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Abstract

This paper introduces a linear optimization problem subject to max-Archimedean interval-valued fuzzy
relation equations. According to the literature, three types of solution sets, namely; tolerable solution
set, united solution set and controllable solution set can be identified with interval-valued fuzzy relation
equations. Since the tolerable solutions are very useful in fuzzy control problems, thus optimization
with such type of fuzzy relation equations is an important topic of research. The structure and the
properties of the tolerable solution set are studied. The tolerable solution set can be characterized by one
maximum solution and finitely many minimal solutions. Generally, determining all minimal solutions is
a computationally difficult task, thus an efficient algorithm based on the rules of reduction is proposed
which directly computes the tolerable optimal solution of the problem without finding the set of all
minimal solutions. The concept of reduction is efficient for large size problems in terms of computation.
The proposed method is illustrated with some examples.
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1 Introduction

The system of fuzzy relation equations (FRE) was first investigated by Sanchez [13], considering max-min
composition. Since the system of FRE is useful in modelling many systems such as medical diagnosis, image
processing, neural networks etc., therefore it is intensively studied by many researchers taking different type
of compositions. A general representation of the system of FRE with sup—® is:

zoA="b (1)

where A = [a;;],0 < a;; <1 1is an m x n dimensional matrix, b = [b;],0 < b; < 1, is an n-dimensional vector
and o denotes the sup—® composition of z and A, ® being a continuous ¢-norm. The resolution problem of
FRE (1) is to determine an m—dimensional vector z = [z;],0 < z; < 1, such that (1) holds.

The general method for solving max-min FRE is given by Higashi and Klir [4]. Di Nola et al. [1] worked on
the system of FRE with sup—® and proved that the solution set can be completely described by a unique
maximum solution and finitely many minimal solutions. The system of FRE with max-product composition
is studied by Markovskii [11]. It was shown that solving such type of system is closely related with the
covering problem, which is an NP-hard problem. Lin [6] considered the generalization of this problem by
taking sup—t FRE, ¢ being any Archimedean ¢-norm and established a one to one correspondence between
the minimal solutions and the irredundant coverings.

Fang and Li [2] first introduced a linear optimization problem subject to the system of FRE with max-
min composition. They studied the nature of solution set, converted the system to an equivalent 0-1 integer
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programming problem and solved it using branch and bound technique. Loetamonphong and Fang [8] studied
a linear optimization problem with max-product FRE. They derived special characteristics of the feasible
domain, optimal solutions and proposed some methods to reduce the original problem. More work in this
regard can be found in [12, 18]. Thapar et al. [14] considered a linear objective function subject to max—t
FRE as constraints, where ¢ is an Archimedean ¢-norm. They converted the problem to an equivalent 0-1
integer programming problem using the concept of covering problem and proposed a binary coded genetic
algorithm to obtain the optimal solution.

A non-linear optimization problem subject to the system of max-min FRE was first considered by Lu and
Fang [10]. They designed a domain specific genetic algorithm by taking advantage of the structure of the
solution set of FRE. The individuals from the initial population were chosen from the feasible solution set
and were kept within the feasible region during the mutation and crossover operations. Lin et al. [7] applied
genetic algorithm for solving non-linear optimization model subject to max— FRE as constraints.

Loetamonphong et al. [9] studied class of optimization problems with multiple objective functions subject
to max-min FRE. They proposed a genetic algorithm to find the Pareto optimal solutions. Guu et al. [3]
solved multi-objective linear functions subject to max-t FRE as constraint using two phase method to obtain
a better solution. Thapar et al. [15] discussed satisficing solutions for multiobjective optimization problems
with max-product FRE as constraints using genetic algorithm.

The study of interval-valued FRE has been an area of interest among many researchers. Being an extension
of constant valued FRE, where each element of the relational matrix belongs to the unit interval [0,1], the
interval-valued FRE are more flexible in terms of handling impreciseness and uncertainties. Each element
of interval-valued fuzzy relational matrix are sub-intervals in the unit interval [0,1]. This nature enhances
the flexibility of applications of interval-valued FRE in real life problems. The interval-valued FRE has
important application in fuzzy control and medical diagnosis. Wang and Chang [16] first gave the method
for resolving the composite interval-valued FRE. They explored the properties of interval-valued FRE with
max-min composition and proposed an algorithm to resolve it.

