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Abstract: This paper investigates the oscillatory properties of impulsive fractional partial differential equation with several delays and

establishes sufficient conditions for oscillation of the fractional partial differential equation. Moreover, we study In this paper, based on
the modified Riemann-Liouville derivative, we are concerned with The oscillations for impulsive delay fractional partial differential

equations. The main results are illustrated by examples.
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1. Introduction

Fractional differential equations are generalizations of the
classical differential equations of integer order, important
tool in modeling real life phenomena. It is well-known that
fractional differential equations are a more general form of
the integer order differential equations, Such processes often
occur in the theory of theoretical physics, chemistry, optimal
control, medicine, biotechnologies, population dynamics,
etc. In the past few years, the theory of impulsive partial
differential equations has been investigated extensively. The
oscillations for impulsive delay partial differential equations
were studied. For example, see [1-3]. Moreover, the research
on the oscillatory behavior of solutions of fractional
differential equation has been a hot topic and some results
have been established. For example, see [4-8]. However, to
the best of the author's knowledge, very little is known
regarding the oscillatory behavior of fractional  partial
differential equations which involve the Riemann-Liouville
fractional partial derivative up to now [9-11]. The oscillatory
behavior of ordinary differential equations, partial
differential equations and impulsive partial differential
equations have been investigated by many papers in the past,
see [12-16].

In recent years, the oscillatory behavior of various classes of
fractional ordinary differential equations and fractional
partial differential equations have been investigated by many
authors, see [17-21]. In [22-27] some authors have studied
the oscillatory behavior of solutions of fractional partial
differential equations and impulsive fractional partial
differential equations.

This paper is organized as follows: In section 2, we
introduce problem formulation, related definitions, and
lemmas. In Section 3, we discuss the oscillation problem of
(2.1) subject to boundary conditions (2.2). We present two
examples to illustrate our results in section 4.

2. Formulation of Problems and Preliminaries

Our aim in this paper is to study the oscillation properties of
the solutions to a class of (IFPDEs) with several delays of
the form

Df{u(x,t) +a(t)Du(x,t) =b(t)g(u(x,t))Au(x,t) -

ihk (x,1)g, (Uu(x,t=9,))—v(x,t),t =t ,(x,t) e R, xQ =G,

2.1)

D7 u(x,t7) =D u(x,t7) =o(x,t;)D] u(x,t),t=t,iel_,kel,.

With the boundary condition
ou(x,t)

N =d(x,t,u(xt)),(x,t) e R, x0Q,t #t..

(2.2)
Where » € (0,1) is a constant, D7, is the Riemann-

Liouville fractional derivative of order » of u(Xx,t) with

respect to t, () is a boundary domain in R" with a
boundary o and §_2 =QYoQN,
|, ={L2,. 31 ={L2...m} R, =[0+%), A is
the Laplacian in R", and N is the unit exterior normal

vector to 0Q2, a(t),b(t) e PC[R+,R+], PC denote

smooth
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the class of functions which are piecewise continuous in t
with discontinuities of first kind only at { :'[i , 5k >0.

The solution u(X,t) of the problem (2.1),(2.2) and
D7, u(x,t) are piecewise continuous with discontinuities
first kind only at t=t, and left continuous at

t=t,iel_.

The following conditions are assumed to hold
Cl: q,:R—R is a continuous function such that

q,(U)/u>i,, for all u=0; and i, is a positive

constant, K e | _
c2: h (x,t) e PC[R, xQ,R,].

and h, (t) = ][<TI]<Isrr]n rlugg h, (x,1).

cs: v(x,t) e PC[R, xQ,R.].

C4 g(u) e C(R,R);ug’(u) > 0;d(x,t,u) is a
piecewise continuous function, such that

ud(x,t,u)g(u) <0.

