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1. Introduction

Birkhoffand Neumann introduce the approach of quantum
logic. With the help of information measure, the uncertainty in
random events can be measured. The concept of information
measure has been applied in many areas such as in physics,
information theory, computer science, general systems theory,
sociology, statistics, biology, chemistry and many other fields.
There are several information measure presented in history
such as Shannon’s information measure (C. E. Shannon, 1948)
and the measure of order a and of type g, introduced by Renyi
(Alfred Renyi, 1961), Havrda-Charvat (Havrda & Charvat,
1967) and Daroczy (Daréczy, 1970) respectively. There are
many applications of them in Statistics, Pattern recognition
and Coding theory.

We define A, as the set of all n-ary probability distributions

p
4, =3P = (ty,tp,t3, .., t,)|t; = 0,i = 1,2,...p;Zti = 1}
i=1
Information measure given by Shannon (C. E. Shannon, 1948)

IS
p

i=1
where D > 0.
The RIM of the distribution P is given by Boekke and Lubbe
(Boekee & Van der Lubbe, 1980) and is defined for R € R by

1
LT
H P=L 1- R
R() R—1 tl
i=1

Where R = {R:R > 0,R # 1} and the RIM is a real function
from A, to R defined on 4,, ( n = 2) R is real numbers set
(see (Boekee & Van der Lubbe, 1980) ). When R — 1, RIM
approaches to Shannon’s information measure and when
R - o, Hp(P) = (1 —maxt;);i = 1,2,..,n. Satish Kumar
(Kumar, 2009) studied Parametric R-Norm Information
Measure which is given by

)

o

. P T
Hg=m1—<2t.> 6+RRER  (3)

i=1
Information measure given in eq. (2) can be generalized
parametrically in many other ways. Satish Kumar (Kumar &

Choudhary, 2012) consider generalized parametric R-Norm

Information measure:
1

P R—m+1
R—m+1
m _— _ R—-m+1 .
e =7 —m | (Zti ) @

i=1
#R,R,meR.

In (Zadeh (Zadeh L.a.-Fuzzy Sets (1965) | PDF, n.d.)),
(Khare(Khare & Roy, 2007)) and (Zhao (Zhao & Ma, 2007))
the concepts of information measure, joint information
measure and conditional information measure of partitions and
dynamical systems have been studied in quantum logic. We
can study quantum information theory in an easy way by using
the concepts of information measure in quantum logic (see
(2005 — the Zhang Lab, n.d.)). In this paper, we study the
notion of Generalized Parametric R-Norm Information
Measure, joint Generalized Parametric R-Norm Information
Measure and conditional Generalized Parametric R-Norm
Information Measure in quantum logic. Some of the results of
the information measure are generalized to quantum logic.

2. Some Definitions

Definition 1. (Khare & Roy, 2007). Consider a quantum logic

QL. This is a a-orthomodular lattice, i.e., a lattice 2(2, R,V,A

,0,1) where 0 is the minimal element and 1 is the maximal

element. We can define an operation ’: 0 — () such that the

following properties hold Vu,v € 2 :

i) @) =u

(ii) uRv=vVv Ru.

(iii) Given any finite sequence < u; >,u;Ru;, then Vieyu; lies
in Q.

(iv) 2 isorthomodular: uRv=v=uVv (vAu).

In quantum logic we have u Au’ = 0 andu v u' = 1.
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Definition 2.(Khare & Ray, 2007). Consider a quantum logic

0. A state ¢ is a mapping 2 — [0,1] such that:

H =1

(i) (uvv)=7(w) +{()ifu L v

It may be observed that {(0) = 0,¢ is monotone and{(u') =
1—-{(u),u €.

Definition 3.(Khare & Roy, 2007). Consider uy, ..., u,, are the
finite elements of a quantum logic. P = {uy,...,u,} is V-
orthogonal iff Vi_, u; L wyq, Vk =1,2,...,n — 1.

Definition 4.(Khare & Roy, 2007). Consider £ is a quantum
logic. P = {uy, ...,u,} € 2 is called a partition of 2 w.r.t. a
state ¢ on Qif:

(i) P isv-orthogonal.

(i) {(visy w) = 1.

Remarks 1. From the above definitions, we can find that

25;1 ¢ (ui) =1

Definition 5.(Zarenezhad & Ebrahimzadeh, 2021). Let (2, )
be any couple in quantum logic andP = {u;,uy, ..., u,}
andQ = {vy, v, ..., v, } be any two partitions of it. Q is said to
be a ¢-refinement of P if 3 a partition I1(1), ..., I(p) of the set
{1, ..., q} such that u; =V¢y v, Vi =1, ..., p.

