ 𝑥𝑛 = 𝑥  ,  for all 𝑡 > 0 

then sequence {𝑥𝑛 }𝑛=1
∞    converses 𝑥 ∈ 𝑋 

(b).If   lim𝑛→∞ 𝑥𝑛 , 𝑥𝑚 , 𝑡 = 0  for all 𝑡 > 0; then sequence 

{𝑥𝑛 }𝑛=1
∞   is called Cauchy sequence.  

(c)If every Cauchy sequence is convergent, then parametric 

b- metric space (𝑋, d) is a complete parametric b- metric 

space. 

(d)Let(X, d)be a parametric b- metric space and  𝑇𝑝𝑏 :𝑋 →

𝑋 be a mapping, then  We say𝑇𝑝𝑏   is a continuous mapping 

at x in X, if for any sequence {𝑥𝑛 }𝑛=1
∞ ∈ 𝑋 such that  

lim𝑛→∞ 𝑥𝑛 = 𝑥  ⇒ lim𝑛→∞ 𝑇𝑥𝑛 = 𝑇𝑥   
 

2.6 Example 

 

Let X = (0,∞) and define 𝑇𝑝𝑏 : X × X ×  0,∞ →
 0,∞ as 𝑝 𝑥; 𝑦; 𝑡 = 𝑡(𝑥 − 𝑦)𝑝 . Then P is a parametric b-

metric with constant 2𝑝 . 

 

Proof: Axioms 1 and 2 are obvious. Now for Third   

𝑝 𝑥; 𝑦; 𝑡 = 𝑡(𝑥 − 𝑦)𝑝 = 𝑡(𝑠 [𝑥 − 𝑧 + 𝑧 − 𝑦])𝑝 ≤
𝑡   𝑠𝑝  [ 𝑥 − 𝑧 𝑝 +  𝑧 − 𝑦 𝑝]for𝑠 = 2 

 

3. Main Result 
 

The objective of this paper is to prove new fixed point 

theorems in complete b metric space of. In present paper we 

prove two fixed point theorems using contraction conditions. 

The authors are unknown from this fact that others authors 

had already proved these theorems.  

 

3.1 Theorem 

 

Let(𝑋,𝑑) be a complete parametric b metric space 

and 𝑇𝑝𝑏 :𝑋 → 𝑋 be an injective mapping satisfying the 

condition 

(3.1)  𝑑 𝑇𝑝𝑏 𝑥,𝑇𝑝𝑏𝑦, 𝑡 ≤ 𝛼.𝑑 𝑥, 𝑦, 𝑡  

+𝛽  
𝑑 𝑥,𝑇𝑝𝑏 𝑥, 𝑡  .𝑑 𝑦,𝑇𝑝𝑏 𝑦, 𝑡 

𝑑(𝑥, 𝑦, 𝑡)
 

+ 𝛾  
𝑑 𝑥,𝑇𝑝𝑏 𝑥, 𝑡 .𝑑 𝑥,𝑇𝑝𝑏 𝑦, 𝑡 

𝑑 𝑥, 𝑦, 𝑡 +  𝑑 𝑦,𝑇𝑝𝑏 𝑦, 𝑡 
  

∀ 𝑡 ∈  0, 1 ;  𝛼,𝛽, 𝛾 > 0; 𝑥, 𝑦 ∈ 𝑋 & 𝑥 ≠ 𝑦 have a fixed 

point if 𝑠𝛼 + 𝛽 + 𝛾 < 1and moreover a unique fixed  point 

if 𝛼 < 1. 

Proof: Let 𝑥0 ∈ 𝑋, Define iterative 

sequence 𝑥𝑛  𝑛=1
∞ follows:𝑇𝑝𝑥𝑛 = 𝑥𝑛+1 for 𝑛 = 1, 2, 3,…. If 

for some n, 𝑇𝑝𝑥𝑛 = 𝑥𝑛 , then 𝑥𝑛  is the fixed point. 

Otherwise𝑇𝑝𝑥𝑛 ≠ 𝑥𝑛 , using inequality (3.1)  

 

 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 = 𝑑 𝑇𝑝𝑥𝑛 ,𝑇𝑝𝑥𝑛+1 , 𝑡 ≤ 𝛼𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  

+𝛽  
𝑑 𝑥𝑛 ,𝑇𝑝𝑏 𝑥𝑛 , 𝑡 .𝑑 𝑥𝑛+1,𝑇𝑝𝑏 𝑥𝑛+1 , 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 
 

+ 𝛾  
𝑑 𝑥𝑛 ,𝑇𝑝𝑏 𝑥𝑛 , 𝑡 .𝑑 𝑥𝑛 ,𝑇𝑝𝑏 𝑥𝑛+1 , 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 + 𝑑 𝑥𝑛+1,𝑇𝑝𝑏 𝑥𝑛+1 , 𝑡 
  

𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 ≤ 𝛼𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  

+𝛽  
𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 .𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 
 

+ 𝛾  
𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 .𝑑 𝑥𝑛 , 𝑥𝑛+2, 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 + 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 
  

𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 ≤ 𝛼𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  

+𝛽  
𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 .𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 

 𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 
 

+ 𝛾  
𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 .𝑑 𝑥𝑛 , 𝑥𝑛+2, 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 + 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 
  

𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 ≤ 𝛼𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  
+𝛽𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 

+ 𝛾  
𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 . 𝑠 [𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 + 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 ]

𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 + 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 
  

𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 ≤ 𝛼𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 + 𝛽𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 
+ 𝛾. 𝑠 𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  

 1 − 𝛽 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 ≤  𝛼 + 𝛾. 𝑠 𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  

𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 ≤
 𝛼 + 𝛾. 𝑠 

 1 − 𝛽 
𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 𝑠 

𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 ≤ 𝑘 𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  

∀ 𝑡 ∈  0, 1 𝑎𝑛𝑑 𝑘 =
 𝛼+𝛾 .𝑠 

 1−𝛽 
<

1

𝑠
 ⇒  𝑠𝛼 + 𝛽 + 𝛾 < 1.  

Therefore by successive iterations 

𝑑 𝑥𝑛+1, 𝑥𝑛+2 , 𝑡 ≤ 𝑘𝑛  𝑑 𝑥0 , 𝑥1 , 𝑡  
 

As we know if{𝑥𝑛 }𝑛→∞be a sequence in parametric b metric 

space(𝑋,𝑑)such 
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that𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 ≤ 𝑘 𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ∀ 𝑡 ∈  0, 1 &  𝑛 =
1, 2, 3,… then {𝑥𝑛 }𝑛→∞   is a Cauchy sequence 

inparametric b metric space  (𝑋,𝑑). Since (𝑋,𝑑) is a 

complete parametric b metric space; 

therefore{𝑥𝑛 }𝑛→∞converses. Let 𝑥∗ ∈ 𝑋 , then𝑙𝑖𝑚𝑛→∞ 𝑥𝑛 →
𝑥∗. Again 𝑇𝑝𝑏  is continuous, therefore 

𝑇𝑝𝑏 𝑥
∗ = 𝑇𝑝𝑏 (𝑙𝑖𝑚𝑛→∞ 𝑥𝑛) =  𝑙𝑖𝑚𝑛→∞ 𝑇𝑝𝑏 𝑥𝑛 = 𝑥∗ ⇒ 𝑇𝑝𝑏 𝑥

∗

= 𝑥∗ 
 

Implies 𝑇𝑝𝑏  has a fixed point  𝑇𝑝𝑏 𝑥
∗ = 𝑥∗ in X. 

 

Now we will show that 𝑥∗ is unique. For that; suppose 𝑦∗ is 

another fixed point therefore𝑇𝑝𝑏𝑦
∗ = 𝑦∗. Therefore by 

inequality (3.1) we have  

 

𝑑 𝑇𝑝𝑏 𝑥
∗,𝑇𝑝𝑏 𝑦

∗, 𝑡 ≤ 𝛼 𝑑 𝑥∗, 𝑦∗, 𝑡  

+𝛽  
𝑑 𝑥∗𝑇𝑝𝑏 , 𝑥∗, 𝑡 .𝑑(𝑦∗,𝑇𝑝𝑏𝑦

∗, 𝑡)

 𝑑 𝑥∗, 𝑦∗, 𝑡 
 

+ 𝛾  
𝑑 𝑥∗,𝑇𝑝𝑏 𝑥

∗, 𝑡 .𝑑 𝑥∗,𝑇𝑝𝑏 𝑦
∗, 𝑡 

𝑑 𝑥∗, 𝑦∗, 𝑡 + 𝑑 𝑦∗,𝑇𝑝𝑏𝑦
∗, 𝑡 

  

𝑑 𝑥∗, 𝑦∗, 𝑡 ≤ 𝛼 𝑑 𝑥∗, 𝑦∗, 𝑡 + 𝛽  
𝑑 𝑥∗, 𝑥∗, 𝑡 .𝑑(𝑦∗, 𝑦∗, 𝑡)

