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Abstract: Alterations or sudden changes within a sequence of temporal observations always create disturbance to data analysis. The
problem to detect this alterations or changes in any temporal data may allow researchers to identify the abnormality in every sequence.
The Bayesian method proposed by Basu and Ebrahimi (1991) have greatly plays important role to find the Bayes Estimators of the
parameters of any sequence and analysis of change point problems through Bayesian Technique. In this paper Bayes estimators the
Change point and the parameters of Burr type 111 distribution are obtained under Precautionary Loss Function using Inverted Gamma
Prior as natural conjugate prior. We study Bayesian analysis for change point problem with R programming. The result provides
accurate change point and posterior means estimation.
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(6-0)*
)

1. Introduction

L(6,0) = (1.2.1)

In this estimation approach, the parameter 6 in the model
distributions py (x)is treated as a random variable with some
prior distribution (8). The estimator for 8 is defined as a
value depending on the data and minimizing the expected
loss function or the maximal loss function, where the loss

function is denoted asl(@,@(X)). The usual loss function

R 2
includes the quadratic loss (9 — G(X)) , the absolute loss

|6 —8(x)| etc. It often turns out that H(X) can be
determined from the posterior distribution of P(6|X) =
P(X16) P(0)/P(X).

In decision theory the loss criterion is specified in order to
obtain best estimator. The simplest form of loss function is
squared error loss function (SELF) which assigns equal
magnitudes to both positive and negative errors. However
this assumption may be inappropriate in most of the
estimation problems. Some time overestimation leads to
many serious consequences. In such situation many authors
found the asymmetric loss functions, appropriate. There are
several loss functions which are used to deal such type of
problem. In this research work we have considered some of
the asymmetric loss function named precautionary loss
functions (PLF) suggested by Norstorm (1996). Such
asymmetric loss functions are also studied by Basu, A.P. and
Ebrahimi, N. (1991), Goldstein, M. (1998), Perlman, M.,
&Balug, M. (Eds) (1997), Pandya et. al. (1994), Shah, J.B.
& Patel, M.N. (2007) and Singh, U.

1.1 Precautionary Loss

Norstrom (1996) introduced an alternative asymmetric
precautionary loss function and also presented a general
class of precautionary loss functions with quadratic loss
function as a special case. These loss function approach
infinitely near the origin to prevent underestimation and thus
giving a conservative estimators , especially when , low
failure rates are being estimated. These estimators are very
useful and simple asymmetric precautionary loss function is

In a Bayesian setup, the unknown parameter is viewed as
random variable. The uncertainty about the true value of
parameter is expressed by a prior distribution. The
parametric inference is made using the posterior distribution
which is obtained by incorporating the observed data in to
the prior distribution using the Bayes theorem, The first
theorem of inference. Hence we update the prior distribution
in the light of observed data. Thus the uncertainty about the
parameter prior to the experiment is represented by the prior
distribution and the same, after the experiment, is
represented by the posterior distribution. The various
statistical models are considered are as;

1.2 Natural Conjugate Prior (NCP)

The various prior distributions are considered for different
situations, like non-informative, when no information about
the parameter is available, Natural Conjugate Prior (NCP),
when post and prior distribution of parameter belong to
same distribution family, etc. Hence the appropriate
distribution chosen is Natural Conjugate Prior. If there is no
inherent reason to prefer one prior probability distribution
over another, a conjugate prior is sometimes chosen for
simplicity. A conjugate prior is defined as a prior
distribution belonging to some parametric family, for which
the resulting posterior distribution also belongs to the same
family. This is an important property. Since the Bayes
estimator, as well as its statistical properties (variance,
confidence interval, etc.), can all be derived from the
posterior distribution.

In each case we observe that the statistical analysis based on
the sufficient statistic will be effective as the one based on
the entire data set x.