Li and Fang [5] analyzed the properties of the solution set of interval-valued max-min FRE and converted
the problem into system of fuzzy relational inequalities. They suggested more efficient method in terms of
computational work for finding the complete solution set. Wang et al. [17] discussed three types of solution
sets namely: tolerable solution sets, united solution set and controllable solution set for interval-valued max—t
FRE. They studied the properties of each solution set and gave relationship between them.

According to Wang et al. [17], the nonempty solution set of max—t interval-valued FRE, ¢ being a contin-
uous t—norm, can be characterized by one maximum and finitely many minimal solutions. Being motivated
by the study of linear optimization problem with FRE, in this paper we are focusing on optimization of a
linear objective function subject to max— Archimedean interval-valued FRE. An efficient algorithm is pro-
posed to find the optimal solution of the problem without finding the set of all minimal solutions. In Section
2, basic concepts related to interval-valued FRE are recalled. In Section 3, a linear optimization problem
with max-Archimedean interval-valued FRE is introduced and some results are proved that characterise the
components of the optimal solution. Based on these results, some rules are proposed in Section 4 that deter-
mines each component of the optimal solution to optimize the objective function. The proposed method is
illustrated using some examples in Section 5.

2 Preliminary properties

Let I ={1,2,...,m} and J = {1,2,...,n} be the index sets, A~ = [a;;] and AT = [a}}] with 0 < a; <} <

1, are m x n dimensional matrices; b~ = [b; ] and b* = [b;r] with 0 < b < b;r < 1, are n—dimensional vectors.
Consider an m x n interval-valued matrix Al = [[a;j,ajj]}, formed by A~ and A" and an n—dimensional
interval-valued vector b! = (67, b;‘]], formed by b~ and b, then

zoAl =b! (2)

represents an interval-valued FRE, where o denotes the max-® composition of x and A, ® being an
Archimedean ¢t-norm. A continuous t—norm that is subidempotent, i.e. a ® a < a;Va € [0,1], is called
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an Archimedean t—norm. In [17], three types of solution sets for (2) are discussed, one of them is the toler-
able solution set. Let X (A’ b!) denotes the set of tolerable solutions of (2), then determining X (A, b!) for
interval-valued FRE (2), means to find the set of all vectors x = [2;],0 < z; < 1,Vi € I, such that

b; < n}(ezgc(a:, ® aij) < b, Vaij € [a;,a5],¥j € J

Moreover, if we denote X = {z = [2;]ics|0 < x; < 1}, AL, = {A]A~ < A< AT} and bl = {b]b~ <b < b1},
then the tolerable solution set can be defined as X (Af,b!) = {z € X| for each A € A}, there exists b € b!,
such that o A = b}. If X(A?,b) # 0, then it is said to be consistent and it contains one maximum solution
and finitely many minimal solutions, otherwise it is said to be inconsistent.

Theorem 1 The problem of finding the tolerable solution set X (AL, b!) of the system of interval-valued FRE
xzo Al = bl is equivalent to the problem of finding all solutions of the following system of fuzzy relational
inequalities:

{;UoAJrngr 3)

TzoA” >b~

i.e. x is a solution of (2) iff x is a solution of (3).
Proof Refer [17], for the proof.

If Al and b! are given for (2), then according to [17], define

&= [&]ier = [7%7}&(@;; =5 b )ier (4)

where —, denotes the fuzzy implication operator defined as a —s b = sup{z € [0,1]|zr ® a < b}, given
a,be0,1].
Theorem 2 If X(AL,b%) # 0 then & defined by (4) is the mazimum solution of X (A%, bT).
Proof Refer [17], for the proof.
Lemma 1 X (A%, b') # 0 if and only if $ 0 A= > b™.
Proof Refer [17], for the proof.
Lemma 2 Ifx € X (AL bY), then for every equation j € J, Trzzg}x(:vl ® ajj) < b;r, and there exists ig € I such
that (z;, ® a; ;) > b .
Proof For a solution v € X (A, b), since xo AT < b, thus m;gjjc(ml ® a;-;-) < b;', VjedJ. AlsoxoA™ > b~

implies that n%ggc(xl@a;j) > by, forj € J. Thus, for each j € J, there exists ig € I such that (x;,®a; ;) > b; .

