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Abstract: In this paper, using the concept of natural density, we introduce the notion of rough statistical convergence of
biquadratic sequences. We define the set of rough statistical limit points of biquadratic sequence and obtain rough statistical
convergence criteria associated with this set. Later, we prove this set is closed and convex and also examine the relations between
the set of rough statistical cluster points and the set of rough statistical limit points of a biquadratic sequence.
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1. Introduction

The idea of statistical convergence was introduced by
Steinhaus and also independently by Fast [4] for real or
complex sequences. Statistical convergence is a
generalization of the usual notion of convergence, which
parallels the theory of ordinary convergence.

A biquadratic sequence (real or complex) can be defined as a
function x: NxXN xNxN — R(C), where N, R and C denote
the set of natural numbers, real numbers and complex
numbers respectively. The different types of notions of triple
sequence and biquadratic sequences were introduced and
investigated by Sahiner [3], Esi [1], Datta [2], Debnath [7]
and many others.

Let K be a subset of the setN X N X N X N, and let us denote
the set {(m,n k1) eEKxm<pn<qk<rl<s} by
Kpqrs - Then the natural density of K is given by §(K) =

. |K s |
lim H
pars 5o g

elements in K,y Clearly, a finite subset has natural density
zero and we have §(K¢) = 1 — 8(K), where K¢ = N/, is
the complement of K. If K; € K;, then §(K;) < §(K3).

, Where |K,qs| denotes the number of

Consider a biquadratic sequence x = (X, ) Such that
Xmni € R,m,n, K, IEN. A biquadratic sequence x = (X1 )
is said to be statistically convergent to 0 €R, written as
st—lim x = 0, provided that the set

{(m,n, k,1) € N*: |x,s — 0] = €}
has natural density zero for any € > 0. In this case, 0 is
called the statistical limit of the biquadratic sequence x.

If a biguadratic sequence is statistically convergent, then
for every € > 0, infinitely many terms of the sequence
may remain outside the e —neighbourhood of the statistical
limit, provided that the natural density of the set
consisting of the indices of the set terms is zero. This is an
important  property  that  distinguishes statistical
convergence from ordinary convergence. Because the
natural density of a finite set is zero, we can say that every
ordinary convergent sequence is statistically convergent.

If a biguadratic sequence x = (X, )Satisfies some
property P for all m, n, k, | except a set of natural density
zero, then we say that the biquadratic sequence x satisfies
P for “almost all (m, n, k, 1)’ and we abbreviate this by “
a.a. (mnkl).”

Let (Xm,n,k,1,) D€ @ sub sequence of X = (Xyu).If the
natural density of theset
K = {(mt,nu,ky, lw) E N4: (tlulv! W) e N4}

Is different from zero, then (x,,,n, k1, ) is called a non thin
sub sequence of a biquadratic sequence x.

c €R is called a statistical cluster point of a biquadratic
sequence X = (Xmnw) provided that the natural density of
the set

{(m,n, k,1) € N*: |xs — cl < €}
is different from zero for every €>0.We denote the set of
all statistical cluster points of the sequence x by T'.

A biquadratic sequence X=(Xmnq) IS said to be
statistically analytic if there exists a positive number M
such that

8 ({nn k1) € N*: [ty | Vmantiest = M) = 0

The theory of statistical convergence has been
discussed in trigonometric series, summability theory,
measure theory, turnpike theory, approximation theory,
fuzzy set theory and so on.

The idea of rough convergence was introduced by Phu
[9], who also in- traduced the concepts of rough limit
points and roughness degree. The idea of rough
convergence occurs very naturally in numerical
analysis and has interesting applications. Aytar [1]
extended the idea of rough convergence into rough
statistical convergence using the notion of natural
density just as usual convergence was extended to
statistical convergence. Paletal.[8] extended the notion
of rough convergence using the concept of ideals which
automatically extends the earlier notions of rough
convergence and rough statistical convergence.
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In this paper, we introduce the notion of rough statistical
convergence of biquadratic sequences. Defining the set of
rough statistical limit points of a biquadratic sequence, we
obtain rough statistical convergence criteria associated
with this set.

