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TheBirchandSwinnerton-DyerConjecture

AdrikoBosco

Abstract:ThisisoneofthemostchallengingMathematicalproblems.Theconjecturewaschosenasoneoftheseven

millennium prizeproblemslistedbytheClayMathematicsInstitute,whichhasoffereda$1,000,000prizeforthefirst

correctproof.ItisnamedafterMathematiciansBryanBirchandPeterSwinnerton-Dyer,whodevelopedtheconjectureduring

thefirsthalfofthe1960swiththehelpofmachinecomputation.Theconjectureisofgreateconomicimportanceusedin

cryptologytodevelopthepasswordsinmachinesusedforcashtransactionsandinthestudyofplanetarymotionsin

physics.Theconjectureisinnumbertheoryaboutellipticalcurveswhichareequationswhereonesideyouhaveaquadratic

equationinyandtheotheracubicequationinx.Forexample,y²=x³-2.Thechallengeistofindnumbers(x,y)whichsolve

thisequation.Hereonecouldtakex=2andy=3.

Keywords:Birch and Swinnerton-Dyerconjecture,Elliptic curve,Boscomplex method,Quadratic

equation,Concentriccircles

1.Method/BoscomplexApproach

Usingtheabovegivenequationy²=x³-2intheintroduction.

From y²=x³-2 (1)

=>x-y²-2=0 (2)

Reducethepowerofxto2byfactorizingx³toobtainaquadraticform oftheequation.

x(x²)-y²-2=0 (3)

=>x(x²)-y²x0-2=0,sincex0=1 (4)

c.f:ax²+bx+c=0 (5)

=>a=x,b=-y²,c=-2 (6)

From theformulaforsolvingthequadraticequation,

-b±√(b²-4ac)

x=---------------------- (7)

2a

-(-y²)±√{(-y²)²_4.x(-2)}

=>x=---------------------------------------- (8)

2x

y²±√(y⁴+8x)

x=------------------------- (9)

2x

2x²=y²±√(y⁴+8x) (10)

Paper ID: MR21826001842 DOI: 10.21275/MR21826001842 1662 



InternationalJournalofScienceandResearch(IJSR)
ISSN:2319-7064

SJIF(2020):7.803

Volume10Issue9,September2021
www.ijsr.net

LicensedUnderCreativeCommonsAttributionCCBY

Squarebothsides

(2x²)²={(y²±√(y⁴+8x)}²

4x⁴=y⁴±2y²√(y⁴+8x)±y⁴+8x (11)

Either4x⁴=y⁴+2y²√(y⁴+8x)+y⁴+8x (12)

Or4x⁴=y⁴-2y²√(y⁴+8x)-y⁴+8x (13)

(12)+(13)

4x⁴=y⁴+2y²√(y⁴+8x)+y⁴+8x

+{4x⁴=y⁴-2y²√(y⁴+8x)-y⁴+8x}

------------------------------------------------------

=>8x⁴=2y⁴+0-0+16x

8x⁴=2y⁴+16x

=>y⁴=4x⁴-8x (14)

(12)-(13)

4x⁴=y⁴+2y²√(y⁴+8x)+y⁴+8x

-{4x⁴=y⁴-2y²√(y⁴+8x)-y⁴+8x}

----------------------------------------------------

0=0+4y²√(y⁴+8x)+2y⁴+0

=>2y⁴=-4y²√(y⁴+8x)

⸫y⁴=-2y²√(y⁴+8x) (15)

(15)-(14)

y⁴=-4y²√(y⁴+8x)

-(y⁴=4x⁴-8x)

---------------------------------------

0=-4y⁴√(y⁴+8x)-4x⁴+8x

=>4x⁴-8x=-4y²√(y⁴+8x) (16)

Dividethroughby4

x⁴-2x=-y²√(y⁴+8x)

=>x(x³-2)=-y²√(y⁴+8x)

Buty²=x³-2

=.>x(y²)=-y²√(y⁴+8x)

⸫x=-√(y⁴+8x) (17)

Squaringbothsidesof(17),ihave

x²={-√(y⁴+8x)}²

x²=y⁴+8x

=>y⁴=x²-8x (18)
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But(18)=(14)orsolvethem simultaneously.