Lemma 3 If for any equation j € J, aj'j <b;,Viel, then X (AT ) = 0.

Proof If for any equation j € J, ajj <b;,Vie I, this implies a;; <b; Vi€ I. Thus, x; ® a;; <1®a;; =

a; <b; Vi€l ie z;®a; <b;,Viel, ie Trgg;ﬁ(mi@)am) < b; . Hence X (AL b = 0.

Definition 1 For x = [x;];er € X (AL b)), z; is called a binding variable if z; ® a;; = by holds for some
equation j € J and a constraint j € J is said to be a binding constraint if x; ® a;; > by holds for some i € I.
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Let X (A?,b") # 0, then define I; = {i € I|3; ® a;,
ith

G 2>bihviedJand J;={j€ J&; ®a;; > by}, Viel
I; denotes the set of binding variables for the j equatlon and J; denotes the set of binding constralnts for
the ith variable. Thus for z = [z;];e; € X (AL, bY), x; is a binding variable iff J; # ().

Let —; denotes the fuzzy implication operator defined as a —; b = inf{z € [0,1]|]x ® a > b}, given
a,b € [0,1] and a > b. From Definition 1, for a binding variable z;, z; ® a;; > by for some j € J and for a
binding constraint x; ® a;; > b, for some ¢ € I. This implies that z; > a;; —; b} V] € J;. By using property

of t-norms a ® b < mm(a b), we get x; ® a;; < min(z;,a;;), therefore a;; > b;. Thus, a;; —; b; is clearly
defined.

Theorem 3 Let x = [v;]icr € X(AL,b!). For any it" component of the solution,

(i) if J; £ 0, then majc(a =i b)) <y < @y,
Je

Proof (i) Forx = [x;];er € X(AL b)), if J; # 0, then x; is a binding variable. Thus r;®a;; > by Vi€ Ji,
i.e. x; > a;; — b, Vj € J;. Thus x; > mgjv(a —; b ) Since & = [&;]icr 1s the mazimum solutzon of
J

(2), hence max(a =i by) <ap < @y
JEJ:

(ii) For z = [zilicr € X(A",b), if J; = 0, then x; is a nonbinding variable. Thus x; @ a;; < by ,¥j € J.
Since x; € [0,1] and & = [&;]ier is the mazimum solution, therefore 0 < xz; < &;.

From Theorem 3, for x = [z;];c; € X (AL, b), if z; is a binding variable, then ma}c(a i; —ri bj) serves as
Jje

the lower bound of z; and Z; serves as the upper bound of x;. And if x; is a nonbinding variable, then 0
serves as the lower bound of z; and Z; serves as the upper bound of x;.

For binding variable x;, we denote lower bound of z; as Z;, i.e. &; = max(a —i by ).
JjeJ;

3 The Problem

According to Theorem 3, the value of each component z;, for x = [1;];er € X (A, b!) either lies within #; and
Z;, or lies within 0 and z;, ie. &; < z; < Z; or 0 < z; < Z; and X(AI7 bI) contains one maximum solution
and finitely many minimal solutions, thus optimization problem can be associated to it. We are interested
in solving the following optimization problem:

Min Z = Zcixi (5)
icl

Vied (6)

s.t. by < *rrfg}n(xl ®a;j) < bj,Val-j € a;; aiss ZJ]

0<z <1Viel

where ¢; € R is the cost associated with the variable x; and the other symbols have their usual meaning as
defined in Section 2.