As in frequentist framework, sufficient statistic plays an
important role in Bayesian inference in constructing a family
of prior distributions known as Natural Conjugate Prior
(NCP). The family of prior distributions g(6), 6 €Q, is
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called a natural conjugate family if the corresponding
posterior distribution belongs to the same family as g(6). De
Groot (1970) has outlined a simple and elegant method of
constructing a conjugate prior for a family of distributions
f (x|6) which admits a sufficient statistic.

One of the fundamental problems in Bayesian analysis is
that of the choice of prior distribution g(8) of 6. The non
informative and natural conjugate prior distributions are
which in practice, Box and Tiao (1973) and Jeffrey (1961)
provide a thorough discussion on non informative priors.

Both De Groot (1970) and Raffia & Schlaifer (1961) provide
proof that when a sufficient statistics exist a family of
conjugate prior distributions exists.

The most widely used prior distribution of 6 is the inverted
Gamma distribution with the parameters ‘a’ and ‘b’ (> 0)
with p.d.f. given by

b g-@+De="% ; 8> 0; (a,b) > 0,

g(e) = {Fa (131)

,otherwise.

The main reason for general acceptability is the
mathematical tractability resulting from the fact that the
inverted Gamma distribution is conjugate prior of 6 Raffia
& Schlaifer (1961), Bhattacharya (1967) and others have
found that the inverted Gamma can also be used for practical
reliability applications.

In this paper the Bayesian estimation of change point ‘m’
and scale parameter ‘y’ of three parameter of Generalized
Compound Rayleigh Distribution (G.C.R.D.) and also the
change point ‘m’ and scale parameter '8’ of Exponentiated
Inverted Weibull distribution is done by using Precautionary
Loss Function (PLF) and Natural conjugate Prior
distribution as Inverted Gamma prior. The sensitivity
analysis of Bayesian estimates of change point and the
parameters of the distributions have been done by using R-
programming.

1.3 Burr Type 111 Distribution

Burr type Il distribution with two parameters was first
introduced in the literature of Burr (1942) for modelling
lifetime data or survival data. It is more flexible and includes
a variety of distributions with varying degrees of skewness
and kurtosis. Burr type 111 distribution with two parameters

B and 8 | which is denoted by (ﬁ, 3), Burr type Il , has

also been applied in areas of statistical modelling such as
forestry , meteorology, and reliability (Mokhlis (2005)).

The Probability Density Function and the Cumulative

Distribution Function of Burr 111 are given by, respectively,

F 0,8 =08x D (1+xF) " x5 00,8>0

(1.4.1)

And the Cumulative distribution function
Fi 0,8) = (1+x77) " ;x>00>0,8>0 (142)

Reliability function is
Rt 0,0)=1—(1+t#)";t>00>0,4>0143)

Note that Burr type XII distribution can be derived from
1
Burr type Il distribution by replacing X with ; The

usefulness and properties of Burr distribution are discussed
by Burr and Cislak (1968). Abd-Elfattah and Alharbey
(2012) considered a Bayesian estimation for Burr type Il1
distribution based on double censoring.

1.4 Bayesian Estimation of Change Point in Burr Type
11 Distribution under Precautionary Loss Function
(PLF)

A sequence of independent life times
X1 X2, o Xy X(m41)s - Xn (N = 3) Were observed from Burr
Type 111 Distribution with parameter 8, 8. But it was found
that there was a change in the system at some point of time
‘m’ and it is reflected in the sequence after ‘x,,” which
results change in a sequence as well as parameter value 6.
The Bayes estimate of 8 and ‘m’ are derived for symmetric
and asymmetric loss function under inverted Gamma prior
as natural conjugate prior.