Throughout the paper r be a non negative real number.

2. Definitions and Preliminaries

Definition 2.1: A biquadratic sequence X = (Xmnk) IS said
to be rough -convergent (r -convergent) to a
(Pringsheim’s sense), denoted as Xyn— @, provided
that
Ve>0,3i, e N:mnkl =i, = |xpuq — al
<r+e
Or equivalently, if
lim sup|x, .y —al <.
Here r is called the roughness of degree. If we take r=0,
then we obtain the ordinary convergence of a
biguadratic sequence.

Definition 2.2: It is obvious that the r —limit set of a
biquadratic sequence is not unique. The r —limit set of
the biquadratic sequence X =(Xmna) is defined as LIM"
ankI:{aeR:ankl_’ra}-

Definition 2.3: A biquadratic sequence X=(Xmnk)is said
to be r-convergent if LIM"x == 0. In this case, r is
called the convergence degree of the biquadratic
sequence Xx= (Xmnw). For r =0, we get the ordinary
convergence.

Definition 2.4: A biquadratic sequence (Xmnk) is said to
be r-statistically convergent to a, denoted by Xpuq—""
a, provided that the set

{(m,n,k, 1) € N*: |xpppiy —al =7+ €}
has natural density zero for every €>0, or equivalently, if
the condition

st — lim sup|xpy —al < 7.

is satisfied.

In addition, we can write Xp.—""a if and only if the
inequality
Xt —al <T+€

Holds for everye>0 and almost all (m,n,k, I).Here r is
called the roughness of degree. If we take r =0, then we
obtain the statistical convergence of biquadratic
sequences.

In a similar fashion to the idea of classical rough
convergence, the idea of rough statistical convergence of
a biquadratic sequence can be interpreted as follows:

Assume that a biquadratic sequence y= (Ymnu) IS
statistically convergent and cannot be measured or
calculated exactly; one has to do with an approximated
(or statistically approximated) biquadratic sequence x
=(Xmn) Satisfying |[Xmn—Ymnw|<r for all m, n, k, I(or for
almost all (m,n/k, 1),i.e.,

S{tm,n,k, 1) € N*: |Xpmmit = Vi | =7}) = 0.

Then the biquadratic sequence x is not statistically
convergent any more, but as the inclusion

{mn kD) € N*: |ypu —al =€}
2 {(mn k1) € N*: |xXppy —a
>r+e€}
Holds and we have

s({m,nk,) € N*: Xy —al =7}) =0.
i.e., we get
S{{m,n,k,) € N*: |xppiy —al =71+¢€})=0.

i.e., the biquadratic sequence spaces X is r-statistically
convergent in the sense of definition (2.3).

In general, the rough statistical limit of a biquadratic
sequence may not unique for the roughness degree
r >0.So we have to consider the so called r- statistical
limit set of a biquadratic sequence X = (Xmnk), Which is
defined by

st —LIM"x = {L € R: Xpppiqu —"¢ a}

The biquadratic sequence X is said to be r-statistically
convergent provided thatst — LIM™ x # @. It is clear that if
st — LIM"x # @ for a biquadratic sequence x = (X )
of real numbers, then we have

st —LIM"x = [st —limsup x —r,st — liminf x + 1]

We know that LIM"x =@. for an unbounded
biquadratic sequence x = (Xmnki).But such a biquadratic
sequence might be rough statistically convergent. For
instance, define
X _ {(—1)'”"“ Jif (mon, kD) # (t,u,v,w)?
makl = (mnkl), otherwise
in R. Because the set{1,64,739,---}has natural density
zero, we have

B . (0 ifr<1
st—LIM"x = {[1 —-rr—1], otherwise

And LIM"x=¢ for all r>0.

A scan be seen by the example above, the fact that
st—LIM"x +@. Does not imply st—LIM"x #
@..Because a finite set of natural numbers has natural
density zero, st — LIM"x # @. Implies st — LIM"x +
@.. Therefore, we getLIM"x < st — LIM" x.This obvious
factmeans {r = 0: LIM"x} S {r = 0:st — LIM"x} in
this language of sets and yields immediately

inf{r 20:LIM"x # @} = inf{r = 0:st — LIM"x # ¢}

Moreover, it also yields directly diam (LIM'x) < diam
(st=LIM"X).