Finding the optimal solution of the problem (5)-(6) is to find one or more tolerable solutions from
X (AT b) that minimize (5). Since the objective function is linear, thus any component x} of the optimal
solution z* = [z}];er € X (AL, b!) will be equal to its lower bound or its upper bound. Our aim is to determine
each component of the optimal solution, so as to optimize the considered objective function. Each component
x} of the optimal solution z* = [z}];e; € X(A!,b!) can be found by considering the cost ¢; associated with
x; in the objective function as well as the nature of z;, i.e. whether it is a binding variable or a nonbinding
variable.
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Theorem 4 Let x* = [z}];c; € X (AL, b!) be the optimal solution of the problem (5)—(6). Then for k € I,
the following holds:

(i) If ci, <0, then x}, = &y,
(it) If ¢, > 0, then x} = Iy, if xx is a binding variable and x}, = 0, if x is a nonbinding variable.
(i11) If ci, = 0, x}, can take any value within its lower and upper bound.

Proof (i) For the optimal solution z* € X (AL bY), if cp < 0,k € I, let x} # &. Then Y. cix} =
iel
>z texr > Y. cxf+cerdy. It contradicts the fact that o™ is the optimal solution. Hence,
iel i#k iel itk

* ~

Ty = Tk-

(ii) For the optimal solution x* € X (AL, bl), if cx > 0,k € I, let z} be a binding variable and x}, # .

Then using Theorem 3, & < xf < k. Since ¢ > 0, therefore Zlci:rf = Iz;ékcix;?‘ + cpxy >
ic iel,i
cxl 4 cpi. It contradicts the fact that x* is the optimal solution. Hence, x} = Iy.
i P k
i€l itk

Similarly, let x), be a nonbinding variable and xj # 0, then using Theorem 3, 0 < x} < Zp. Since

ck > 0, therefore Y cixf = >, cixf+cepxy > >, cxl 4+, 0. It contradicts the fact that x* is
i€l i€li#k i€l ik
the optimal solution. Hence, xj, = 0.

(iii) For the optimal solution x* € X (AL b!), if c;, = 0 for some k € I, there will be no effect on objective
function with the value of xj. Thus, x, can take any value with in its lower and upper bound.

4 Rules for reducing the problem

On the basis of the properties discussed in Section 2 and Section 3, in this section, we employ a value based
matrix method to reduce the original problem. Moreover using Theorem 4, for ¢; < 0,7 € I, the optimal value
x; of x; is always fixed to #;. Thus, we can limit our search to find the optimal values of the components
xi,1 € I with ¢; > 0. In this case a component z} of the optimal solution is equal to &;, if z; is binding
and equal to 0, if x; is nonbinding. Hence, binding variables can provide useful information in searching an
optimal solution of the problem (5)-(6). Using these properties a value matrix M = [m;;] is defined as

myy = {00 IETi iy
" 00,  otherwise’ ’

Define I; = {i € I\m;; = ¢;#;},Vj € J and J; = {j € J|m;; = ¢;#;},Vi € I. Some rules are proposed to
optimize the problem by employing value matrix.
Rule 1 If for some i € I, m;; <0 for some j € J, then assign x; = &; in the optimal solution x*.
Proof If for some i € I, m;; <0 for some j € J, this implies that c; < 0. Thus, from Theorem 4, x] = &;.

Rule 2 If for some j € J, fj = {i} is a singleton set and c; > 0, then assign x} = &; in the optimal solution

*

T,

Proof If for some j € J, fj = {i} is a singleton set, then this implies that the j equation can only be
satisfied by the variable x;, i.e. z; is the only binding variable for the ji" equation. Also, since ¢; > 0, thus
by Theorem 4, xi = &;.

Rule 3 If I, C I, for some s,t in the value matriz, then t*" column of the value matriz M can be deleted.
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Proof If I, C I, for some s,t € J in the value matriz, then all the variables that are binding for the s'"
equation are also binding for the t*" equation. Thus, column corresponding to the t™" equation can be deleted
from consideration.

Rule 4 If 0 # J, C J, for some p,q € I and 0 < c,dq < cp&p, then assign x,, = 0 in the optimal solution

*

xT".

