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Abstract: There are many generalization of metric space. Complete parametric bmetric space is the generalization of metric space too.
Which was introduced and studied by Hussian [8] (a new approach to metric space) in 2014. In present paper we prove two new fixed
point theorems based on injective mapping using contraction conditions.
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1. General Introduction

Let X be a non empty set and T:X — X be a self mapping.
A point p € X such that= p; then p is called a fixed point of
mapping T. If T: X — X is a multi valued map (i.e. from X to
all non empty subsets of X) then pointp € X is called a fixed
point of mapping Tifp € Tp. Most of the physical problems
may be transferred to fixed point problems as Tx = x (to
find a point x in a domain of an appropriate mapping
T).Fixed point theory has fascinated lots of researchers since
1922 with the celebration of Banach (Polish mathematician)
contraction principle [1] which provided a constructive
method to find a fixed point of a map. Banach's contraction
principal stated as a mapping T: X — X defined on metric
space (X, d)is called contraction mapping if

d(Tx,Ty) <kd(x,y) Vx,y EX&0<k<1

However, only drawback of Banach contraction principle
was the mapping T must be continuous throughout space X.
Kannan [2] rectified this problem and proved a fixed point
theorem for operators that need not be continuous. Further,
Chatterjea [3], in 1972, also proved a fixed point theorem for
discontinuous mapping, which is actually a kind of dual of
Kannan mapping. A lucid survey shows that there exist a
vast literature available on fixed point theory. Fixed point
theorems are important tools for proving the existence and
uniqueness to the solution inmetric equation, convex
minimization and split feasibility, Iteration methods,
differential equations, partial differential equations, integral
differential equations, variational inequalities as well as for
finding zeros of contractive mappings.

The concept of metric space is generalized in many
direction. Wang et.al. [4] introduced and defined expansive
mapping and proved some fixed point theorems in complete
metric space for expansive mapping wherein Daffer and
Kaneko [5] proved some fixed point theorems for a pair of
mappings in complete metric space for expansive mapping.
The notion of a b-metric space was studied by Czerwik [6,
7] and many fixed point theorems were proved for single
mapping and multi-valued mappings by different authors

have been obtained on b-metric spaces and in ordered b-
metric spaces. Alghamdi, et al. defined [8] b-metric-like
spaces and obtained some fixed point theorems for single
mapping and two mappings. The concept of fuzzy sets was
initiated by Zadeh [9] in 1965. The fuzzy metric space was
introduced by Kramosil and Michalek [10]. Also, Grabeic
[11] proved the contraction principle in the setting of
fuzzymetric space. Also, George and Veeramani [12]
modified the notion of fuzzy metric space with the help of
continuous t-norm, by generalizing the concept of
probabilistic metric space to fuzzy situation. Later several
authors, for example, Bariet. al. [13], Vetro et. al. [14] etc.
proved fixed and common fixed point theorems in fuzzy
metric spaces. In 2004, Park [14] introduced the notion of
intuitionistic fuzzy metric space. In 2014Hussain et al. [15]
studied and introduced New Approach to Fixed Point
Results in Triangular Intuitionistic Fuzzy Metric Space.
Hussain et. al. [16] introduced fixed point results for various
contractions in parametric and fuzzy b-metric spaces. The
notion of parametric metric space. Later on gave generalized
parametric metric space and introduced parametric b-metric
space which is combination of both metric space and b-
metric spaces. In the present paper we prove fixed point
theorems on complete parametric b metric space.

2. Preliminaries

Proceeding to our main result, let we furnish some
definitions, proposition, properties &lemmas needed in
sequel.

2.1 Definition: Let X be a non empty set andT,: X X X X
(0,00) - (0,0) beamapon Xsuchthatvx,y,z € X and
t>0

@T,(x,y,t) =0ifx =y

(b). T,(x,,8) = T, (%, )

©T,(x,y,t) < T,(x,2,t) + T,(z,¥,t)

ThenT, is called parametric metric and pair (X, d) is called
parametric metric space.
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2.2 Properties:

a) If lim, . (x,, x,t)=0=lim, . x, =x ,for allt>
Othen sequence{x, }5—; converses x € X

by If lim,_,(x,, x,,t) =0 for all t > 0; then sequence
{x, }n=1 is called Cauchy sequence.

c) If every Cauchy sequence is convergent, then
parametric metric space (X, d) is a complete parametric
metric space.

d) Let(X,d)be a parametric metric space and T:X — X be
a mapping, then we say T is a continuous mapping at p
in X, if for any sequence {x,};—; € Xsuch that
lim, . x, =x =lim,,,Tx, =Tx .

2.3 Example

Let X denote the set of all functionsf: (0; ) — R.Define
PEXXXX(0;0) = (0;0) by p(fig;t) =I1f() -
g) vV f.geXand £>0. Then pis a parametric metric on X
and the pair (X, p) is a parametric metric spaces.

Hussain et al. [15, 16] introduced the concept of parametric
b-metric space as follows.