=>x²-8x=4x⁴-8x

Thusx²=4x⁴

1=4x²

x²=1/4

=>x=±√1/4 (19)

Eitherx=0.5or1/2

Orx=-0.5or-1/2

Substituteforxin(1)

From y²=x³-2

Whenx=0.5

=>y²=(0.5)³-2

=(1/2)³-2

=1/8-2

y²=-15/8

⸫y=±√-15/8

Thusy=±i√30/4 (20)

⸫(x,y)=(0.5,i√30/4) (21)

Or(x,y)=(0.5,-i√30/4) (22)

Whenx=-0.5

=>y²=(-0.5)³-2

=(-1/2)³-2

=-1/8-2

y²=-17/8

⸫y=±√-17/8

Thusy=±i√34/4 (23)

⸫(x,y)=(-0.5,i√34/4) (24)

Or(x,y)=(-0.5,-i√34/4) (25)

⸫Theellipticequationy²=x³-2has(x,y)=(0.5,i√30/4),(0.5,-i√30/4),(-0.5,i√34/4)and

(-0.5,-i√34/4)

Prove:

From y²=x³-2

=>(i√30/4)²=(1/2)³-2 (26)

i2(30)/16=1/8-2

-1(30)/16=(1-16)/8

-1(15)/8=-15/8
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-15/8=-15/8 (27)

1.1Sketchesofthesolutionofy²=x³-2

Table1(a)

X -0 .5 - 0 . 5 0 . 5 0 . 5

Y i√34/4 -i√34/4 i√30/4 -i√30/4

OR

Table1(a):abovecanalsoberecordedasbelow.

X -0 .5 -0 .5 0 . 5 0 . 5

Y +√-17/8 -√-17/8 +√-15/8 -√-15/8

Sketchofthepointsthatsatisfyy²=x³-2asitssolutionsusingtable1(a).

Scales:

Horizontal;1cm :0.125units

Vertical;1cm :i√1units

Fig.1(a)

1.2Descriptionofthegraphabove.

ThepointsP1,P2,P3andP4arrangethemselvesinform ofmatrixi.e.

-0.5,i√34/4 0.5,i√30/4

( )(28)

-0.5,-i√34/4 0.5,-i√30/4

Thesearethesolutionstotheellipticcurvey²=x³-2.Whenthediagonalsofthefourpointsaredrawn,they

interceptatC(0,0)thecenterofthetwocirclesasinfig.1.(a)above.

Generalgraphofy²=x³-2
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Table1(b).

Tablevaluesfory²=x³-2.

X - 2 - 1 0 1 2

Y ±√-10 ±√-3 ±√-2 ±√-1 ±√6

OR

Table1(b)abovecanalsoberecordedasbelow.

X - 2 - 1 0 1 2

Y ±i√10 ±i√3 ±i√2 ±i√1 ±√6

NB:±√6isarealroot.It'stherefore,atinfinityhencenotplotted.Thismeanstheyvaluesarerealfor

x ≥ 2.Theothersarenonrealroots(irrational)forx<2,theyaretherefore,usedtoplotthegraphsincethe

y-valuesofthesolutionstotheellipticcurveareirrational.

Sketchofellipticcurvey²=x³-2.

Scales:

Horizontal;1cm:0.25units

Vertical;1cm:i√1units

Fig.1(b)
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1.3Descriptionofthegraph:

Eachcurveisanimageoftheother.LetC2betheimageofC1.C1hasminimum turningpointsatP3(-0.5,i√34/4)

and(1,+i√1)andhasitsmaximum turningpointat(0,i√2).C2 hasminimum turningpointat(0,i√2)andits

maximum turningpointsareatP4(-0.5,-i√34/4)and(1,-i√1).TwotangentsTandT'aredrawnthroughtheturning

pointsofeachcurvewhichintersectatV=x=2.5units,thusformingellipseVP3UP4V.Therefore,atx=2.5units,T

=T'=x=2.5units.IfP1,P2,P3andP4arejoineddiagonally,theyintersectatpointC(0,0)asshowninfig.1(a)

above.Twoconcentriccircleswhoseradiiarer1 andr2aredrawnwiththeircentreatC(0,0),thesmallerone

passesthroughtwopointsP1andP2andthelargeronepassesthroughP3andP4ofthepointsP1,P2,P3,P4that

solvetheellipticcurvey²=x³-2.r1andr2areatrightangletoeachother.r1measures2.5cm,r2measures3.0

cm.Therefore,thethicknesstoftheringformedbythetwoconcentriccirclesisgivenbyt=r2-r1.Hencet=3.0-

2.5=0.5cm.Anothercirclewhoseradiusis0.5isdrawn.Ittouchesthemaximum turningpointofC1ati√2and

theminimum turningpointofC2at-i√2whichpassesthrough±0.5.ThehypotenuseoftriangleP1CP3iscalculated

from Pythagorastheorem.