C5: o R+ xﬁ—) R+ such that g(x,ti) <y

C6: The given numbers O<t1 < ---<ti < ..., are such

that limt; = +co.
|—00
C7: At the moments of impulsive the following relation is
satisfied:
DI’tU(X,ti_) = Df,t (xt)

For the sake of convenience, in this paper, we denote:

U(t) = j u(x,t)dx ; V(t) = j v(x,t)dx (2.3)

Definition 2.1 A nonzero solution U(X,t) of the problem
(2.1),(2.2) is said to be nonoscillatory in the domain G if
there exists a number t; > Osuch that u(Xx,t)has a

constant sign for (X,t) € Qx[t,,+00) . Otherwise, it is
said to be oscillatory.

Definition 2.2 The Riemann-Liouville fractional derivative

of order ¢« > 0 of a function y: R+ — R on the half-

axis R+ is given by

1 gletl t
[e=o)lFry(g)dg for

0

t>0 (24)
Provided the right hand side is pointwise defined on R+,

(24

D = I(a]-a)dt'®

I" is gamma function, ’70(—| is the ceiling function of ¢ .

Definition 2.3 The Riemann-Liouville fractional partial
derivative of order Q< ¢ <1 with respect to t of a
function u(X,t) is given by

D u(x,t) = #_a)g [t-& (&) @)

ra

Provided the right hand side is pointwise defined on R+ .

Lemma 2.1 Let E@t)= j‘(t -5 y(f)df for

ae€(01) and t > 0. Then
E'(t) = [(L- @)D y(&). @9)

Lemma 22 Let 0<a<lmeN and D=d/dx. If
the fractional derivatives (D y)(x) and (D" y)(X)
exist, then

(D™D y)(X) = (DM“Y)(X) @7

3. The Oscillation of the Problem (2.1)-(2.2)

In this section, we establish sufficient conditions for the
oscillation of all solutions of the boundary problem (2.1)-
(2.2).

Theorem 3.1 If impulsive fractional differential inequality
DI7U(t) +a(t)D7 U (t) < -V (t), 3.1)
D/U(t")<(@+¢,)D/U(t),i=12,..,32

Has no eventually positive solutions and impulsive
fractional differential inequality
DU (t) +a(t)D7 U (t) > -V (t), (3.3)

D/U(")>(1+¢;)DI U(t),i=12,..,34

Has no eventually negative solutions, then every nonzero
solution u(X,t) of the problem (2.1) and (2.2) is
oscillatory in the domain G .

Proof Suppose to contrary that U(X,t) be a nonzero
solution of the problem (2.1) and (2.2) which is
nonoscillatory in the domain G . Without loss of generality,
we assume that U(X,t) is an eventually positive solution of

problem (2.1) and (2.2) in the domain G . Then there exists
a t, >0 such that u(x,t) >0,u(x,t—o;) >0, for
(x,t) e Qx[t,,+x0) -

Case I: t#t,. Integrating the first equation of problem

(2,1) with respect to X over the domain () , we have
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j D¥7u(x,t)dx + a(t) j D7 u(x,t)dx = b(t) j g(u(x,t))Au(x,t)dx

Q

_jzh (x,)q, (U(x,t =5, ))dx - jv(xt)dx

O k=1

By using Green's formula, combing boundary condition (2.2) and assumption (C4), we obtain

(3.5)
[g(:f}ﬂ:{(x By = [g( }% —J‘ g'(:{)|g?mfu|:rﬁ' (3.6)

[ g(u)yD(x, 1) — [ g'(:{}|g?'ﬂd:{|:dr =0

According to assumption (C1) and (C2), we have

th (X, )q, (U(x,t - 5))dx>2h (t)ju(xt 5.)dx>0,t >t, @3.7)

O k=1

And according to Lemma 2.2, combing (3.5) and (3.7), we
can easily obtain

DYTU@) +a(f)DLUG) <~ ik, (:)[ uCet—8,)dx

k=1

(O u(xt-8) -Gy < -Gt 2 1, B9)

m
< —Z ih
]

DIUG) =

0

Thus impulsive fractional differential inequality (3.8) and

(3.9) imply that the function t # t; is an eventually positive

solution of fractional impulsive differential inequality (3.1)
and (3.2) which contradicts the conditions of the theorem.

On the other hand, if u(x,t) is an eventually negative

solution of the problem (2.1) and (2.2) in the domain G,
then using the similar method, we can easily obtain that

'[;éti is an eventually negative solution of the fractional

impulsive differential inequality (3.3) and (3.4) which
contradicts the conditions of the theorem. The proof is
completed.