3. Main Results
Theorem 3.1: For abiquadratic sequence spaces x =
(Xmn), We have diam(st-LIM"x) <2r. In general diam

(st-LIM'x) has an upper bound.

Proof: Assume that diam (st—LIM'x)>2r.Thena w,y €
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st- LIM" xsuchthatlw—y|>2r. Take ¢ € (O, |w2—y| - r),

Because w,y € st-LIM"x we have 8(K;)=0 and 8(K5)
= 0 for every e> 0 where

K z{(m’n’k'l)EN4:|xmnkl _Wl ZT+6}
and
K, ={mn kD) € N* |xppy —y| =7+ ¢€}

Using the properties of natural density, we get § (K N K5) =
1. Thus we can write,

IW_Y| = |xmnkl _Wl + |xmnkl _yl

<'W_y'>= w =yl

<2(r+e)=2 >

Forall (m,n, k,1) € Kf n K5, which is a contradiction.

Now let us prove the second part of the theorem. Consider a
triple sequence X =(Xmnk) Such that st=limx.,,=a. Let €>0.
Then we can write

S({tm,n, k, ) € N*: |xppy — al
We have
|xmnkl —J’| = |xmnkl - al + |a —Y| = |ankl - Cll +r
Foreachy € B,(a) ={y € R3: |y —a| <r}.
Then we get |a-y| < r + efor each (m,n, k, 1) €
{(m,nk, 1) € N*: |xmnk — ]| < €}.

26}) = 0.

Because the biquadratic sequence spaces X is statistically
convergent to a, we have

S({tm,n,k, ) € N*: |xppy —al =€})=1.
Therefore we gety € st-LIM"x. Hence, we can write
st-LIM"x = B,(a)

Because diamB, (a) = 2r, this shows that in general,
the upper bound 2r of the diameter of the set

st—- LIM" xis not an lower bound.

Theorem 3.2: Let r>0.Then a biquadratic sequence x= (Xmnk)
is r-statistically convergent to a if and only if there exists a

biquadratic sequence y= (Ymna) Such that st-limy = a and
|xmnkl = VYmnkl | < rfor each (m,n, k,1) € N*.

Proof:
we have
(3.1)st-lim sup | Xy —al <1
Now we define,

Necessity: ~ Assume that x,,,,; =™ a. Then

a, if Ixmnkl _al <r

= a — Xmnkl .
Yimnki Xyl + T (—mn) otherwise.
Ixmnkl - al
Then, we write
|ymnkl - al i
la —r], if |Xpny —al <7

la — 7| = [Xpna — a|>,otherwise.

[ Xkt — @l +r<
m |xmnkl _al

i.e.,

D/mnkl - al .
0, lf |xmnkl - al sr
= Ix al r<|xmnkl - al) ,otherwise.
w—al—1r|{————
" |xmnkl - al
i.e.,
— 0' if |xmnkl - al <r
|ymnkl - al - .
(Xt —al =, otherwise
We have

[Yimnia — al = |%Xmniq —al —7
= |xmnkl — a4~ Ymnkl + al =r.

(3'2)|xmnkl —Ymnki | sr

For all m,n, k,l € N. By equation (3.1) and by definition
of YVmnkl » W€ get

= st —limy,u —" a.
Sufficiency- Because st —lim y,,,.; = a, we have
S{{m,n,k,1) € N*: |ypus —al =€})=0.
For each € > 0. It is easy to see that the inclusion
{m,nk, D) € N*: |y —al =€}
2 {(mn k1) € N*: |xXp — a

>r+e€}

Holds. Because

S{mnk,1) € N*: |y —al =€}) =0.
We get
S({tm,n, k, 1) € N*: Ixpa —al =7 +€}) =0.

Theorem3.3: For an arbitrary ceT’, of biquadratic
sequence X=(Xmnk) We have
|a —c| <r for all lest—LIMx.