1.4.1 Likelihood, Prior, Posterior and Marginal

Let x; X2, oo .. ,%n, (n = 3) be a sequence of observed
discrete life times. First let observations x; x5, ....., x,, have
come from Burr Type 111 Distribution with probability
density function as

f(x,0,8) =0B8x~¢+D(1 + x'ﬁ)_(gﬂ)(x, 0,5
> 0)(1.5.1.1)

Let ‘m’ is change point in the observation which breaks the
distribution in two sequences as

(X1, X2, v v oo X V&KX (1 1), X (m+2), +ov +ov - Xy

The probability density functions of the above sequences are

[0 =0, (1 + A1) O (151.2)
Where x;,..,x, >0;6,6,>0
£(0) = 0,8, C+0(1 + xP2) % (1513)

Where x(m+1),x(m+2), ...,xn; 92,32 >0

The likelihood functions of probability density function of
the sequence are

Lo ) = | [F(y1015)
j=1

—(B1+1)

m m
x
Ly (x]64, =0, ml_[]—e_91210 1+ x P
1(x161, 1) 1" B | (1+xj‘ﬂ1) . g( j )
j=1 j=1

Li(x|6y,B1,) = (6,,)" U e 013m (1.5.1.4)
Where
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: L(61 62]x)
Ly (x162, ;) = 1_[ f (%162, 8z) o (81 81)™ Uy e~¥1T3m (6,,)" ™ U, e=02Tsn—Tsm )(1.5.1.6)
j=(m+1) Suppose the marginal prior distribution of 6, and 6,are
9(” m)ﬁz(” . —(B2+1) o, Zlog(l natural conjugate prior
—/7
j=(m+1) (1 + x;7F2 m1(61,%) = 9(“1 De=b101: g, b, > 0,6, > 0(1.5.1.7)
+x;7F2)
J baz
Lz(x|92,ﬁ2) - (6232)(‘“_"1)Uze_GZ(T3n_T3m )(1515) HZ(HZ,X) = 2 G(az 1) —bz@z, az bz > 0 62 > 0(1 5 1 8)
Where
—(/72+1) .. . . . .
1_[ The joint prior distribution of8; ,8, and change point ‘m’ is
j=m+1 (1 + x] _BZ 7'[(91, Qz,m)
— - —B2 bal baz
and T3n = Tam = Xj—gn+1) log(1 + X; ) oc L 6(a1 D —b1619(“2 D e0202(1.5.1.9)
l'a;Ta, *
The joint likelihood function is given by Where 61,0, >0 & m=12,....(n—1)

The joint posterior density of 6;, 6, and m say p(@l, 6, m/g) is obtained by using equations (1.5.1.6)&(1.5.1.9)

L(6y,0,/x)1(8,,0,,m
p(61,65,mx) = (61, 82 /)6, 60, (15.1.10)
Em [y, o, L(61 62/2) (61, 62, m)d6; d6,

61 (m+a1—1)e—91(T3m+b1)92(n7m+a271)e_92(T3"_T3m+b2)

0,6, m|x) = = =
,U( 1, Y2 |_) Zm fo e—91(T3m+b1) 91(m+a1—1) d@l fo 92(n—m+az—1)e_92(T3n_T3m+b2) d@z

ASSumlng 61 (T3m + bl) =X &92(T3n - T3m + bz) =Yy
X y

= &=
Y (T b)Y Tay —Tap + by
o, =— g do, = dy
VT (Tam + by) 2 Tyy — Tapm + by

0, (m+a1=1) ,~61(T3m +b1)6, T2 =02 (T30 "T3m +b2)

p(gl' 921m|£) =

xMm+a1-1) dx foo _ y(n—m+a2—1) dy p(eerZrmlz)

(o]
e—x
Zm fo (T3m +b1)+a1=1) (75, +b) 10 (Tan—Tam +b2) =M +02=1D) (15, —T3,, +b3)
e~ 01(T3m +b1)8; M HA1 e =02(Tan ~Tam +b2) g, (n=m+az—1)

Z r(m+aq) I(n—m+ay)
™ Wy +b )T D (T3 Ty +b) O F42)

e—91(T3m+b1)91(m+a1_1)e_92(T3n_T3m+b2)92(n_m+a2_1)
p(61,0,,m|x) =
( e ) E(al‘az‘bl_bz_m, n)

_ on-1 F'(m+aq) F(n-m+ay)
Where f(al,aZ,bl,bZ,m'n) - 4m=1 (Tgm +b1)™M+21 (Tg, —Tam +hy)—m+a2)

(1.5.1.11)