2.4 Definition

Let X be a non empty set; s > 1 be a real number and
Top: X X XX (0,0) > (0,00) be a map on X such that
Vx,y,z€Xandt>0

(@ Tpp (x,y,t) =0ifx =y

(b) pr (X, Y, t) = pr (y' X, t)

(C)pr (X, Y, t) <s [pr (X, Z, t) + pr (Z: Y, t)]

ThenT,, is called parametric b- metric and pair (X,d) is
called parametric b- metric space.

2.5 Properties

Let {x,}n,—1be a sequence in parametric b- metric space;
then

@. Mlim,,_(x,,x,t) =0=lim,_,x, =x , forallt >0
then sequence {x, }—; converses x € X

(b).If  lim,_,(x,,x,,t) =0 for all t > 0; then sequence
{x, }=1 is called Cauchy sequence.

(c)If every Cauchy sequence is convergent, then parametric
b- metric space (X,d) is a complete parametric b- metric
space.

(d)Let(X,d)be a parametric b- metric space and T,,:X —
X be a mapping, then We sayT,;, is a continuous mapping
at x in X, if for any sequence {x,}s—; € X such that
lim,_,x, =x =lim,_,Tx, =Tx

2.6 Example

Let X=(0,0) and define T,,:XXXX (0,00) -
(0,00)asp(x;y;t) = t(x — y)P. Then P is a parametric b-
metric with constant 27,

Proof: Axioms 1 and 2 are obvious. Now for Third
py;t) =tlx—y)P =t(s[x—z+z—yhP <
t sP[(x —2z)P 4+ (z—y)P]fors =2

3. Main Result

The objective of this paper is to prove new fixed point
theorems in complete b metric space of. In present paper we
prove two fixed point theorems using contraction conditions.
The authors are unknown from this fact that others authors
had already proved these theorems.

3.1 Theorem

Let(X,d) be a complete parametric b metric space
and T,,: X - X be an injective mapping satisfying the
condition

(3.1) d(prx, Topy» t) <a.d(xyt)

B (d(x, Ty X, t).d(y, Tyop Y t))
d(x,y,t)
N (d(x,prx,t).d(x,pry,t)>
Y d(x,y,6) + d(y, Tpp ¥, t)

vte[0,1); a,B,y>0;x,yEX&x+y have a fixed
point if sa« + f 4+ y < land moreover a unique fixed point
ifa < 1.

Proof: Let X9 € X, Define iterative
sequencef{x, },—;follows:T, x, = x,,,; for n=1,2,3,.... If
for some n, T,x, =x,, then x, is the fixed point.
OtherwiseT, x,, # x,, using inequality (3.1)

d(xn+1: Xn+2 t) = d(Tan, Tpxn+1: t) =< ad(xn' Xn+1» t)

<d(xn,pr X, t).d(an,pr xn+1,t)>

d(xn'xn+1't)
( d(xn,prxn,t).d(xn,prxn+1,t) )
d(xp, Xny1,t) + d(xn+1' Tob Xn+1, t)

A(Xn 41, Xny2, 1) < ad(Xy, Xn 41, 1)

<d(xnlxn+1t t)-d(xn+l'xn+2't)>

d(xntxn+1» t)

+ }’( d(xn'xn+1' t)- d(xn:xn+2' t) >
d(xn! Xn+1s t) + d(xn+1' Xn+2 t)
d(xn+1:xn+2' t) = ad(xn'xn+1: t)
(d(xn'xn+1't)-d(xn+1'xn+2:t)>
d(xn:xn+l' t)

+y < d(xn' Xn+1 t)- d(xn' Xn+2» t) >
d(xn' Xn+1» t) + d(xn+1' Xn+2, t)
d(xn+11xn+2» t) < ad(xn, xn+1't)
+Bd(xn+1:xn+2lt)
¥ <d(xn' Xn+1» t)- S [d(xn: Xn+1, t) + d(xn+1: Xn+2, t)])
d(xn'xn+1ﬂ t) + d(xn+1!xn+2: t)
d(xn+1'xn+2’ t) =< ad(xn; Xn+1 t) + :Bd(xn+1:xn+2! t)
+ Y-S d(xnv Xn+1s t)
(1 - ﬂ)d(xn+1'xn+2l t) < ((X +V. S)d(xn'xn+1t t)
(@ +vy.s)
d(Xp41) Xn42,t) < Wd(xn,xnﬂ' t)s
d(xn+1'xn+2’ t) <k d(xn:xn+1! t)

vt €[0,1)and k = (?1+—25)) <§ > sa+f+y<1.
Therefore by successive iterations

d(Xn11, Xp42,t) < k™ d(xg, %1, )

As we know if{x, },_..be a sequence in parametric b metric
space(X, d)such
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thatd(xn+1'xn+21t) S k d(xn'xn+1't)Vt S [Or 1)& n= d(x*pr,x*, t)-d(y*) pry*, t)