Definition 6.(Khare & Roy, 2007). Consider a partition
Q={vy, ..., v, } of a couple (2,) andu € 0. The state ¢ satisfy

Bayes’ property if
{ (ji/1 (u A v])> = {(u).

In this case, we get

q
Z((u/\vj) = {(u).
j=1

Let us consider P = {uy,uy, ..., u, } andQ = {v;, v, ..., v, } are
the two partitions of (12, ¢). Now, P v Q is a partition of (12,{)
if { has Bayes’s property. Then the refinement of this partition
is given by
PvQ ={u Ayl €P,v €Q}.

Definition 7. Two partitions P andQ are said to be (-
independent if

{(uAnv) =) (v)foru € Pandv € Q.
Remarks 2.(Beckenbach & Bellman, 2012). The well-known
Minkowski inequality is given by
Casel.Ift > 1,

1

5]+ (50

i=1 i=1 i=1
Case2.If0<1t <1,
1 1

k T k : k 7
(Z xf) + (Z yf) < (Z(xi + yi)’>
i=1 i=1 i=1
where x;, y; are non negative numbers.

Remarks 3.(Beckenbach & Bellman, 2012). Also, the well-

known Jensen’s inequality is given by
Casel. If ¢ is a real convex function,

¢ (i U xi) < iui é(x;)

i=1 i=1
Case2. If ¢ is a real concave function,

¢ (i u; xi> 2 iui é(x;)

i=1 i=1
where x;’s are real numbers andu;’s are non negative real
numbers with condition ¥¥_, u; = 1.

Generalized Parametric R-Norm Information Measure in
Quantum Logic

In this section, we define Generalized Parametric R-Norm
Information Measure for a finite partition on a quantum logic.
Some of the properties of suggested measure are proved on
Quantum logic.

Definition 8. Let us consider a partition P = {uy, u,, ..., u, }
of a couple (£2,). We can define the Generalized Parametric
R-Norm Information Measure w.r.t. state ¢ as:

CHT(P) = H; ;,,_n?:!_ 1 1— (Z{E_':Hf]}ﬂ_mﬂ-)

i=1

—t
R-m+1

(5)
for R # m andR,m > 0(= 1).

Theorem 1. For a partition P = {uy,uy, ..., u,} of a couple
2,0, *Hg(P) = 0.

Proof.Casel. If0<R<morR—-m+1<1,
then we have

R— 1 .
Q) " 2 ¢w),i=12,..,p.
therefore,

p P
Z(((ui))R_mH > Z {(u)=1
i=1 i=1

i
it follows that
1

p R—-m+1
(Z(((ui))R—m+1> >1
i=1

R-m+1

R-m

Also, for 0 < R < m, we have

have CHE(P) = 0.
Case2.ifR>morR—m+1>1,
then we have

R—-m+1 )
(((uz)) <{(w),i=12,..,p.
therefore,
p p

D) T =Y cwy =1
i=1

i=1
it follows that

< 0. So, from eq. (4) we

1

p R-m+1
(Z(Z(ui))R—m+1> <1
i=1
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Also, for R >m, we have =2 > 0. So, from eq. (4), we XHE(P)+ (1 —DTHR(P) < X+0=bngpm(p),

have CH' (P) = 0. Proof. Let P ={u;,u, ..,u,} be a partition. In the

Theorem 2. Let us consider a family of all the states denoted ~ Minkowski inequality put x; = A{(w;) andy; = (1 — Dn(w,),

by K, on quantum logic. Let {,n € K and P is a partition of ~ We have

(2,0, (2,7). Then for A € [0,1], we have For R >m,
1

P jrp———y P
l(Z(((ui))R_mH) +1-2) (Z(n(ui))R_m“)

i=1 i=1

1
R-m+1

1

p R-m+1
> (Z(Ac(ui) (- A)n(ui))R_m+1> :
i=1

and for0 < R < m,
1 1

p R—-m+1 4 R—-m+1
A(Z(«u»)“’"“) +(1-2 (Z(nqu)R‘”“)
i=1 i=1

P R—-m+1
< (Z(A«ua +(1- mwa)“”“) .

i=1
< 0 for 0 < R < m, therefore we get
A(HR (P)+ (A —D"HR(P) < X+-DmhHp(p).
Theorem 3. Let us consider a couple (2,). Let P = {u;, uy, ..., u,} andQ = {v, v, ..., v, } are two partitions of it and Q is a ¢-
refinment of P. Then,