The Marginal posterior distribution of change point ‘m’ using the equations (1.5.1.6), (1.5.1.7)&(1.5.1.8)
p(mlx) = L(61,6,/x) m(6,) m(8,)
- Xm L(91 ) 92/&) m(0,) 1(6;)

(1.5.1.12)

On solving which gives
91(m+a1—1)e—91(T3m +b1)6, T 27D =02 (T30 —T3m +52)

P(m|£) = s o, mta—1) —61(T3m+b1)92(n_m+a2_1) —02(T3n-T3m +b2)
—91(T3m+b1)9 (m+a1-1) do, f e—ﬁz(T3n—T3m+bz)92(" —mtaz-1) do,
mix) =
( | ) —91(T3m+b1)91(m+a1 1) del fo 6_92(T3n_T3m+b2)92(n m+az—1) dgz
ASSUming 91 (T3m + bl) = &62 (Tgn - T3m + bz) =7Z
y VA
0)=—"  &fy=—
(T3md+ by) T3 — T3m + by
A
9, = —2 _ gdfy=—
(T3 + by) T3p — T3y + by
© y(m+a1—1) dy o _, ,(m—m+az-1) dz
(m|x) = J (Tym +by)(m+a1~1 (T3m+b1)f° (T3 —Tam +bz)=m+a2=1) (T3, —T3, +b,)
p -z Z J_m o (m+a1 1) dy foo 2 Z(n—m+a2—1) dz
mJo (T3m +b1><m+a1 D (T3 +b1) 70 (T3 —Tam +b2) = +22=D) (T3, ~T3,, +b3)
r(m+aq) I'(n—m+ay)
(m+a1) _ (n—-m+ap)
P(m|£) _ (T3mtb1) U (T30 —T3m +b2) (1.5.1.13)

&(ay,ay by bym,n)
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The marginal posterior distribution of 6, using equations (1.5.1.6) and (1.5.1.7)
L(6; 6,/x) 1(6,)

011x) = —=
P(0rfx) Jy L(61,6,/x) m(6;)d6,
On solving which gives
o) _ _ _ _ p1 — _ pa2 — _
Zm fo (elﬁl)mule 91T3m(92ﬁ2)n mUze 62( T3 T3m);719fa1 1)e blglrszgz(RZ 1)8 b292d92

p(glli) = © blal (a1-1) bZaz (az—1)
T Jfy (6181)™Uye=01Tsm (6,8,)" ™ Upe~02(Tsn=Tsm) 591 e~b101 Eez e b202d6,d0,

Zm e—el(T3m+b1)91(m+a1—1) fOOO e—GZ(T3n—T3m+b2)92(n—m+a2—1) dgz

0:|x) =
p( 1|_) Zm fooo e—el(T3m+b1)91(m+al_1) d91 f()oo e—@z(T3n—T3m+b2)92(n_m+a2_1) dez

Assuming 61 (T3m + bl) =y &92(T3n - T3m + bz) =z

z
0 =———8RO,=——"7——
Y (Tam + b)) 2 T3 —Tap + by
o, =— _gdo, = dz
' (Tspm + b)) 2 T3 —Tsm + by
e—01(T3m+b1) g (m+a1-1) F(n-m+ay)
(6, 1x) = ! (T3 —T3m +bp) ™ ~m+42)
P 1|£ - Z F(m+aq) [(n—m+ay)
M (T3 +b1) M +e1) (Tgy ~Tgp +by) - +02)
_ _ I'(n—m+ay)
e 91(T3m+b1)91(m+a1 1) ~ o
p(6:]x) = Ton Tam t02) T 772 (1.5.1.14)
- f(al‘azjbllbzlm, n)
The marginal posterior distribution of 6., using the equation (1.5.1.6)&(1.5.1.8) is
L(6; 6,/x) (O
p(92|£)= - ( 1, 2/_) ( 2)
fo L(91,‘92/§) m(6) d6;
© al _ al _
( ) Zm fo (Hlﬁl)mule—nggm(ezﬁz)n—muze—ez(Tgn—Tgm)%gl(al 1)e—b191%92(a2 1)e—b292d91
p Qle = aq ! ay :
- oo b — b _
n Il (9131)mU1€_91T3’"(ezﬁz)n_muze_HZ(T3n‘T3m)#gl(al 1)e—b191§92(a2 De-b26246,d6,
1 2
p(e |x) _ Zm 6_92(T3n_T3m+b2)62(n_m+a2_l) fo 6_91(T3m+b1)91(m+a1_1) dal
2= p- f0°° e—el(T3m+b1)91(m+a1—l) do, f0°° e—02(Tgn—T3m+b2)92(Tl—m+az—1) do,
. _ _ y
Assuming 6;(Ts,, + b)) =y &0; = Y ( )
- n=T3m (n-m+ay-1) (® — ym+ai—1 dy
, B S e 02(T3n-T3 +b2)gz m+ap fo e y(T3m+b1)(m+a1_1)(T3m+bl)
p( le)_ o _ y(m+a1—1) dy L(n—m+az—1) dz