Hence____² ___² ___²

P1P3=P1C+CP3

___²

=>P1P3=2.5²+3.0²

=6.25+9.0

=√15.25=3.905

:.LengthP1P3≈4.0cm

NB:Thepoints(0,√-2)and(0,-√-2)aretheturningpointswhichcanalsobedeterminedbydifferentiatingthe

functiony²=x³-2implicitlyasshownbelow.

From y²=x³-2

2ydy/dx=3x²

=>dy/dy=3x²/2y (29)

Butdy/dx=0 (30)

=>3x²/2y=0

Hence3x²=0

⸫x=0 (31)

Substitutingforx=0iny²=x³-2

=>y²=0³-2

y²=-2

⸫y=±√-2asintable2above. (32)

Therefore,(0,+√-2)or(0,+i√2)and(0,-√2)or(0,-i√2)aretheturningpointswhere(0,-√-2)isthepointimageof

point(0,√-2)whichisthesameasintable2above.

2.TheellipticcurveEmaybedescribedasE(C):y²=x³+Ax+B(33),whereAandBarefixed

rationalnumbers
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Comparing(33)with(1)

=>x³+Ax+B=x³-2 (34)

=>Ax=-2-B (35)

SubstitutingforAxin(33),ihave;

y²=x³-2-B+B. (36)

=>y²=x³-2asin(1).Thisisthensolvedbyusingtheequation(8);

-b±√(b²-4ac)

x=-----------------------

2a

Thisyieldsthevaluesofxandyassummarizedin(28)above.

I.e.x=±0.5,y=±√30/4andy=±√34/4.HencethepointsP1,P2,P3andP4asintable1(a)above.

Substituteforxin(35)

Whenx=0.5

From Ax=-2-B

=>A(0.5)=-2-B

1/2A=-2-B

A=-4-2B

A+2B=-4 (37)

Whenx=-0.5

=>A(-1/2)=-2-B

-A=-4-2B

A-2B=4 (38)

Solving(37)and(38)simultaneously,ihave

A+2B=-4

+ (A-2B=4)

---------------------

2A=0

⸫A=0

SubstitutingforAin(37),ihave;

0+2B=-4

⸫B=-2

Hencey²=x³+Ax+B<=>y²=x³-2asin(1).

2.1Fig.2.(a).SketchoftheellipticcurveE(C):y²=x³+Ax+...

Tablevaluesofsolutionstoy²=x³-2.

Table2(a).

Paper ID: MR21826001842 DOI: 10.21275/MR21826001842 1668 



InternationalJournalofScienceandResearch(IJSR)
ISSN:2319-7064

SJIF(2020):7.803

Volume10Issue9,September2021
www.ijsr.net

LicensedUnderCreativeCommonsAttributionCCBY

X - 0 . 5 - 0 .5 0 . 5 0 . 5

Y i√34/4 -i√34/4 i√30/4 -i√30/4

OR

X - 0 . 5 -0 .5 0 . 5 0 . 5

Y √-17/8 -√-17/8 √-15/8 -√-15/8

Table2(b).Tablevaluesfory²=x³-2

X - 2 - 1 0 1 2

Y ±√-10 ±√-3 ±√-2 ± √ -1 ± √ 6

OR

X - 2 - 1 0 1 2

Y ±i√10 ±i√3 ±i√2 ± i√ 1 ± √ 6

Sketch

Scales:

Horizontal;1cm:0.25units

Vertical;1cm:i√1units

Fig.2(a)
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NB:T=T'=X=2.5cm (38)

From y²=x³+Ax+B

=>y²=(2.5)³+Ax+B

=15⅝ +0(2.5)-2

=±√218/4

⸫y=±3.69121

Therefore,thelinepassingthroughT=T'=X=2.5intersectswiththetwocurvesE(C)andE'(C)aty=+3.69121

andy=-3.69121respectively.

2.2Descriptionofthegraph.