Proof Let x* = [z}]ie; be any optimal solution. Since J, C J,, this implies that J, C J,. Also since
0 < ¢cqq < cpyp, thus ¢ > 0. This implies that x, = 0 or z; = &, using Theorem 4. If x; = 0, then the
proof is done. If zj, =, > 0, then if x; = 0, then we can construct a solution vector x, equal to x*, except
for xy =0 and xy = 4. Since J, C Jy, the constraints satisfied by x; = &, are also satisfied by x4 = &y.
Thus, = is a solution of the problem. Also Z(z*)—Z(x) = Zlcix’{ — Zlcia:i = CpTy —Cqtq = CpTp—Ccqly > 0.
i€ i€

This contradicts the assumption of o* = [z} being the optimal solution. Therefore, if 0 < cq@q < cpip,
then for the optimal solution x* = [x]]icr, T, = 0.

If xj = &, > 0, then if x; = T4, then we can construct a solution vector x, equal to x*, except for x, = 0.
Since Jp C Jy, the constraints satisfied by x, = &), are also satisfied by v, = T,. Thus, x is a solution of
the problem. Also Z(x*) — Z(x) = EIcix;‘ - Zlcixi = cpy = cpdp > 0. This contradicts the assumption

i€ i€
of o* = [x}]icr being the optimal solution. Therefore, if 0 < cqiq < cpip, then for the optimal solution
¥ = [z]]ier, 2, = 0.

Rule 5 Let I C I and UJi= J. Ifpel, p ¢ I, J, C J, and Y. CiTi < cpiy, then assign x;, = 0 in the
iel iel
optimal solution x*.

Proof Similar to Rule 4.

Rule 6 If for somep € I, ¢, >0 and J, =0, then assign x, = 0 in the optimal solution z*.

Proof If for some p € I, jp =0, then x, is a nonbinding variable. Since ¢, > 0, thus by Theorem 4, pth
component of the optimal solution vector can be assigned value 0.

Algorithm for obtaining the optimal solution of the problem (5)—(6)

Step 1 Compute the maximum solution &, according to (4).

Step 2 Check feasibility. If o A~ > b~ , continue to the next step. Otherwise stop, the problem is inconsis-
tent, i.e. X (AL bl) =.

Step 3 Find index sets J;,Vi € I.

Step 4 Foriel, if J; # 0, compute T; using T; = magc(afj —i b; ). Hence, compute the value of ¢;%;.
J€Ji

Step 5 Obtain the value matriz M.

Step 6 Find index sets J;,Vi € I and fj,Vj € J for the value matrix M.

Step 7 Apply Rule 1- Rule 6 to determine the values of as many decision variables as possible. If all the
components of the optimal solution x* are determined, generate the optimal solution and hence the optimal
value of the objective function, else go to next step.

Step 8 Apply branch and bound method as discussed in [18], to determine the remaining undecided decision
variables and hence the optimal solution z* and the optimal value of the objective function.
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5 Numerical illustrations

Example 1 Consider the following linear optimization problem subject to the system of interval-valued FRE
with mazx-product composition defined as r @ a = x - a,

Min Z = 3x1 + 2z + x3 + 0.524

st.x® AT = !

0<az; <1,Viel

where
[0.51,0.80] [0.34,0.72] [0.17,0.39]
Al [0.42,0.58] [0.60,0.96] [0.30,0.80]
~ 1[0.60,0.65] [0.12,0.52] [0.20,0.70]
[0.35,0.82] [0.25,0.91] [0.36,0.60]

b’ = [[0.30,0.60] [0.20,0.60] [0.10,0.40]]

In this problem, we have

[0.51 0.34 0.17]
0.42 0.60 0.30
0.60 0.12 0.20
10.35 0.25 0.36

[0.80 0.72 0.39]
0.58 0.96 0.80
0.65 0.52 0.70
10.82 0.91 0.60

At =

b~ =[0.30 0.20 0.10]

bt = [0.60 0.60 0.40]

Step 1 Compute the mazimum solution &, according to (4). We get &1 = 0.75, &9 = 0.50, 23 = 0.57, &4 =
0.66. Thus, & = [0.75 0.50 0.57 0.66] is the maximum solution.

Step 2 Since & ® A~ > b, the given system of interval-valued FRE is consistent.

Step 3 Find index sets J;, Vi € I.
J1={1,2,3},J2 = {2,3}, J3 = {1,3}, Js = {3}.