 𝑑 𝑥∗, 𝑦∗, 𝑡 
 

+ 𝛾  
𝑑 𝑥∗,𝑥∗, 𝑡 .𝑑 𝑥∗, 𝑦∗, 𝑡 

𝑑 𝑥∗, 𝑦∗, 𝑡 + 𝑑 𝑦∗,𝑦∗, 𝑡 
  

𝑑 𝑥∗, 𝑦∗, 𝑡 ≤ 𝛼 𝑑 𝑥∗, 𝑦∗, 𝑡  
𝑑 𝑥∗, 𝑦∗, 𝑡 ≤ 𝛼 𝑑 𝑥∗, 𝑦∗, 𝑡  
⇒ (1 − 𝛼)𝑑 𝑥∗, 𝑦∗, 𝑡 ≤ 0 

⇒ 𝑑 𝑥∗, 𝑦∗, 𝑡 = 0Since𝛼 < 1 ⇒ 𝑥∗ = 𝑦∗. Hence 𝑇𝑝  has a 

unique point. 

 

4. Theorems 

 

Let (𝑋,  𝑇𝑝𝑏 ) be a complete parametric b metric space and 𝑇𝑝𝑏 :𝑋 → 𝑋 be a orbitally continuous self-map satisfying the 

condition  

(4.1)  𝑑 𝑇𝑝𝑏 𝑥,𝑇𝑝𝑏𝑦, 𝑡 ≤ 𝛼 𝑀𝑎𝑥{𝑑 𝑥, 𝑦, 𝑡 ,  

𝑑 𝑥,𝑇𝑝𝑏 𝑥, 𝑡 𝑑 𝑦,𝑇𝑝𝑏𝑦, 𝑡 

𝑑 𝑥, 𝑦, 𝑡 
,
𝑑 𝑥,𝑇𝑝𝑏 𝑦, 𝑡 𝑑 𝑦,𝑇𝑝𝑏 𝑥, 𝑡 

𝑑 𝑥, 𝑦, 𝑡 
,
𝑑 𝑥,𝑇𝑝𝑏 𝑥, 𝑡 𝑑 𝑥,𝑇𝑝𝑏𝑦, 𝑡 

2. 𝑠.𝑑 𝑥, 𝑦, 𝑡 
} 

∀ 𝑡 ∈  0, 1 ;  𝛼 > 0; 𝑥, 𝑦 ∈ 𝑋 & 𝑥 ≠ 𝑦 and 𝛼 ∈  [0, 1] , then  𝑇𝑝𝑏  has a unique fixed point.  

 

Proof: Let 𝑥0 ∈ 𝑋, Define iterative sequence {𝑥𝑛 }𝑛=1
∞ follows:𝑇𝑝𝑥𝑛 = 𝑥𝑛+1 for 𝑛 = 1, 2, 3,…. If for some n, 𝑇𝑝𝑥𝑛 = 𝑥𝑛 , then 

𝑥𝑛  is the fixed point.Asserting𝑇𝑝𝑥𝑛 ≠ 𝑥𝑛 , using in equality (4.1)  

 

𝑑 𝑇𝑝𝑏 𝑥𝑛 ,𝑇𝑝𝑏 𝑥𝑛+1, 𝑡 = 𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡  

 

≤ 𝛼 𝑀𝑎𝑥{𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ,
𝑑 𝑥𝑛 ,𝑇𝑝𝑏  𝑥𝑛 , 𝑡 .𝑑 𝑥𝑛+1,𝑇𝑝𝑏 𝑥𝑛+1, 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 
,  

 

𝑑 𝑥𝑛 ,𝑇𝑝𝑏 𝑥𝑛+1, 𝑡 .𝑑 𝑥𝑛+1 ,𝑇𝑝𝑏 𝑥𝑛 , 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 
,
𝑑 𝑥𝑛 ,𝑇𝑝𝑏 𝑥𝑛 , 𝑡 .𝑑 𝑥𝑛 ,𝑇𝑝𝑏 𝑥𝑛+1, 𝑡 

2. 𝑠.𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 
} 

 

≤ 𝛼 𝑀𝑎𝑥{𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ,
𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 .𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 
,  

𝑑 𝑥𝑛 , 𝑥𝑛+2 , 𝑡 .𝑑 𝑥𝑛+1 , 𝑥𝑛+1, 𝑡 

𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 
,
𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 .𝑑 𝑥𝑛 , 𝑥𝑛+2, 𝑡 

2𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 
} 

≤ 𝛼 𝑀𝑎𝑥{𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ,𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 . 0,
𝑠{𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 + 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 }

2. 𝑠.𝑑 𝑥𝑛 , 𝑥𝑛+1 , 𝑡 
} 

≤ 𝛼 𝑀𝑎𝑥{𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ,𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 . 0,
{𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 + 𝑑 𝑥𝑛+1 , 𝑥𝑛+2, 𝑡 }

2.𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 
} 

𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 ≤ 𝛼 𝑀𝑎𝑥{𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ,𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 } 