Thesameexplanationin1aboveappliestothegraphin2above,exceptpointA=0whenx=0,alinepassing

throughthey-axisi.e.theimaginary(Im)forthiscase.LinepassingthroughB=-2whenx=-2isdrawnthat

intersectswithE(C)andE'(C)theimageofE(C)asshowninthegraphabove.Anellipseisformedbydrawingtwo

tangentsTandT'whichintersectatVwherex=2.5cm,y=0. (39)

Scales:

Horizontal;1cm:0.25units

Vertical;1cm:i√1

Fig.2(b)

2.3Descriptionofthegraph

Twoconcentriccirclesaresuperimposedatthecenterofthegraph.BothcircleshavetheircentersatpointA.The
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smallercirclepassesthroughtwopointsP1andP2whicharethesolutionstotheellipticcurvey²=x³+Ax+B.It

cutsx-axisatx=1andx=-1.ThelargercirclepassesthroughtheothertwopointsP3 andP4 whicharealso

solutionstotheellipticcurvey²=x³+Ax+B.Hencethetwoconcentriccirclesform aring.Therefore,thebaseof

theellipseisthickinringform withitsapexatx=2.5.Hencearightcircularconeisformedwhichcanberotated

throughanangleof360ºalongAV(i.e.aboutx-axis).ThecirclepassesthroughthetwofixedrationalnumbersA=

0andB=-2andy-axiswherex=0and-2respectively.ThelinepassingthroughBintersectswiththeellipseaty=

±i√10.Theradius,r1ofthesmallercircleisAP1whichismeasuredtobe2.5cm.Theradiusr2ofthelargercircle

AP3ismeasuredtobe3.0cm.Therefore,thethicknessoftheringt=r2-r1=3.0cm -2.5cm =0.5cm. (40)

2.4Lengths

Fig.2c(i)

Intheabovediagram extractedfrom diagram 2(b),triangleP3DVisarightangledtriangle.

___ __ __ __

P3V=2.5cm,DV=DA+AV=0.5+2.5=3.0cm.

Fig.2c(ii)

From Pythagorastheorem,

____ ____ ___

P3V²=P3D²+DV² (41)

=2.5²+3.0²

=15.25

___

⸫P3V=√15.5=3.905

≈4.0cm (42)
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Fig.2(iii)

__ __ __ __

Infig.2c(iii),r1=2.5cm,r2=3.0cm.From ∆MAQand∆VAP3,AM =AQ=r1,AV=AP3=r2respectively. (43)

From Pythagorastheorem,in∆P3AM;

___ ___ ____

AM²+AP3²=MP3² (44)

___

=>r1²+r2²=MP3²

___

2.5²+3.0²=(MP3)²

15.25=(MP3)²

___

MP3=√15.25=3.905

⸫LengthMP3≈4.0cm asin(42)above (45)

___ __ ___

From ∆VAQ,VA²+AQ²=QV² (46)

___

=>r2²+r1²=QV²

____

3.0²+2.5²=QV²

___

15.25=QV²

___

QV=3.905cm

⸫LengthQV≈4.0cm asin(42)and(45)above(47)

NB:Inthefig.2c(iii)above,theratioofr1:r2canbeexpressedintermsofh1andh2.Hencetheirrespectivevalues

canbecalculated.i.e.r1:r2=h:h2. (48)

From diagram 2c(i)above,wecanextractthefig.below.
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Fig.2c(iv)

ThetangentT1totheellipsey²=x³+Ax+BintersectsperpedicularlywiththelineAP1atthe

__ __

Point,R.Therefore,RP3=AP1=r1=2.5cm (49)

__ ___ ___

From ∆RAP3;AR²=AP3²-RP3² (50)

___

=>AR²=3.0²-2.5²=9.0-6.25

___

AR²=2.75

⸫LengthAR=1.6583cm

___

AR ≈1.7cm

___ ___ __

HenceRP1=AP1-AR

=2.5-1.6583

⸫LengthRP1=0.842cm (51)

≈1tothenearestwholenumber.

