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1. Introduction 
 

The studyxofirings, whichxare special reveals that 

multiplicative structure are quite independent of their 

additive structures are abelian groups. However in semirings 

it is possible to derive the additive structures from their 

special multiplicative structures and vice versa. The partial 

order allows to simulate a number of basic notions and 

results of idempotent analysis at the purely algebraic level, 

since 1934, when the first abstractxconcept ofithis kindiwas 

introduced by Vandiver [1]. Semirings have been studied by 

various researchers in an attempt to broaden techniques 

coming from the semigroup theory oriring theory or in 

connection with applications. In recent times the study of 

partially ordered semigroups, groups, semirings, 

semimodules, rings and fields haveibeen increasing widely. 

M. Sathyanarayana [2], J. Hanumanthachari [3], K.P. Shumx 

[4], Jonathan S. Golan [5] are worth mentioning. Heinz 

Mitsch [6]idefined natural partial order relation on a 

semigroup and proved that it is a totally ordered relation with 

respect to its natural partial order if and only if it is an 

idempotent semigroup. In this paper we extended his results 

in semirings and proved they are partially ordered 

semirings.i 

 

Definition 1.1: A triplei(S,+,.) isisaid to bexaisemiringxif S 

is a non-empty set and “+, .”xareibinaryioperationsxon S 

satisfying that 

(i) (S, +)xis a semigroupx 

(ii) (S, .)xis a semigroupx 

(iii) ai(b+c)x=xabi+iac and (b+c)iax=xba+ca.ifor 

allxa,b,cxinxS. 

 

Examples: x 

(i) The set of natural numbers under the usual addition, 

multiplication 

(ii) Every distributivexlattice (L, ˄,˅) 

(iii) Any ring (R,+,.). 

 

Definition 1.2: Aisemigroupiisiainon empty setiSxtogether 

with an associative binaryioperation from S x S -> S. The 

associative condition on S states that a(b c) = (a b)c. for a, b, 

c in S. 

 

Definition 1.3: Aisemigroupi(S , . )iis saidxtoibe left (right) 

regular for any a in S there exists x in S such that xa
2
 = a (a

2
 

x = a ). 

 

Definition 1.4: A system (S, ≤ ), where the relationi„≤ „on S 

satisfying the following axioms. 

1) Reflexivity:ia≤ a 

2) Antisymmetry: a ≤ b,ib ≤ aiimplyia = b 

3) Transitivityi: a ≤ b,ib≤ ciimplyiai≤ic 

4) Linearityi: a ≤ biorxb ≤ a 

foriallia,ib, ciiniS,iis callediaitotallyi(linearly)iorderediset. 

Ifi( S, ≤ )isatisfiesi(3)ialoneitheniRiisicallediorderediset . 

Ifi(1)iandi(2)iareisatisfieditheniitisicallediquasi – ordered set. 

Ifi(2) andi( 3)iareisatisfieditheniitiisicalledipseudo – ordered 

set. 

(1),i(2)iandi(3)iareitogetheriisicalledipartiallyiorderediset.i 

 

Examples: The set of natural number the usual 

multiplication xand ordering 

 

Theorem 1.5: Leti(S, + , . )ibeiaisemiringiiniwhichi(S, 

.)iisileft(right)iregular band.iIfiairelationi„β‟ defined by the 

rule a β b <=> a = xbi=iby , xa = 

aiforialla,ibiiniSiandix,yiniS
1 

theni( S, + , . , β 

)iisiapartiallyiorderedisemiring.i 

 

Proof: Let a,ibiiniSiandix,yiiniS
1
 

 

Definei„β‟ioniSibyitheiruleia β b <=> a = xb = by , xa = a. 

Foriai=i1.a = a.1, a = 1. a , 

wherei„1‟iis the identityielementiini( S , . )i=>aiβai. 