R-m+1 R-m+1

Since, ——>0forR>m and

HR'(P) < *HE (Q).
Proof. Since, Q is a ¢-refinment of P, therefore 3 a partition I, I, ..., I, of the set {1,2,...,q} s.t. u; =Vje, v; forevery i €
{1,2, ..., m}. From Definition 2, we have {(u;) = ¥;¢;, ¢ ().
Casel. Now, for R > m,

R-m+1
R=m+1 _ R-m+1
(sw)) 256 =) (5w) ©)

JEI; JEI;
Since, the partition of the set {1,2, ..., q} is I, I, ..., I,,, therefore, we have

Ui=1 I = Uj:l{]}!
and

L,nl,=¢g;Vu,ve{lz2..np}

So,

zz ((v R m+1 Z(((v ))R—m+l )

i=1jE€l; j=1
Taking summation on both sides of eq. (6) w.r.t.i varles from 1 to p and using eq (7), we get

Z(« D ZZ (@) Z(c(v,-)) o ©

i=1je€el; j=1
Thus, we have
: ! R +1
R-m+1 -m
D) ™ 2> (4(v) ©
i=1 j=1
Raising power to R_l — on both sides, we have
1 1

p R=m+1 q R=m+1
(Z(é(ua)R —m+ 1) 2 (s()) —m+1 (10)
L Z

Eem*l 5 0 (for R > m), so we have

Now,
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1 1

P R—m+1 q R—m+1
R—-m+1 R—m+1 R—-m+1 Rm+1
7:;—“<ZWW) ) S Rom Z
i= j=
i.e.
HR'(P) < ‘HR (). (11)
Case2. Now, for0 < R <m,
R-m+1
m R-m+1
(@) ™ = Y ¢(v) <> (e) (12)

JEI; jEl;

i({(ui))R—m+1 Si({(v]-))R—m+1

j=1
Usmg Rem*l <9 (for 0 < R < m) and eq.(4), we get the same result asineq. (11).

Continuing as in above case, we get

Theorem 4. Let P = {uy,u, ..., u, } andQ = {v;,v,, ..., v, } are two partitions of a couple (%2, {) satisfying Bayes’ property, then
max{ H§' (P),*HE' (Q)} < “HE' (P V Q). (13)

Proof. As we know that (P v Q) is {-refinement of both P and Q Therefore, by using result of Theorem 3, we have

CHR'(P) <‘HE (P VQ),
and

‘HE(Q) < CHE(PV Q).
Hence, the result.
Theorem 5. Let P = {ul,uz, ...,up} andQ = {vl,vz, ...,vq} be partitions of a couple (2, () having Bayes’ property, then the
Generalized Parametric R-Norm Information Measure with respect to state ¢ is sub-additive.

i.e.
CHE (P Vv Q) =°HE (P) +‘HE (Q) —m(H?(P)(H?(Q)- (14)
where P and Q are {-independent partitions.
Proof. Consider
CHR (P) +HE(Q) — n 15H£”(P)<H£”(Q)
1
R—m+1 2 R—m+1 R_;H‘l R—m+1 ! R-m+1 ol
=—R—m 1—(21(((711')) ) +—R—m 1-— Z(((v}))
i= j=
1 1
p Rom+l q R-m+1
R—-m (R—m+1\° R—m+1 R-m+1
_R—m+1( R—-m ) 1_<Z(Z(”i)) ) 1- Z(i(vj))
i= j=

q R—m+1

p =
=R;r_n1;|l-1 1_(;(Z(ui))R—m+l> Z {(v Rm+1
R-—m+1 o m+1
s = R PNCRCH

P q
pr i U POACCEE

= HE'(PV Q)

1
R-m+1
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Hence, the result.

Joint and Conditional Generalized Parametric R-Norm Information Measure in Quantum Logic
Let us assume that 2 is a quantum logic. Let P = {u, u, ..., u, } andQ = {vy,v,, ..., v, } are two partitions of 2 corresponding to a
state ¢ on £2. Let us consider a set 7 given by

T = {ﬂll,nlz,...,npq},
wherem = x;y; = y;x;; Vi=12,...,p;j =12,...,q.
((u AV ) Z(V] /\ui)
X; = L= —— vi=12,...,p;j=12,...,q. (15)
Ty T T J
and
m n
.xl' = ZT[U ) yi = ZT[U , Vl = 1,2, ,p,] = 1,2, ,q (16)
j=1 i=1

Definition 9. The Joint Generalized Parametric R-Norm Information Measure of partition P and Q w.r.t. state ¢ is defined by:

R-m+1

Hy (P,Q) =" ZZ(”U yor an

R—m
i=1j=

Definition 10. The Conditional Generalized Parametrlc R-Norm Information Measure of P given Q W. rt state ¢ is defined by:

, R—m+1 {(vj/\ui) fomt RmH
CHE (QIP) = ———— 1—Zc(ui> Z<ﬁ) (18)
i=1 j=1 :
and
P q R—m+1\ R=m+1
R-m+1 Ay
"HE QIP) =~ |1 - z«ui)Z(“?T“)) (19)
i=1 j=1 ¢

for R > 0(R # m).