o
e e 2
m Jo (T3m+b1)(m+a1—1)(T3m+b1)fO (Tgn—Tgm+b2)(n_m+a2_1)(T3n—T3m+b2)

__TGnta1) _ —63(T3n~T3m+b2)g,(n-m+az-1)

_ " @y b imten)
p(B21x) = o) (1.5.1.15)
1.4.2 Bayes Estimators under Precautionary Loss Function (PLF)
The Precautionary loss function is given by
) (6-0)
L3(0,0) = 5 (1.5.2.1)

The Bayes estimator of 8 under precautionary Loss Function is obtain by solving the equation;
0 ~
—E, [L3(0,6)[=0
00 pl[ 23( )]
> 5 = [E,(00)]" (1.5.2.2)
The Bayes estimate 7igp of m using the marginal posterior from equation (1.5.1.14) is
R 1/2
Mpp = [Ep (mz)]
2 r(m+aq) [(n—m+ay) 1/2

. L ™ (Tam +b1) M +21) (T3 —Tgn +by) MM +a2)
f(all az, bl! bZJ m, n)

(1.5.2.3)
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The Bayes estimator 8, z» of 8; under PLF using the marginal posterior from equation (1.5.1.14) is
N 1/2
815r = [E,(6:%)]

1
T(n—m+ay) © _01(T3m+b1) (m+a1+1) /2
9 3 Zm (T3n_T3m+b2)(n—m+a2) fO e v1U3 1 91 d91
1BP §(ay,az, by, by, m,m)
Assuming 6;(Ts3,, + b)) =y &0; = (T3my+b1)
Then
1
2

[(n—m+ay)

2 oy Ty th) =70

y(m +a1+1) dy

e
e
0 (T3 +b)M+a1+D) (T3, +by)

F(n-m+ay) 1/2

0 . =
1Br f(allaZI b]_’ bZ’ m, n)
Z r(m+ai+2)
é _ m (T3m +b1)(m+a1+2) (T3n_T3m+b2)(n7m+a2)
1P f(aliaZJblinJm;n)
1
~ f[(al + 2)1a25 bl: bz, m, n] 2
O1pp =

f(al' az, b1. bZ' m, Tl)

(1.5.2.4)

The Bayes estimator 8,5, of 8, under PLF using the marginal posterior from equation (1.5.1.15) is
~ 1/2
0250 = [E,(6,%)]

Z F'(m+a1)
™ (T3 +bp)m+a1)

f0°° e—BZ(Tsn—T3m+bz)gz (n—m+a2+1)d92

5

O28p =

Y

Assuming 92(T3n — T3 + bz) =y &0,= m

¢(ay, az, by, by, m,n)

Y,

6, under PLF considering different set of values of
(a4, by)and (ay, by).We have also considered the different
sample sizes n=10(10)30. The Bayes estimates of the change
point ‘m’ and the parameters 6; and 6, are given in table-5.3
under PLF. Their respective mean squared errors (M.S.E’s)