Step 4 Since J; # 0,Vi € I, thus we have @1 = 0.59, %3 = 0.33, %3 = 0.50, %4 = 0.28 and c1&; = 1.77, codp =
0.66,63533 = 0.50, C4i‘4 =0.14.

Step 5 Obtain the value matriz M.

1 2 3
1 1.77 177 1.77
x3 oo 0.66 0.66
x3 0.50 oo 0.50
z4 00 oo 0.14
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Step 6 Find index sets J;, Vi € I and fj,Y’j € J corresponding to the matriz M. Ji = {1,2,3}, ], =
{2,3},J3 ={1,3},Js = {3} and I, = {1,3}, [ = {1,2}, I3 = {1,2,3,4}.

Step 7 In the matriz M, I, C I3, thus using Rule 3, delete 3¢ column of the value matriz M. After
reduction, the updated matriz M is obtained as

1 2
o | 177 177
x2 oo 0.66
zz | 0.50 oo
x4 o0 oo

In the updated matrix M, J; = (), therefore using Rule 6, assign x = 0. Delete the row corresponding to
the variable x4 and obtain the updated matrix M.

1 2
1 177 1.77
M = z, oo 0.66

Now in the updated matrix M, we have J; = {1,2} € |J J; = {1,2}, and also cois + c3i3 =
ie{2,3}
1.16,c121 = 1.77, i.e. coTo + c3&3 < c1Z1. Thus, using Rule 5, assign 7 = 0. Delete the row corresponding
to the variable x; to obtain the updated matrix M.

1 2
o [ oo 066
M B xr3 |: 0.50 o0 :|

In the updated matrix M, I = {3} and I, = {2} are singleton sets, thus using Rule 2, assign z} =
Ty = 0.33 and 2§ = &3 = 0.50. Since all the components of the optimal solution are determined, thus the
optimal solution is z* = [O 0.33 0.50 0] and the corresponding optimal value of the objective function
is Z* = 1.16.

Example 2 Consider the following linear optimization problem subject to the system of interval-valued FRE
with maz-Lukasiewicz composition defined as © @ a = max(0,x +a — 1),

Min Z = 2x1 + b5xo + 1.4x3 + 0.5x4 — 325 + 0.7x6 + 227 + 25

st.x@ AT =b!

0<z; <L, Viel

where
_[0.2, 0.6] [0.3,0.6] [0.5,1.0] [0.7,0.7] [0.2,0.5] [0.3,0.7] [0.4,0.8] [0.2,0.7] [0.2,0.6] [0.1,0.3]
[0.1,0.5] [0.6,0.9] [0.2,0.7] [0.5,0.6] [0.6,0.9] [0.7,0.8] [0.3,0.9] [0.3,0.4] [0.7,0.9] [0.7,0.7]
[0.3,0.7] [0.5,0.8] [0.7,0.8] [0.1,0.8] [0.3,0.4] [0.5,0.7] [1.0,1.0] [0.5,0.8] [0.8,0.9] [0.2,0.8]
Al — [0.5,0.8] [0.6,0.9] [0.3,0.7] [0.1,0.5] [0.1,0.6] [0.1,0.3] [0.9,0.9] [0.6,0.7] [0.4,0.5] [0.4,0.6]
~ 1[0.3,0.4] [0.2,0.7] [0.6,0.8] [0.4,0.9] [0.5,0.7] [0.4,0.8] [0.4,0.6] [0.9,1.0] [0.7,0.8] [0.3,0.6]
[0.2,0.5] [0.3,0.7] [0.8,0.9] [0.3,0.6] [0.3,0.8] [0.2,0.6] [0.3,0.5] [0.8,0.9] [0.2,1.0] [0.5,0.8]
[0.6,0.7] [0.4,0.8] [0.5,0.6] [0.5,0.8] [0.7,0.8] [0.6,0.7] [0.5,0.7] [0.7,0.8] [0.5,0.7] [0.4,0.8]
_[0.1,0.3] [0.2,0.9] [0.2,0.8] [0.4,0.5] [0.8,0.8] [0.5,0.8] [0.2,0.9] [0.2,0.7] [0.2,0.7] [0.5,0.5]
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blz[[0.270.7] [0.3,0.9] [0.3,0.8] [0.5,0.5] [0.7,0.8] [0.4,0.8] [0.6,0.9] [0.3,0.7] [0.4,0.8] [0.4,0.6”
In this problem, we have