Proof: Assume on the contrary that there exist a point
cel'yand le
st—LIM"x such thatja—c|>r.

Definee = 14=¢I="

Then

(33){(m1 nr kr l) e N4: |ymnkl - al 2 6} 2
{(m,nk, 1) € N*: |xppiy —al =71+ €}

Since ¢ €T, we have
S({tm,n, k, ) € N*: |xppiy —cl < €}) #0.

Hence, by (3.3), we get
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6({(m,n, k,D) € N*: |xpy —al =71+ 6}) * 0,

Which contradicts the fact a € st — LIM" x.

Proposition 3.4: If a biquadratic sequence X=(Xmnk) IS
analytic, then there existOs non-negative real number r

such that st- LIM"x + ¢..

Proof: If we take the biquadratic sequence is to be
statistically analytic, then the of proposition holds.
Thus we have the following theorem.

Theorem 3.5: A biquadratic sequence X = (Xmnk) IS
statistically analytic if and only if there exists a non-

negative real number r such that st-LIM"x # ¢...

Proof: Since the biquadratic sequence x is statistically
analytic, there exists a positive real number M such that

s ({(m, mk 1) € N*: |2y | Vmnskit > M}) —o,

Define

r = supi?{}xmnklll/m+n+k+l: (m,n, k1) € K},
Where

K ={(m,nk,1) € N*: [xpn |1/m+n+k+l > M}

Then the set st-LIM"x contains the origin of.R. So we
have st- LIM"x + ¢.

If st-LIM"x # ¢ for some r = 0, then there exists a
such that a € st-LIM"x i.e.,

) ({(m, nk,1) € N*: |x — al fmn+krl >+ 6})

=0,
for each € > 0. Then we say that almost all x,,,,; are
contained in some ball with any radius greater than r.
So the biquadratic sequence X is statistically analytic.

Remark 3.6: If x' = (%, k1, ) IS @ NON-thin subsequence
of biquadratic sequence  x = (X ), then LIM"x €
LIMT™x . But it is not valid for statistical convergence.

For example: we define
_ {(—1)mnkl Jif (mon kD) # (tu,v,w)?
Xmnkl = (mnkl), otherwise
Of real numbers. Then the biquadratic sequence x =
(1,64,739,...) is a subsequence of x. we have st—
LIM"x = [-r,r]and st — LIM"x = ¢.

Theorem 3.7: If x' = (xpn,k,,) IS @ non-thin
subsequence of biquadratic sequence x = (X ), then
st —LIM"x C st — LIM"x.

Proof.

Theorem 3.8: The r-statistical limit set of biquadratic
sequence x = (X, ), IS closed.

Proof. Ifst- LIM"x + ., then it is true. Assume that
st-LIM"x # @,then we can choose a biquadratic

sequence spaces(Vmnrr ) € st—LIM™ x such
thaty,, ...y —" aasm,n, k,l — . If we prove that

a € st- LIM" x, then the proof will be complete.

Lete > Obegiven.Becausey, .., —" a,ve > 0,3i, €
N:m,nk,l>i,
Such that

€
[Ymnir — al < Efor allm,n, k,l =i,

Now choose an (mgngkoly) € N such that mg ng, ko, lo = i,
. Then we can write

€
|ym0nokolo - al < PX
On the other hand, becausey,,,.,; € st — LIM™ x, we have
Ymgnokoly € St — LIM" x,

(3.4)5 ({(m, n,k, 1) € N*: Xt = Ymonokolo] =7 +
e2=0.

Now let us show that the inclusion

(3.5)
{m,nk,D) € N*: |y —al =71+ €}
2 {(m, nk,l)
4 €
€ N :|x‘mnkl _ym0n0k010| ZT+E}
Hols. Take
(t,u,v,w) € {(m, nk, 1) € N*: [Xmner — Ymgnokolo |
€
=1+ E}

Then we have

€
{|xmnkl - ym0n0k0l0| 2 r + E}

And hence

|xtuvw - al < |xtuvw - ymonokolo| + |ym0n0kolo —a
€ €
<r-+ E + E <r+e
ie., (t,u,v,w)€ {(m, nk, 1) € N*: |xpmm —
ymOn0£0/0=r+cwhich proves the equation (3.5). Hence
the natural density of the set on the LHS of equation (3.5) is
equal to 1. So, we get & ({(m, nk, 1) € N*: |Xpmu —
ymOn0k0/0>r+€e=0.

