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Abstract: This paper investigates the oscillatory properties of impulsive fractional partial differential equation with several delays and 

establishes sufficient conditions for oscillation of the fractional partial differential equation. Moreover, we study In this paper, based on 

the modified Riemann-Liouville derivative, we are concerned with The oscillations for impulsive delay fractional partial differential 

equations. The main results are illustrated by examples. 
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1. Introduction 
 

Fractional differential equations are generalizations of the 

classical differential equations of integer order, important 

tool in modeling real life phenomena. It is well-known that 

fractional differential equations are a more general form of 

the integer order differential equations, Such processes often 

occur in the theory of theoretical physics, chemistry, optimal 

control, medicine, biotechnologies, population dynamics, 

etc. In the past few years, the theory of impulsive partial 

differential equations has been investigated extensively. The 

oscillations for impulsive delay partial differential equations 

were studied. For example, see [1-3]. Moreover, the research 

on the oscillatory behavior of solutions of fractional 

differential equation has been a hot topic and some results 

have been established. For example, see [4-8]. However, to 

the best of the author's knowledge, very little is known 

regarding the oscillatory behavior of fractional   partial 

differential equations which involve the Riemann-Liouville 

fractional partial derivative up to now [9-11]. The oscillatory 

behavior of ordinary differential equations, partial 

differential equations and impulsive partial differential 

equations have been investigated by many papers in the past, 

see [12-16]. 

In recent years, the oscillatory behavior of various classes of 

fractional  ordinary differential equations and fractional  

partial differential equations have been investigated by many 

authors, see [17-21]. In [22-27] some authors have studied 

the oscillatory behavior of solutions of fractional  partial 

differential equations and impulsive  fractional  partial 

differential equations. 

 

This paper is organized as follows: In section 2, we 

introduce problem formulation, related definitions, and 

lemmas. In Section 3, we discuss the oscillation problem of 

(2.1) subject to boundary conditions (2.2). We present two 

examples to illustrate our results in section 4.  

 

2. Formulation of Problems and Preliminaries 
 

Our aim in this paper is to study the oscillation properties of 

the solutions to a class of (IFPDEs) with several delays of 

the form 
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With the boundary condition 
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(2.2) 

Where )1,0(  is a constant, 


tD ,
 is the Riemann-

Liouville fractional derivative of order   of ),( txu  with 

respect to t ,   is a boundary domain in 
nR  with a 

smooth boundary   and   ,
 

},...,2,1{,...},2,1{ mII m 
, ),0[ R ,   is 

the Laplacian in 
nR , and N  is the unit exterior normal 

vector to  , ],[)(),(  RRPCtbta , PC  denote 
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the class of functions which are piecewise continuous in t  

with discontinuities of first kind only at 
itt  , 0k . 

The solution ),( txu  of the problem (2.1),(2.2) and 

),(, txuD t




 are piecewise continuous with discontinuities 

first kind only at 
itt  , and left continuous at 

 Iitt i , . 

 

The following conditions are assumed to hold 

C1: RRqk :  is a continuous function such that 

kk iuuq /)( , for all 0u ; and 
ki  is a positive 

constant, 
mIk  

C2: ],[),(   RRPCtxhk
, 

and ),(minmin)(
1

txhth k
xmk

k


 . 

C3: ],[),(   RRPCtxv . 

C4: ),,(;0)(');,()( utxuugRRCug   is a 

piecewise continuous function, such that  

0)(),,(  ugutxu . 

C5:  
  RR:  such that 

iitx  ),( . 

C6: The given numbers  itt10
 

, are such 

that 


i
i

tlim . 

C7: At the moments of impulsive the following relation is 

satisfied: 

),(),( ,, itit txDtxuD 




   

   For the sake of convenience, in this paper, we denote: 




 dxtxutU ),()(  ; 


 dxtxvtV ),()(   (2.3) 

 

Definition 2.1 A nonzero solution ),( txu  of the problem 

(2.1),(2.2) is said to be nonoscillatory in the domain  G  if 

there exists a number 00 t such that ),( txu has a 

constant sign for ),[),( 0  ttx . Otherwise, it is 

said to be oscillatory. 

 

Definition 2.2 The Riemann-Liouville fractional derivative 

of order 0  of a function RRy :  on the half-

axis 
R is given by 
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0t  (2.4) 

Provided the right hand side is pointwise defined on 
R , 

  is gamma function,    is the ceiling function of  . 

 

Definition 2.3 The Riemann-Liouville fractional partial 

derivative of order 10   with respect to t  of a 

function ),( txu  is given by 
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 (2.5) 

Provided the right hand side is pointwise defined on 
R . 