Fig.2c(v)

___

From ∆ P1P3R,wecancalculateRP3

____ ___ ___

P1P3²=RP3²+RP1² (52)

___ ___

ButRP3=r1=2.5cm,RP1=0.842cm (53)

___

=>P1P3²=2.5²+0.842²

=6.25+0.7089
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____

P1P3=√6.96

=2.638cm

⸫LengthP1P3 ≈2.64cm (54)

__ ___

From fig.2c(iv),P1R:P1A=1.6583:2.5

___ ___

=>P1R/P1A=1.6583/2.5=1/1.507 (55)

___ __

P1R/P1A=1/1.5

__ __

=>P1R/P1A=1/(3/2)

=1x2/3

__ __

=P1R/P1A=2/3

___ ___

=>P1R:P1A=2:3

__ ___

Similarly,RP3:P1P3=2.5:2.64

___ ___

=>RP3/P1P3=2.5/2.64

=1/0.947

≈1/1

___ ___

=>RP3:P1P3=1:1 (56)

__ __

AlsoAP1:RA=0.842:1.6583 (57)

__ __

=>AP1/RA=0.842/1.6583=1/1.969 (58)

__ __

AP1/RA ≈1/2

___ __

⸫AP1:RA=1:2

___ __ __

⸫AP1=AR+RP1

___

=>AP1=1.6583+0.842=2.5003

⸫LengthAP1≈2.5cm asin(49)above (59)

Figurebelowshowsthesummaryofratiosinfig.2c(iv)above
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Fig.2c(vi)

ThismeansonepartofARneedstwopartsofRP1,AP1needs2partsofARand3partsofRP1.LengthP1P3=

LengthP3R. (60)

Fig.2.c(vii)

From theabovefigure,lengthP3Dcanbecalculatedfrom ∆AP3DbyusingPythagorastheorem.

__2
___

2
___

2

⸫DP3=AP3–DA

=32-0.52=8.75

___

DP3=√8.75

___

⸫DP3≈2.96

__ __ ___

From theabovegeometry,P1A+AP3=P3P4 (61)

r1+r2=P3D+DP4

___ ___

ButP3D=DP4

___ ___

2.5+3.0=P3D+P3D

___

5.5=2P3D
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=2(2.96)

5.5≈5.92

⸫6=6(towholenumber)

Therefore,from P1A+AP3=P3P4

=>P1+P3=P4 (62)

From theabovegeometry,anglesθ,α,γ,ϕbyusingappropriateformulae.

__ __

From ∆DAP3,tanθ=DA/DP3=0.5/2.96

θ=tan-1=(0.5/2.96)≈9.59º

Note,θ=θ′=9.59º

Infig.2c(ii),P3V=4.0cm,seeequation(42)

P1V=P3V–P3V1=4.0-2.5

P1V=1.5cm

sinα=opposite/hypotenuse=DP3/VP3=2.96/4

α=sin-1(2.96/4)

α=47.74º

Orfrom ∆VP3D,

DV2=VP3
2 _ DP3

2

42–2.962

⸫LengthDV=2.96cm

From tanα=opposite/hypotenuse=DP3/DV

=2.96/2.69

α=tan-1(2.96/2.69)

⸫α≈47.74º

NB:α=γ=47.73º

θ+θ′+ϕ+ϕ′+α+γ=180º

Butθ=θ′,ϕ=ϕ′,α=γ

2θ+2ϕ+2α=180º

2ϕ+2(9.59)+2(47.73)=180º

2ϕ+19.18º+95.46º=180º

2ϕ+114.64=180º

ϕ=32.68º

⸫<P4P3V=θ+ϕ=9.59+32.68

=42.27º

<P3VP4=α+γ=2α

=2(47.73)

⸫<P3VP4=95.46º

NOTE:Sineorcosinerulesordoubleangleformulacanbeusedtocalculatetheangles.From α=γ,

-->α+γ=α+α=2α,hencesinerulecanbeusedtocalculatetheanglesi.e.

v p3 p4

-----------------=-----------------=------------------

Sin(α+γ) sin(θ+ϕ) sin(θꞌ+ϕꞌ)

5.92 4 4

---------=---------------=-----------------

sin2α sin(θ+ϕ) sin(θꞌ+ϕ)
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Theaboveexpressioncanbeusedtofindtherequiredangles.