Theorem 3.9: The r-statistical limit set of biquadratic
sequence x = (Xpni ), IS closed.

Proof: Lety,,y, € st- LIM"x for the biquadratic
sequence x = (X Jandlet
€ > 0 be given. Define

K ={(mn kD) € N*: |xpny — wl
and

K, ={mn kD) € N* |xpuy —yl =7+¢€}
Because y,,y, € st—-LIM" x, we have 6§ (K;) = §(K;,) =
0. Thus we have

2r+6}

|xmnkl - [(1 - /1)3’1 + /13’2“
= (1 =D Cmnrr — y1)
+ A — Y2 <1 +€,
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Foreach (m,n, k, 1) € (K{ n K5)andeachA € [0,1].
Because 5 (Kf N K5) = 1, we get

5({(7?1,7’1, k: l) € N4: Ixmnkl - [(1 - A)yl + AyZ]l
>r+ e}) = 0.

ie,[(1 — )y, + Ay,] € st — LIM" x,Which proves the
convexity of the set st — LIM" x.

Theorem 3.10: A biquadratic sequence  x = (X )
statistically convergent to a if and only if st —LIM"x =
B, (a).

Proof: For the necessity part of this theorem is in proof of
the theorem (3.1).

Sufficiency: Because st — LIM"x = B,(a) # ¢, then by
theorem (3.5) we can say that A biquadratic sequence
x = (X, ) IS Statistically analytic. Assume on the contrary
that the A biquadratic sequence x = (x,,,,; ) has another
statistical cluster point a' different from a. Then the point

r
a=a+—(a—a’
|a_a|( )
Satisfies
— ! /; r J;
a—-a =a—-a+——-(@a-—a’)
la—a|
j@a-d|=la-d|+—-r(a—a)
a—al|l=|la—a ——((a—a
la—a|
l@a—a|=la—a|+r>r.

Because a’ is statistical cluster point of the biquadratic
sequence spaces X, by theorem (2.4) this inequality implies
that @ € st — LIM"x. This contradicts the fact |[@a —a| =7
and st — LIM"x = B.(a). Therefore, a is the unique
statistical cluster point of the biquadratic sequence x. Hence
the statistical cluster point of statistically analytic
biquadratic sequence is unique, then the biquadratic
sequence spaces X is statistically convergent to a.

Theorem 3.11: (a) Ifc € T then st — LIM"x < B, (c).
(b)st — LIM"x = Ncer, B.(c) ={a € R*:T, € B ()}

Proof. (a) Assume that a € st — LIM"x and ¢ € T,.Then
by theorem 3.4, we have

la —c| <r;
otherwise, we get

S({m,n,k, D) € N*: X0 — [(1 = Dy1 + Ay,]l

>r+e€})#0.
For e = =" This contradicts the fact a € st —
LIM" x.
(b) (3.6) st —LIM"x S Neer, B, ()

Now assume that y € N er, B, (c).Then we have

ly—c|<r
For all ¢ € T,, which is equivalent to T, € B, (y), i.e,
BNNeer, Br(c)cf{a€R:T, €B.(0)}
Now let y & st — LIM" x. Then there exists an € > 0 such
that
s{mnk, ) EN*la—y| =r+¢€})#0,
The existence of a statistical cluster point ¢ of the biquadratic

sequence spaces X with |y —c| >r +¢,ie, T, €B,.(y)
andy & {a € R:T, € B,(a)}.

Hence y € st — LIM" x follows from y € {a € R: T, <
Fra,ie.,

{a€R:T, €B,(a)} S st—LIM x.
Therefore the inclusion (3.7)- (3.8) ensure that (3.6) holds .
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