⇒𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 ≤ 𝛼 𝑑 𝑥𝑛 , 𝑥𝑛+1, 𝑡  
 

Therefore by successive iteration  

𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 ≤ 𝛼𝑛  𝑑 𝑥0 , 𝑥1 , 𝑡  
𝑑 𝑥𝑛+1 , 𝑥𝑛+2 , 𝑡 ≤ 𝛼𝑛  𝑑 𝑥0 , 𝑥1 , 𝑡  

 

As we know if{𝑥𝑛 }𝑛→∞  be a sequence in parametric space(𝑋,𝑑) such that 𝑑 𝑥𝑛+1, 𝑥𝑛+2, 𝑡 ≤ 𝛼𝑛  𝑑 𝑥0 , 𝑥1, 𝑡 ∀ 𝑡 ∈
 0, 1  &  𝑛 = 1, 2, 3,…  then{𝑥𝑛}𝑛→∞   is a Cauchy sequence in (𝑋,𝑑). Since (𝑋,𝑑) is a complete parametric space;  {𝑥𝑛 }𝑛→∞  

converses. Let 𝑥∗ ∈ 𝑋 , then 𝑙𝑖𝑚𝑛→∞ 𝑥𝑛 → 𝑥∗. Again 𝑇𝑝𝑏  is continuous, therefore 

 

𝑇𝑝𝑥
∗ = 𝑇𝑝(𝑙𝑖𝑚𝑛→∞ 𝑥𝑛) =  𝑙𝑖𝑚𝑛→∞ 𝑇𝑝𝑥𝑛 = 𝑥∗ ⇒ 𝑇𝑝𝑥

∗ = 𝑥∗ 

 

Implies 𝑇𝑝  has a fixed point  𝑇𝑝𝑥
∗ = 𝑥∗ in X. 
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Now we will show that 𝑥∗ is unique. for that suppose 𝑦∗ is another fixed point therefore 𝑇𝑝𝑦
∗ = 𝑦∗. Therefore by inequality 

(4.1) we have  

 

𝑑 𝑇𝑝𝑥
∗,𝑇𝑝𝑦

∗, 𝑡 ≤ 𝛼𝑀𝑎𝑥{𝑑 𝑥∗, 𝑦∗, 𝑡 ,
𝑑 𝑥∗,𝑇𝑝𝑥

∗, 𝑡 𝑑(𝑦∗,𝑇𝑝𝑦
∗, 𝑡)

𝑑 𝑥∗, 𝑦∗, 𝑡 
,
𝑑 𝑥∗,𝑇𝑝𝑦

∗, 𝑡 𝑑 𝑦∗,𝑇𝑝𝑥
∗, 𝑡 

𝑑 𝑥∗, 𝑦∗, 𝑡 
,
𝑑 𝑥∗,𝑇𝑝𝑥

∗, 𝑡 𝑑 𝑥∗,𝑇𝑝𝑦
∗, 𝑡 

2𝑑 𝑥∗, 𝑦∗, 𝑡 
} 

𝑑 𝑇𝑝𝑥
∗,𝑇𝑝𝑦

∗, 𝑡 ≤ 𝛼𝑀𝑎𝑥{𝑑 𝑥∗, 𝑦∗, 𝑡 ,
𝑑 𝑥∗, 𝑥∗, 𝑡 𝑑(𝑦∗, 𝑦∗, 𝑡)

𝑑 𝑥∗, 𝑦∗, 𝑡 
,
𝑑 𝑥∗,𝑦∗, 𝑡 𝑑 𝑦∗, 𝑥∗, 𝑡 

𝑑 𝑥∗, 𝑦∗, 𝑡 
,
𝑑 𝑥∗, 𝑥∗, 𝑡 𝑑 𝑥∗, 𝑦∗, 𝑡 

2𝑑 𝑥∗, 𝑦∗, 𝑡 
} 

𝑑 𝑇𝑝𝑥
∗,𝑇𝑝𝑦

∗, 𝑡 ≤ 𝛼𝑀𝑎𝑥{𝑑 𝑥∗, 𝑦∗, 𝑡 , 0,𝑑 𝑥∗, 𝑦∗, 𝑡 , 0} 

𝑑 𝑥∗, 𝑦∗, 𝑡 ≤ 𝛼𝑑 𝑥∗, 𝑦∗, 𝑡  
⇒ (1 − 𝛼)𝑑 𝑥∗, 𝑦∗, 𝑡 ≤ 0 

⇒ 𝑑 𝑥∗, 𝑦∗, 𝑡 = 0since 𝛼 > 1 ⇒ 𝑥∗ = 𝑦∗. Hence 𝑇𝑝𝑏  has a unique point. 
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