Lemma 3.1 Assume that

@' (t) < g, (Do(t) + g, (1) t=t, , t =1,
o) <(+a)o(t,) k=12,
Where 0 <t, <---<t, <
o< PC'[R,,R]; 9,,0, €[R,,R] and a, are

constants. Then

o(t) <o) [] (1+ak)exp( | gAs)dsJ
(3.11)

to<t <t

(3.10)

-and limt, =+oo;
k—o0

+I I] @+ ak)eXDU gl(G)da]gz(s)ds t>t,

to S<tc<t

k=1

Case II: t:ti.

(2.1) with respect to x over the domain (), and according
to assumption (C5), we have

Integrating the second equation of problem

D, [u(x.17)dx < (1+ )DL, [ u(x,r,)dx= 1+ y,)DLU @)

! (3.9)
Lemma 3.2 If U(t) is a solution of the impulsive

fractional differential inequality (3.1) and (3.2) (or (3.3) and
(3.4)), and

E®) = [(t-9)"U (e, oy € (0D) . t>0.

Then
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E'(t)=TA-y)D] U(S). (3.12)
Theorem 3.1 If we assume, for some §2 >0,
Texp[—_fa(a)da}ds =00 (3.13)
& o
Further we assume, for some 51 >0,
j ITa+» exp( j a(o-)do-}/ (s)ds
!imsup §15<tk<t :OO,
11 a+ ;/,)exp[ Ia(s)ds}
&<t <t
(3.14)
And
[TTa+ 7i)exp(—Ja(a)da}/ (s)ds
liminf SR = —o0,
[T a+ y,)exp{ J’a(s)dsJ
G <t <t
(3.15)
1368
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Then each nonzero solution of problem (2.1) and (2.2) is
oscillatory in the domain G5 .

Proof To prove the theorem, it is sufficient to prove that the
impulsive fractional differential inequality (3.1) and (3.2)
has no eventually positive solutions, and the impulsive
fractional differential inequality (3.3) and (3.4) has no
eventually negative solutions. Suppose on contrary, the
impulsive fractional differential inequality (3.1) and (3.2)

has an eventually positive solution U (t) , then there exists

[(DIV)w(t)]'=

Thus (D7, U)(t)w(t) is strictly decreasing for t > &
and is eventually of constant sign. Since w(t) >0, for
t> &, we see that (D ,U)(t) is eventually of constant

(DI U)({) >0 for t>¢& . Otherwise,
(nytU)(t) <0 for t > &, there exists &, €[&,0)
such that (D] U)(&,)w(&,) <0.

sign. Then,

Since (DIVtU)(t)W(t) is strictly decreasing for t > &,
S0 (DZ,tU)(t)W(t) < (DZ,tU)(ézz)W(‘fz) =C<0
for t > §2 . From Lemma 3.2, we have

E (t)

Ty - (DZU)(t)<C exp(—j a(s)ds),t=¢,

ty

Integrating from &, to t, we obtain

t t

E(t) < E(£,)+T(1-)C [exp(-[a(o)do)ds.
& to

Letting t — oo, and using condition (3.13), we get

lim E(t) = —co, which is contradiction to the fact that
t—>o

E(t)>0. Hence (D] U)(t)>0 for t>¢& . Let

o(t) =(D7,U)(t). From Lemma 2.2 and impulsive
fractional differential inequality (3.1) and (3.2), we have

o (1) <-alt)o(t) -V () >t t£t,,
ot")<A+y)o(t)i=12,--.

By using Lemma 3.1, we have

o) <o) [T @+r)exp j a(s)ds

&<t <t

—f [1 (1+7.)e><r{ | a(a)da} (s)ds

& s<t<t

51 >0 such that
Ut-o,)>0V({t)>0t>¢ .

u() >0,

Let

t
w(X,t) =exp Ia(s)ds
to
By using lemma 2.2 and the impulsive fractional
differential inequality (3.1), we obtain

(DLU) (Ow(t) +a®)(DIU)Ow(t) < -V ([Ow(t) <0

By using condition (3.14) and taking t — oo, it follows

from above equation

j ITa+ 7,)exp£ j a(a)da)v (s)ds

liminf &=

’ T (1+mexp[—

&<t <t

= —00

J.a(s)dsJ

&
Which contradicts a)(t) >0.