2.5AreasoftheConcentricCircles

TheareasAsandAloftheconcentriccirclesthatform thepartoftheellipsecanbecalculatedfrom theformulae

As=πr1²andAl=πr2²respectively.WhereAsistheareaofsmallercircle,Alistheareaofthelargercircle,π=22

/7.From theabovedata,r1=2.5cm,r2=3.0cm (63)

Therefore,As=πr²=22/7(2.5)

As=1.9643cm² (64)

Al=πr2²=21/7(3.0)²

=28.286cm² (65)

TheratioofAs:Al=19.643cm²:28.286cm² (66)

=>As/Al=19.643cm²/28.286cm²

As/Al=1/1.44

=>As:Al=1:1.44

⸫As:Al≈1:1.4 (67)

=>As:Al=1:1tothenearestwholenumbers. (68)

2.6TheCircumferencesoftheTwoConcentricCircles

Thecircumferenceofeachofthecirclesthatform thering(i.e.theconcentriccircles)arecalculatedfrom Cs=2π

r1andCl=2πr2whereCsandClarethecircumferencesofthesmallercircleandthelargercirclerespectively,r1

andr2aretheradiiofthesmallerandlargercirclesrespectively. (69)

Cs=2πr1=2x22/7x2.5=15.714cm

Cl=2πr2=2x22/7x3.0=18.857cm

⸫TheratioofCs:Cl=15.714cm:18.857cm

=>Cs/Cl=15.714cm /18.857cm

Cs/Cl=1/1.2 (70)

=>Cs/Cl≈1/1

⸫Cs:Cl=1:1 (71)

NB:similarlytheratioCs:Clcanbecalculatedfrom theratioCs:Cl=r1:r2.

I.e.from Cs:Cl=2πr1:2πr2 (72)

=>Cs/Cl=2πr1/2πr2

=>Cs/Cl=r1/r2

ThusCs/Cl=2.5cm/3.0cm

Cs/Cl=1/1.2≈1/1

⸫Cs:Cl=1:1asabove (73)

2.7TheShapeoftheEllipseFormedBetweentheTwoCurves
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Fig.2(d)

__ __ ___

From thefig.above,Ap1=AP2=P1P3 (74)

___ ___ __

⸫P1A+AP3=P3P4 (75)

___

=>r1+r2=P3P4

⸫P1+P3=P4 (76)

⸫2.5cm +3.0cm ≈5.92cm (77)

⸫6.0cm =6.0cm asinfig.2c(vii)above.

SimilarlyP2A+AP3=P3P4

r1+r2=P3D+DP4

ButP3D=DP4

r1+r2=2(P3D)

2.5cm +3.5cm =2(2.96)

5.5cm ≈5.92cm

⸫6.0cm =6.0cm

ThisimpliesthatP2+P3=P4

Theellipseformedbetweenthetwocurvesisaconeinshapewhosethicknessis0.5cm andheightof2.5cm

whoseinnerradiusr1is2.5cm andtheouterradiusr2is3.0cm.Therefore,ratiotheorem canbeusedtocalculate

anyquantityrequiredi.e.radius,height,area,circumference,volumeetc.Therefore,anaspectofratesofchange

ofquantitiescomesini.e.differentialequations.(78)

2.8Thevolumeoftheconeformed.

Thevolumeofthesolid(thecone)formedbetweenthetwocurvesE(C)andE'(C)canberotatedaboutthex-axis,

anexpressionfortheareaundery²=x³+Ax+Basageneralequationfrom x=0tox=2.5isobtained.SinceA=

0,B=-2,therefore,y²=x³-2.
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Fig.3

Theelementofareaundery² =x³ -2isyδxshownbytheshadedarea.Rotatingthisareaaboutthex-axis

generatesanelementofvolumeπy²δx. (79)

From volume=Axh;whereA=area=πy²,h=height=δx.

=>V=πy²δx (80)

Thecone(solid)hastwocircularsurfacesofradii,r1=yandr2=y+δy (81)

Therefore,itsvolumeliesbetweenthatofinsidecylinderπy²δxandanoutsidecylinder

π(y+δy)²δx (82)

Thesum ofthevolumeofalltheinsideandoutsidecylindersisanapproximationtothevolumerequired.

Asδxapproacheszero,wecanapproximatethevolumeofthecone(solid)ofrevolution.

x=2.5

Thisiswrittenasthelimit,asδx-->0of∑

X=0

πy²δxwhichcanbeevaluatedas∫πy²δx (83)

2.5

Sincey²=x³-2,=>∫π(x³-2)δx (84)

0

2.5

⸫TherequiredvolumeV=∫π(x³-2)δx (85)

0

2.5

V=π[x⁴/4-2x] (86)

0

=π[2.5⁴/4-2(2.5)]-(0)

=π(305/64)=14.972

V ≈14.97unit³
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Method2

Thevolumeoftheconeistheinsidevolumewheretheradiusr1=2.5cm.