Thereforei„β‟iisireflexive.i 

 

Letxa β biandib β aithenia = xbi= by ,ia = xaiandib = 

uai=iav,iub =ibiforisomeix,y , u,viiniS
1
i 

Nowiai=ixbi=ix ( av)i=i( xa) 

v=iavi=ib.iHencei„β‟iisiantiisymmetrici 

Let iaiβib , biβicitheniai=ixbi=ibyi,ixai=iaiandibi=iuci=icv 

,iubi=ibiforisomeix ,y ,u ,v in S
1
 

Weiwantitoiproveithatiaiβic 

Letiai=ixbi=ix ( uc)i=i( xu) c =isc (x, 

uiiniS
1
ithenixuiisiiniS

1
iforixui=is) 

Similarlyiai=ibyi=i( cv ) yi=ic ( vy) = ct (v, y iniS
1 

ithenivyiisiiniS
1 
iforivy = ti) 

Alsoi(xu) ai=i( xu) ( by)i=ixi( ub ) yi=ix byi=ix 

(by)i=ixai=iai=>isai=iai=>iai= sci=ict,iai=isai=>xa β 

c.iTherefore „β‟iisitransitivei 

Thereforei( S, β )iisiaxpartiallyiorderediset. 

Again aβb =>iai=ixbi=iby,iai=ixai=>iaci=ixbci=ibyc,iac = 

xac, forisome c in S 
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=>aci=ix(bc)i=ibyc
2
,iaci=ixaci=>iaci=ix ( bc )i=ibc,iaci=ix ( 

ac) (SinceiSiisileftiregular,iyc
2
=ic) 

=>aci= x (bc)i= bc
2
y , ac = x (ac) => ac = x (bc) = (bc) y, ac 

= x (ac ) 

=>aci≤ibc.iSimilarlyiweiproveithaticaβcb 

 

Therefore „β‟ is compatible with respect to multiplication. 

Now we prove β is compatible with respect to addition i.e, a 

+ c β b + c 

Let aβ b =>ai=ixbi=iby,iai=ixai 

=>ia + ci=ixb + ci=iby + c, ai=ixa + c 

=>ia + ci=ixb + x c
2
i=iby + c

2
y,iai=ixa + xc

2
i 

=>ia + ci=ixb + xci=iby + cy,iai=ixa + xci 

=>iai+ici=ix ( bi+ic) i=i(ibi+ic) y ,iai=ixi( ai+ic) 

=>ia+cβb+c 

Similarlyiweiprove ic+aβc+b 

Thereforei(S, + , . , β )iisiaipartiallyiorderedisemiring.i 

 

Definition 1.6: Aisemigroupi( S , . ) is said to be regular for 

each a in S there existsiaiuniqueielementia
1
iiniSisuchithatia 

a
1
a= ia.i 

 

Theorem 1.7: Let (S , + , . ) beiaisemiringiiniwhichi(S, . ) is 

regular. A relation on this regular semigroup, by a ϕb<= > a 

= eb = bf for some e , f in E(S) where E(S)iis a set of 

multiplicative iidempotents in S and a, b in S. If x( S , . ) is 

permutable theni( S , + , . ) is aipartiallyiorderedisemiring. 

 

Proof: Leti( S , + , . )ibeiaisemiringiin which ( S , . ) is 

regular. 

Let a , b  S . Define a relation ϕion S by 

a ϕb< = >a = eb = bf forisome e , f in E(S). 

Since S is regulari, for any a in Sithereiexistsiaiunique 

elementia
1
 in S suchithat a a

1
 a = a. 

=>iai=i(a a
1
 )a = a (a

1
 a ) => a = 1 . a = a .1 => a ϕ a . 

 

Therefore „ϕ„ isireflexive . 