Lemma 2.1 Let  


t

dyttE
0

)()()(    for 

)1,0(  and 0t . Then 

).()1()('   yDtE   (2.6) 

 

Lemma 2.2 Let Nm ,10   and dxdD / . If 

the fractional derivatives ))(( xyD


 and ))(( xyDm 


 

exist, then 

                                                               

))(())(( xyDxyDD mm  

          (2.7) 

 

3. The Oscillation of the Problem (2.1)-(2.2) 
 

In this section, we establish sufficient conditions for the 

oscillation of all solutions of the boundary problem (2.1)-

(2.2).                                                                                 

 

Theorem 3.1 If impulsive fractional differential inequality 

),()()()( ,

1

, tVtUDtatUD tt  
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 itUDtUD tit

  (3.2) 

 

Has no eventually positive solutions and impulsive 

fractional differential inequality 
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1

, tVtUDtatUD tt  






          (3.3) 

,...,2,1),()1()( ,,  



 itUDtUD tit

  (3.4) 

 

Has no eventually negative solutions, then every nonzero 

solution ),( txu  of the problem (2.1) and (2.2) is 

oscillatory in the domain G . 

 

Proof Suppose to contrary that ),( txu  be a nonzero 

solution of the problem (2.1) and (2.2) which is 

nonoscillatory in the domain G . Without loss of generality, 

we assume that ),( txu  is an eventually positive solution of 

problem (2.1) and (2.2) in the domain G . Then there exists 

a 00 t
 
such that 0),(,0),(  itxutxu  , for 

),[),( 0  ttx . 

 

Case I: 
itt  . Integrating the first equation of problem 

(2,1) with respect to  x
 
over the domain , we have 
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By using Green's formula, combing boundary condition (2.2) and assumption (C4), we obtain      

 

 
    

According to assumption (C1) and (C2), we have 
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And according to Lemma 2.2, combing (3.5) and (3.7), we 

can easily obtain 

 
 

 

Case II: 
itt  . Integrating the second equation of problem 

(2.1) with respect to x  over the domain  , and according 

to assumption (C5), we have 

       (3.9)  

 

Thus impulsive fractional differential inequality (3.8) and 

(3.9) imply that the function 
itt   is an eventually positive 

solution of fractional impulsive differential inequality (3.1) 

and (3.2) which contradicts the conditions of the theorem. 

 

On the other hand, if ),( txu  is an eventually negative 

solution of the problem (2.1) and (2.2) in the domain G , 

then using the similar method, we can easily obtain that 

itt 
 
is an eventually negative solution of the fractional 

impulsive differential inequality (3.3) and (3.4) which 

contradicts the conditions of the theorem. The proof is 

completed. 

 

Lemma 3.1 Assume that 
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Where  ktt10  and 
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k

tlim ; 

],[' RRPC  ; ],[, 21 RRgg   and 
ka  are 

constants. Then  
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 (3.11) 

Lemma 3.2 If )(tU  is a solution of the impulsive 

fractional differential inequality (3.1) and (3.2) (or (3.3) and 

(3.4)), and 

,)()()(
0




t

dUttE    for )1,0( , and 0t , 

Then 

).()1()(' ,   UDtE t                          (3.12) 

Theorem 3.1 If we assume, for some 02  , 
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Then each nonzero solution of problem (2.1) and (2.2) is 

oscillatory in the domain G . 

 

Proof To prove the theorem, it is sufficient to prove that the 

impulsive fractional differential inequality (3.1) and (3.2) 

has no eventually positive solutions, and the impulsive 

fractional differential inequality (3.3) and (3.4) has no 

eventually negative solutions. Suppose on contrary, the 

impulsive fractional differential inequality (3.1) and (3.2) 

has an eventually positive solution )(tU , then there exists 

01   such that 0)( tU , 

1,0)(,0)(   ttVtU k
. 

 

Let  
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By using lemma 2.2  and  the impulsive fractional 

differential inequality (3.1), we obtain 
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By using condition (3.14) and taking t , it follows 

from above equation 
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Which contradicts 0)( t .  

 

Secondly, suppose on contrary that the impulsive fractional 

differential inequality (3.3) and (3.4) has an eventually 

positive solution )(tU , then there exists 01   such that 

0)( tU , 
1,0)(,0)(   ttVtU k

. Then 

using similar methods, according the condition (3.15) and 

taking t , we can obtain 
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Which contradicts 0)( t . This completed the proof. 

 

4. Examples 
 

In this section, we provide two examples to illustrate results. 

 

Example 4.1 Consider the following problem 
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With the boundary condition 
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The conditions of theorem 3.2 are satisfied, thus every 

solution of the problem (4.1) and (4.2) oscillates. 

 

Example 4.2 Consider the following problem 


















































.),,(cos),(),(

,,cos)
3

2
,(

2

),(),(),(
1

1
),(

5

3

,

35

3

,
5

3

,

2
)

3

2
,(2

25

3

5

8

,

iitiitit

i

txu

t

t

tttxuxDttxuDtxuD

ttxtetxu
t

txutxuetxuD
t

txuD




   

(4.3) 

 

With the boundary condition 
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The conditions of theorem 3.2 are satisfied, thus every 

solution of the problem (4.3) and (4.4) oscillates. 
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5. Conclusion   
 

In this paper, we have identified some new sufficient 

conditions for all solutions of impulsive fractional partial 

differential equations to be oscillatory, which has a scope 

beyond the available results in the existing literature. Also 

we presented two examples to illustrate results.  
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