Secondly, suppose on contrary that the impulsive fractional
differential inequality (3.3) and (3.4) has an eventually

positive solution U (t) , then there exists & > 0 such that
Ut)<0, U(t-06,)<0V({)<0,t=>&. Then

using similar methods, according the condition (3.15) and
taking t — oo, we can obtain

j ITa+ 7/,)exp( j a(a)da)v (s)ds

& s<ty<t

limsup 2

t—>o

[T @+»)exp J' a(s)ds

G <t <t
Which contradicts ¢p(t) < O . This completed the proof.

4. Examples
In this section, we provide two examples to illustrate results.

Example 4.1 Consider the following problem
5 2
i 1 ol
D3u(xt) + . D3u(x,t) = e 'u?(x,t)Au(x,t) -

2
u( tz—”)

(x? +1t° +1)u(xt——)e[ 3} —tcosx,t #t;,

2 2 2
D2 u(x,t")—D2u(x,t;) =t cosxD3 u(x,t;),t =t,.

(4.1)
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With the boundary condition
ou(x,t)

N - d(x,t,u(x,1)) =-u’(x,1),(x,t) e R, xoQ,t #t,. (4.2)
Here
2 T 1 —t 2 2 2
y=5.0=02)m=1a0) =7 b =", g) =u” b (x1) =x" +1°+1

q,(u) =ue" 5, = 2?ﬂ,v(x,t) =tcosx,o(x,t) =t cosx,y, =i>,(x,t) e (0,%) xR..

We can easily see that The conditions of theorem 3.2 are satisfied, thus every
solution of the problem (4.1) and (4.2) oscillates.

j exp(-a(o)do)ds = j exp(- j “do)ds = j Tol =,

: Example 4.2 Consider the following problem
2

8 3

DE,tU(X,t) +ﬁ DEu(x,t) =e'u?(x, t)Au(x,t) —
j ITa+ y,)exp{ j a(a)dcr)V(s)ds + 2
& s<t<t tz u(x,t—l)

lim sup2 ?u(x,t—z?ﬁ)e[ 8 } —tcosx,t#t,,

- ul <1+7.>exp( | a(s)dsj ) ] ;

ate<t D5u(xt") - D5 u(xt ) =t cosxD?u(xt)t=t,.

And
j ITa+») exp( j a(a)da)V(s)ds (4.3)
; S<t <t
!EPO inf = © With the boundary condition
IT a+ y,)exp( J.a(s)dsJ
&<t <t
a“(;x’t) = D, 1, Uu(x 1) = ~u*(x,1), (1) € R, x Bt £ .. (.4)
Here
3 T 1 t?
=Z.0=(0,),m=1a(t)=——,b(t)=e",g(u) =u?h (x,t) = —,
V=t ( 2) (t) 1 (t) g(u)  (X,1)

q,(u) = ue"” 0, = 2?7[,v(x,t) =tcosx,o(x,t) =t cosx,y, =i, (xt) e (O,%) xR, .

We can easily see that

j exp(-a(c)do)ds = j exp(— j—d o)ds = (2 gt = o,
& &
j ITa+ y,)exp( j a(o-)do-)\/(s)ds j ITa+ ;/,)exp( [ a(a)da)\/(s)ds
lim sup £ = oo, lim inf Chaih _—
ITa+ 7,)exp( _[a(s)ds} IT a+ yi)exp(— j a(s)dsJ
&<t <t &<ty <t &
And The conditions of theorem 3.2 are satisfied, thus every

solution of the problem (4.3) and (4.4) oscillates.
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5. Conclusion

In this paper, we have identified some new sufficient
conditions for all solutions of impulsive fractional partial
differential equations to be oscillatory, which has a scope
beyond the available results in the existing literature. Also
we presented two examples to illustrate results.
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