 

Letia ϕ biand ib ϕ a then a = eb = bf and b = ga = ah for e, f, 

g, h iniE(S) and a ,b in S 

 

Nowiai=iebi=ie (ah) =ie ( eb) h =i(e b) h =ia h = b =>a = b 

 

Therefore „ϕ‟ is anti symmetric 

 

Let aϕ b and bi≤ c then ai=ieb = bf , b =igc = ch foriall e, f, 

g,h in E(S) 

Consider a = ebi= e( gc )= ( eg) c = s c, for egi=is  E(S) 

Similarly a = bf =ich f = c(hf) = ct, for hf = t  E(S) 

=> a = sc = ct for all s,t in E(S) => a ϕ c . 

Therefore „ϕ‟ is transitive. 

Let aϕb => a = eb = bf => ac = ebc = bfc 

=>ac = e(bc) = (bc) f ( since S is pemutable) 

=>ac ϕbc. Similarlyica ϕicb. 

Let aiϕib => a = eb = bf 

=> a + c = e.bi+ c = bf +ic 

=>a +ic =ieb + ec = bf + cf 

=>a + c = e (bi+ic) = (bi+ic)f 

=> a + c ϕ b + c . Similarly we prove c + a ϕ c + b. 

Thereforei (iS, +, ., ϕ )iisiaipartiallyiorderedisemiring. 

 

Theorem 1.8: Leti(S, + , .)ibeiaicommutative semiring in 

which (S ,.) is rectangular band . Define a relation ρ on a 

semigroup S as following a ρ b < = > 

a
2 
= ab = ba for all a , b in S. If ( S , . ) is right regular then (S 

,+ ,., ρ ) is a partial order semiring. 

 

Proof: DefineiairelationiρioniaisemigroupiSiasifollows a ρ b 

< = > a
2
 = ab =iba for all a, b in S. 

For a
2
 = a.a = a.ai=> a ρ a .Therefore „ρ‟ is reflexivei 

Letia ρ b andib ρ aithenia
2
 =iabi=iba, b

2
 = ba = ab 

consider a
2
 = ab =>ia .ai= abi=> a( aba ) = (aba) bi( since S 

is rectangular band) 

aba = a (ab) bi(since S is right regular,iaba = ba) 

= ba ba (since S is comutative ) 

= b (aba)i=ib( ba)= b ( ab )= bab => a= b 

 

Hence „ρ‟ is anti symmetric. 

 

Letiaiρibiand b ρ c then a
2
 = ab = ba and b

2
 = bc = cb 

consider a
2
= ab= ( aba) b ( since aba =a )= a (ab) b = a

2
 b

2
 = 

a
2
bc = ab bc = a b

2
 c = a (cb) c= a (cbc) =>a

2 
= ac 

 

Similarly we provea
2
 = ca => a

2
 = ca = ac => a ρ c. 

Therefore „ρ‟ is transitive 

Let a ρ b => a
2
 = ab = ba=> a

2
 c

2 
= ab c

2 
= ba c

2
 

=> a
2
 c

2 
= a(bc) c = b(ac)c => a

2
 c

2 
= (ac) (bc) = (bc)(ac) => 

ac ρ bc . Similarly ca ρ cb 

Let a ρ b => a
2
 = ab = ba 

 

Consider ( a + c )
 2 

= (ia +c ) (ia + c ) 

= a
2 
+ ac + ca + c

2
 

= ab + ac + ca + c.ci 

= ai(ib + c) + ci( aba) + c .ci 

= ai(ib + c ) + ca . ab + c.ci 

= a (ib + c) + c a
2
 b + c .ci 

= ai(ib +ic ) + c (ba) b + c .ci 

= ai(ib + c ) + c ( bab) + c.ci 

= ai(ib + c) + cb + c.ci 

= ai(ib + c) + c ( b + c)i 

 ( a + c )
2
 = (ai+ic) (bi+ic)i 

 

Similarly we prove (a + c)
 2
 = (b +c) (a + c) 

=>a+cρb+c. 

 

Similarly c+aρ c+b . 

 

Thereforei(S, + ,. , ρ)iisiaipartiallyiorderedisemiring. 

 

2. Conclusion 
 

We have proved some structural properties of ordered 

properties in semirings 
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