1,2,3,... then{x,},os is a Cauchy sequence +B d(x,y" )

inparametric b metric space (X,d). Since (X,d) is a R . . .
complete parametric b metric space; <d(x Topx",8)-d(x", Ty t)>
therefore{x,, },.converses. Let x* € X , thenlim,,_,, x, = d(x%y*5t) +d(y*, Ty y* t)

x*. Again T,,, is continuous, therefore

d(x*, x*t).d(y",y"t
d(x*,y*,t)Sad(x*,y*,t)+,8<( )-d07y )>

TopX* = Ty (Limyy oy %) = Limyy o Typ X, = x* = Ty d(x*,y*,t)
= x < dix,x,0).d0,y", ) >
. . . . "\dGy 0 +dohy, 0

Implies T,,, has a fixed point T,,x* = x* in X. d(x',y"t) < ad(x",y", t)

: - . d(x"y"t) < ad(x",y",t)
Now we will show that x* is unique. For that; suppose y* is => (1 -a)dx,y5t) <0
another fixed point thereforeT,,y* = y*. Therefore by - g(x* y* t) = 0Sincea < 1 = x* = y*. Hence T, has a
inequality (3.1) we have unigue point.
d(Tpx*, Typy*,t) < ad(x’,y",t) 4. Theorems

Let (X, T,,) be a complete parametric b metric space and T,,: X — X be a orbitally continuous self-map satisfying the
condition
(4.1) d(T,px, Tppy,t) < a Max{d(x,y,t),

d(x, Top x, t)d(y, Topy, t) d(x, Ty, t)d(y, Top x, t) d(x, Top x, t)d(x, Topy, t)

d(x,y,t) ’ d(x,y,t) ’ 2.5.d(x,y,t)
Vte[0,1); a>0;x,y € X&x# yanda € [0,1], then T,, has a unique fixed point.

Proof: Let x, € X, Define iterative sequence {x, },-;follows:T,x, = x,,, forn =1,2,3, ... If for some n, T, x,, = x,,, then
x,, Is the fixed point.AssertingT, x,, # x,,, using in equality (4.1)

d(pr Xn» pr Xn+1» t) = d(xn+1: Xn+2, t)

d(xn, Top X, t). d(an, Top Xn 11, t)
d(xntxn+1' t)

)

< a Max{d(x,, X,+1,t),

d(xn, Top Xn 41 t). d(xn+1, Top X, t) d(xn, Top X, t). d(xn, Top X 41, t)
d(x,, X 41, t) ’ 2.5.d(x,, Xp 41, t)

}

d(xp, X 41, £)- d(Xp 41, X 42, )
d(xn:xn+1: t)
d(xnt Xn 42, t)- d(xn+1t Xn+1s t) d(xnt Xn+1 t)- d(xnt Xn 42, t)
d(xntxn+1't) ' d Zd(xn'xn+1't)d

Sa Max{d(xn: Xn+1s t): d(xn+1: Xn+2s t)- 0, S{ (xn' xzn.-;l.';zx:’ xiﬁjfgxn*—z' t)}
{d(xnt Xn+1 t) + d(xn+1' Xn+2 t)}

2.d(xy, Xp 41, t)

d(xn+1' Xn+2, t) <a Max{d(xn' Xn+1 t): d(xn+1' Xn+2» t)}

=>d(xn+1'xn+2' t) <a d(xn'xn+1l t)

< a Max{d(x,, X,4+1,t),

)y

}
}

sa Max{d(xn,xn+1, t), d(xn+ltxn+2' t)- 0,

Therefore by successive iteration
d(Xn41, Xp42,t) < @™ d(xg, X1, £)
d(Xn41, Xp42, 1) < @™ d(xg, X1, £)

As we know if{x,},_., be a sequence in parametric space(X,d) such that d(x,,q,%,42,t) < a™ d(xy, x, )Vt €
[0,1)& n=1,2,3,.. then{x,},-. isa Cauchy sequence in (X,d). Since (X,d) is a complete parametric space; {x,}n-c
converses. Let x* € X, then lim,,_,,, x,, - x”. Again T, is continuous, therefore

T,x* = T,(lim, 0 x,) = limy ., Tyx, =x" > T,x" = x"

Implies T, has a fixed point T,x* = x™ in X.
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Now we will show that x* is unique. for that suppose y* is another fixed point therefore T,,y* = y*. Therefore by inequality
(4.1) we have

d(x*,Tpx*, t)d(y*,pr*, t) d(x*, pr*, t)d(y*,T x*,t) d(x*,T x*,t)d(x*,pr*, t)
d(x*,y*,t) ’ d(x*,y*,t) ' 2d(x*,y*,t)
d(x",x",0)dy",y5t) dix"y", 0dy",x",t) dx",x", )d(x",y"t)
d(x*,y*t) ' d(x*,y*,t) ' 2d(x*, ", t)
d(Tpx*,pr*,t) < aMax{d(x*,y*,t),0,d(x*,y* t), 0}

d(x*! y*r t) S ad(x*! y*; t)

=>(1-a)dx,y,t)<0
=d(x",y",t) = Osince « > 1 = x* = y". Hence T,;, has a unique point.

d(Tpx*, T,y", t) < aMax{d(x",y",t),

d(Tpx*, pr*,t) < aMax{d(x",y",t), }
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