(0.2 03 05 07 02 03 04 02 0.2 0.1]
01 06 02 05 06 0.7 03 03 07 0.7
03 05 07 01 03 05 1.0 0.5 0.8 0.2
05 06 03 0.1 01 01 09 0.6 04 04
03 02 06 04 05 04 04 09 07 0.3
0.2 03 08 03 03 02 03 08 02 05
06 04 05 05 0.7 0.6 05 0.7 05 04
0.1 02 02 04 0.8 05 02 0.2 02 05

(0.6 06 1.0 07 05 0.7 08 0.7 0.6 0.3]
05 09 07 06 09 08 09 04 09 0.7
0.7 08 08 08 04 07 1.0 08 09 08
08 09 0.7 05 06 03 09 07 05 0.6
04 07 08 09 07 08 06 1.0 08 0.6
05 07 09 06 08 06 05 09 1.0 0.8
0 08 06 08 08 07 07 08 0.7 038
03 09 08 05 08 08 09 07 0.7 05

A+

b_z[O.Q 03 03 05 07 04 06 03 04 0.4]

bt =[0.7 09 08 05 08 08 09 07 08 0.6]

Step 1 Compute the maximum solution &, according to (4). We get &1 = 0.8,39 = 0.9,23 = 0.7,34 =
0.9,25 = 0.6,26 = 0.8, 27 = 0.7,28 = 1.0. Thus, & = [0.8 09 0.7 09 06 08 0.7 1] is the maxi-
mum solution.

Step 2 Since £ @ A~ > b, the given system of interval-valued FRE is consistent.

Step 3 Find index sets J;, Vi € I.
Ji = {3,4}, ]2 = {2,6,9,10},J3 = {3,7,9},Js = {1,2,7,8},J5 = {8},Js = {3,8},Jr = {1,8}, Js
{5,6,10}.

Step 4 Since J; # 0,Vi € I, thus we have 1 = 0.80,35 = 0.70,%3 = 0.60,%4 = 0.70,%5 = 0.40,%5 =
0.50,5?7 = 0.60,i‘8 = 0.90 and C1JE1 = 1.60,02%2 = 3.50,03533 = 0.84,64‘%4 = 0.35,65565 = —0.12,66536 =
0.35, crz7 = 1.20, cgxs = 0.90.

Step 5 Obtain the value matrix M.

1 2 3 4 5 6 7 8 9 10
e[| 0o 00 1.601.60 co oo 0o o0 00 00 |
x| 00 3.50 co o0 o0 3.50 oo oo 3.503.50
z3 | 00 00 0.84 c0 o0 o 0.84 oo 0.84 oo
Mo T 0.350.35 co o0 oo o0 0.35 0.3 oo o
zs | 00 00 00 0 o0 oo oo —0.12 co oo
ze | 00 00 0.3 o0 o0 o oo 0.35 oo o©
z7 1 1.20 co o0 00 o0 oo oo 1.20 o oo
zg| 00 oo oo o0 0.900.90 co oo oo 0.90 ]
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Step 6 Find index sets J;,Vi € I and fj,Vj € J corresponding to the matrixz M.

Ji = {3,4}, Jo = {2,6,9,10},J3 = {3,7,9},Js = {1,2,7,8},J5 = {8},Js = {3,8},J7 = {1,8},Js =
{5,6,10} and I, = {4,7}, I, = {2,4}, I3 = {1,3,6},I, = {1},I5 = {8},Is = {2,8},I; = {3,4},Is =
{4,5,6,7}, Iy = {2,3}, I = {2,8}.

Step 7 In the matriz M, msg = —0.120 < 0. Thus, using Rule 1, assign xf = &5 = 0.60. Delete the row

corresponding to the variable xs and the column corresponding to the 8" equation. Obtain the updated matriz
M.