Then
Z I'(m+ay) foo -y y(n—m+a2+1)
6 _ 2™ Tymtb)mtan) Yo € (T3 —T3gn +b2) =M +a2+1) (T3, T3, +by)
2BP —
f(allaZIblleJmln)
Z r(m+aq) I(n-m+ay+2) 1/2
0,p = ™ (T3 +b1) 421 (T3 —Tap +by) M +a2+2)
2BP —
E(alﬂaZ!blinJm;n)
¢las, (a; +2),by, bym, ]|
~ aq, a2+2 , D1, z’m,n
HZBP = (1525)

f(alf az, bll bZJ m, n)

Numerical Comparison for Burr Type 111 Distribution
As in chapter 2 we have generated 20 random observations
from Burr Type Il distribution with parameter 8 = 2 and 8
= 0.5. The observed data mean is u = 1.8829 and variance
o2= 23.8886. Let the change in sequence is at 11"
observation, so the means and variances of both sequences
(X1,X2,. . ..Xm) and (X(m+1), X(me+2),---> Xn) are uy= 0.8277, p,=
3.2668, o = 0.7281 and o= 51.8509. If the target value of
Uy s unknown, its estimating (g;) is given by the mean of
first m sample observation given m=11, u =0.8277.

Sensitivity Analysis of Bayes Estimates

In this section we have studied the sensitivity of the Bayes
estimates with respect to changes in the parameters of prior
distribution a,, b;,a, and b,. The means and variances of
the prior distribution are used as prior information in
computing these parameters. Then with these parameter
values we have computed the Bayes estimates of m, 8; and

are calculated by repeating this process 1000 times and
presented in same table in small parenthesis under the
estimated values of parameters. All these values appears to
be robust with respect to correct choice of prior parameter
values and appropriate sample size. All the estimators
perform  better ~ with  sample size n=20 and
(a;=1.8,1.9)(b;=2.3,2.4),(a,=1.3,1.4) and (b,=1.55,
1.65).Similarly the Bayes estimates of PLF are presented in
table 5.2 appears to be sensitive with wrong choice of prior
parameters and sample size. All the calculations are done
by R- programming. From the below two table we conclude
that —

The Bayes estimates of the parameters 6; and 8, of Burr
Type 111 obtained with loss function PLF have more or less
same numerical values. The respective M.S.E’s shows that
the Bayes estimates uniformly smaller for 8;5p and 8,pp
under PLF except of mgp. The Bayes estimates of the
parameters are robust uniformly with all values of prior
parameters as and all sample size.
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Table 1.1: Bayes Estimates of m,8, &8, for Burr Type 11 [9] Calabria, R., and Pulcini, G. (1994): “An engineering
and their respective M.S.E.'s Under PLF approach to Bayes estimation for the weibull
(ag,bq) (az,b;) [N Migp [ 0.5p géiztribution ”. Microelectron. Reliab, 34, No. 5, pp 789-
5.3682 0.6411 | 0.6479 .
(1.25,1.50) |(1.50,1.60) |10 (16.1368) |(0.3374) |(0.0119) [10] De Groot (1970): “Optimal Statistical
20 10.2381 | 05447 | 0.8243 Decisions ”"McGraw hill, New York.
(93.3795) [(0.1218) |(0.2334) [11] Dubey (1968): “4 compound weibull distribution”
30 15.3143 | 0.9061 | 0.6031 Volume 15, Issue 2, pages 179-188,
(195.4584) |(0.0290) |(0.0368) [12] Goldstein, M. (1998): “Bayes Linear Analysis, in
5.4855 0.7828 | 0.6574 Encyclopedia of Statistical Sciences”, update 3, New
(1.50,1.75) ](1.70,1.80) 110 | 14 6901y |(0.0001) |(0.1592) York: Wiley.
20 11.2830 | 0.8828 | 0.8064 [13] Goldstein, M. (1998): “Bayes Linear Analysis, in
(82.3266) |(0.2390) [(0.1734) Encyclopedia of Statistical Sciences”, update 3, New
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