Theorem 6. Let 2 is a quantum logic w.r.t. a state {. If P and Q are two partitions of it satisfying Bayes’ property. Then the
following results hold:

(). ““HR(QIP) < *HR'(Q),

(ii).  "HF'(QIP) < *HF (Q),

(ii)). " HE (Q|P) < “HE(Q|P).

Proof. (i) Casel. For R > m,

Using Jensen’s inequality (Beckenbach & Bellman, 2012) for R —m + 1 > 1, we get
1

1
R-m+1TR=m+1

Using eq. (16) on LHS andr;; = yj; x; on RHS, we have

1 1
[ q R—-m+1 [ P q m]
Z(yj)R—m+1 |Z Z(Yﬂx )R —m+1 |
/=1 [l=1 j=1 J
i.e.
[ v /4 m] Ao
1— Z Z()’jixi)R_mH 1— Z( )R -m+1
i=1 \j=1 J
i.e. )
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1
q R-m+1

p q R-m+1
R—-m+1 R—-m+1
- in Z(in) =1- Z(y/)
li:l j=1 J j=1
Putting the values from eq.(15), we get

14 q
{(v- /\ul-)
1—2(@)§X7§5J

i=1 j=1
L>0 (for R > m), we have

R-m+1
R m+1

1
R—-m+1\ R=m+1

\MQ

Usmg

"“HE (QIP) < SHF(Q)

Case2. On the same line we can prove the same result for 0 < R < m.
Also, the equality sign holds iff r;; = x;y;.

Proof. (i) Casel. For R > m,
Using Jensen’s inequality (Beckenbach & Bellman, 2012), we have

P P
ny]}f mHZ[inyji

i=1 i=1

R-m+1

R-m+1

use eqg. (15) and(16), we get
((v Au)) < (v /\u)) 3 R—m+1

sz( o Z((J o =¢(v)
R-m+1

zc( l)(i(z(;\;t)> > ()"

! —on both sides, we have

R-m+1

Take summation w.r.t j varying from 1 to g and then raising power to -
1

1
R—-m+1\ R—-m+1 q R-m+1

p q
((‘U] Aui) R—m+1
ZZWJZ(W> 2 Z((vj)
i= j=1 j=1
ie.
p q f(v' Au-) R-m+1 R—1T+1 q ﬁﬂ
Z caw) ). (&T) <1-{ @)™
j=1 t =1
Usmg >0 (for R > m), we have

"CHE' (QIP) < *HR'(Q)
Case2. On the same line we can prove the same result for 0 < R < m.
Proof. (i) Casel. For R > m,

Using Jensen’s inequality (Beckenbach & Bellman, 2012), we have
1 .

1
p q R—m+1 [ p q
R—-m+1 R—-m+1
2.( 2 =250

use eg. (15) and(16) in above eq., we get
1 B 1
R—m+1\ R—-m+1 [ R—m+1]|R-m+1

p q C(V Au) P ! ((U /\u)
XL Z{ ) ) ;c(ul);{ on

i=1 j=

e e e
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ie.
1 1
P q R—m+1\ R-m+1 p q R—m+1|R=m+1
(v Aw) {(y M)
R R R Y
2, @\ 22 2,4 W 2wy
ll—l j=1 J i=1 j=1
Using —R;Z:l > 0 (for R > m), we have
"HE (QIP) < "“HR (QIP)
Case 2. On the same line we can prove the same result for fuzzy-Sets-1965
0 < R < m. Hence, Theorem is proved. [12] Zarenezhad, M. H., & Ebrahimzadeh, A. (2021).
Conditional R-norm entropy and R-norm divergence in
3. Conclusion quantum logic. JOURNAL OF MATHEMATICAL
EXTENSION, 16(0), 1-20.
In this paper, | have defined the Generalized Parametric R- https://doi.org/10.30495/JME.V0I0.1284
Norm Information Measure, joint and conditional Generalized ~ [13] Zhao, Y. X., & Ma, Z. H. (2007). Conditional entropy of
Parametric R-Norm Information Measure in quantum logic. | partitions on quantum logic. Communications in
generalize R-norm information measure introduced by Theoretical Physics, 48(1), 11-13.
(Boekee and Van der Lubbe 1980) and studied a new function https://doi.org/10.1088/0253-6102/48/1/003

in quantum logic.
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