1 2 3 4 5 6 7 9 10
| oo oo 1.601.60

00 00 00 00 00

zo | 00 3.50 co oo oo 3.50 oo 3.503.50

z3 | 00 00 0.84 co o0 o0 0.840.84
M= 2,[0350.35 c0o o0 oo oo 0.35 co o0
ze | 00 00 0.3 c0 00 O 0 o0 O

z7 [1.20 c0o 00O 00O 00O 00O O OO OO

zg | 00 00 00 00 0.900.90 co oo 0.90 ]

In the updated matrix M, j4 = {1} Q jg = {1,3,6},f5 = {8} Q jﬁ = {2,8} and f5 = {8} g le = {2,8}
Therefore using Rule 3, the columns corresponding to the 37, 6! and 10" equation can be deleted to obtain
the updated matrix M.

1 2 4 5 7 9
o[ 0o oo 160 co oo oo |
zo | 00 350 co oo oo 3.50
z3 | o0 oo oo oo 0.84 0.84

M= 2,]035035 co o0 0.35 o0
e | O 0O 0O 0O 0O 00
z; | 1.20 c0o 00 00 o0 o
zs | 0O 00 00 090 0o o0 i

Now, in the updated matrix M, Js = (J, thus, using Rule 6, assign z; = 0 and delete the row corresponding
to the variable zg to obtain the updated matrix M.

1 2 4 5 7 9
z, | oo oo 1.60 co oo o
zo | 00 350 co oo oo 3.50

Mo | 09 00 00 00 0.84 0.84
zs [0.35035 c0o oo 0.35 o0
zr [ 1.20 oo o0 o0 o0 00
zg | o0 oo oo 090 o o

In the updated matrix M, I, = {1} and I5 = {8} are singleton sets, thus using Rule 2, assign z} =
Z1 = 0.80 and z§ = &g = 0.90. Delete the rows corresponding to the variables z; and xg and the columns
corresponding to the 4** and 5t equation. Obtain the updated matrix M.

1 2 7 9

z5 oo 350 oo 3.50
z3 00 oo 0.84 0.84
x4 0.35 035 0.35 o
z7 1.20 oo 00 00

In the updated matrix M, J; = {1} C Jy = {1,2,7} and also c4#4 = 0.35 < cyi7 = 1.20. Thus, using
Rule 4, assign =7 = 0 and delete the row corresponding to the variable 7 to obtain the updated matrix M.
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1 2 7 9
T2 oo 350 oo 3.50
M = 2 00 oo 0.84 0.84
T4 0.35 0.35 0.35 o0

In the updated matrix M, I} = {4} C I = {2,4} and I, = {4} C I; = {3,4}. Thus, using Rule 3, the
columns corresponding to the 2"? and 7" equation can be deleted to obtain the updated matrix M.

1 9

s oo 3.50

M = z; oo 0.84
zs | 035 o0

In the updated matrix M, I; = {4} is a singleton set. Thus, using Rule 2, assign z} = &4 = 0.70. Delete
the row corresponding to the variable x4 and the column corresponding to the 15¢ equation. Obtain the
updated matrix M.

9

o [ 350

In the updated matrix M, Jo = {9} C J3 = {9} and also c3#3 = 0.84 < coiy = 3.50. Thus, using Rule 4,
assign x5 = 0 and delete the row corresponding to the variable x5 to obtain the updated matrix M.

9
M=z, [084]

In the updated matrix M, Iy = {3} is a singleton set. Thus, using Rule 2, assign z} = &3 = 0.60. Since
all the components of the optimal solution are determined, thus the optimal solution is

T* = [0.80 0 0.60 0.70 060 0 O 0.90]

and the corresponding optimal value of the objective function is Z* = 1.89.

6 Conclusion

In this study, a linear optimization problem subject to interval-valued FRE with max-Archimedean compo-
sition is considered. The applications of tolerable solutions of interval-valued FRE can be found in fuzzy
control and diagnosis problems. Therefore optimization with such type of FRE are useful. Basic properties
related to interval-valued FRE are studied. Some necessary conditions are proved for the considered type
of optimization problem, that deal with the value of each component in the optimal solution. Using these
conditions, some rules are proposed that reduce the problem size and compute the components of the optimal
solution efficiently.
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