From volumeofcone=1/3(πr²h). (87)

=>V=1/3π(2.5²)x2=25π/6cm³

OrV=13.08997

≈13.09cm³

2.9Volumeofthespacebetweentheinnerandtheoutersurfacesofthecone.

Volumeoftheinnersurface,V1=1/3π(r1)²h1,wherer1=2.5cm,h1=2cm. (88)

=>V1=1/3π(2.5)²x2=25π/6cm³

≈13.09cm³

Volumeoftheoutersurface,V2=1/3π(r2)²h2,wherer2=3.0cm,h2=2.5cm. (89)

=>V2=1/3π(3.0²)x2.5=15π/2cm³

≈23.56cm³isthevolumeofthecone.

OR

Volumeofthespacebetweenthetwosurfaces=V2-V1=15π/2-25π/6=10π/3cm ≈10.47cm³. (90)

⸫Volumeofcone=(Volumeofinnersurface)+(Volumeofspacebetweeninnerandoutersurfaces). (91)

=13.09+10.47=23.56cm³asabove.

3.SomeWorkedExamples

Example1.Giventheellipticcurvey²=x³+Ax+B.Findthevalues(x,y)whichsatisfytheequationwhenA=B=0

andsketchthegraph.

Solution:

Giveny²=x³+Ax+B

From A=B=0 (92)

SubstitutingforAandBishave

y²=x³+(0)x+0

=>y²=x³ (93)

y²=x(x²)

=>x(x²)-y²=0

⸫x(x²)-y²x°=0 (94)

c.fax²+bx+c=0

=>a=x,b=-y²,c=0

-b±√(b²-4ac)

From x=---------------------------

2a

-(-y²)±√{(-y²)²-4.x.0}

x=------------------------------------

2x
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y²±√y⁴

x=--------------

2x

=>2x²=y²±y⁴ (95)

Either2x²=y²+y⁴ (96)

2x²=y²-y⁴ (97)

(83)-(84)

=>0=0+2y⁴

=>y⁴=0

⸫y=0 (98)

(83)+(84)

=>4x²=2y²+0

Substitutingfory=0

Hencex=0 (99)

x=0,y=0

Therefore,thevalues(x,y)=(0,0)arethesolutionstotheellipticcurvey²=x³+Ax+Bory²=x³i.e.whenA=B

=0.

Table3

X - 2 - 1 0 1 2 3 4

Y ±√-8 ±√-1 0 ± √ 1 ±√ 8 ±√ 27 ± 8

OR

X - 2 - 1 0 1 2 3 4

Y ±i√8 ±i√1 0 ± 1 ±2.83 5 .2 0 8

NB:therealvaluesofyareobtainedwhenx≥ 0.Therefore,theimaginaryvaluesofyareleftoutwhileplotting

althoughtheycanbeplottedagainstthex-valueswhileleavingouttherealvaluesofy.

Agraphofy2=x3+Ax+B,whereA=B=0

⸫Sketchofy²=x³

Scales:

Horizontal;1cm:0.5cm

Vertical;1cm:0.5cm
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Fig.4

Descriptionofthegraph

SinceA=B=0,arepointsatthecenter,C(0,0),thetwocurvesE(C):y²=x³andE(C′):y²=x³theimageofE(C)

havetheirturningpointsatC(0,0)whereA=B=0,hencetheytouchoneanotherandform capitalletterK.

Therefore,theellipseformedisapoint(dot)atthecenterC(0,0).

Example2

IfE(C)definesellipticcurvey²=x³+2.

(a)Findthevaluesofx,y,AandB

(b)Sketchthecurve.

(c)Calculatethevolumeofthecone(solid)formed.

Solution:

(a)From y²=x³+2 (100)

x3-y²+2=0 (101)

=>x(x²)-y²x0+2=0

c.f;ax2+bx+c=0

=>a=x,b=-y²,c=2

-b±√(b²-4ac)

From x=---------------------------

2a

-(-y²)±√(-y²)²_4.x.2)

x=------------------------------------

2x

y²±√(y⁴-8)

x=---------------------

2x

2x²=y²±√(y⁴-8) (102)

Squarebothsides

(2x²)²=[y²±√(y⁴-8)]² (103)

4x⁴=y⁴±2y²√(y⁴-8)±y⁴-8 (104)

Either4x⁴=y⁴+2y²√(y⁴-8)+y⁴-8 (105)
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Or4x⁴=y⁴-2y²√(y⁴-8)-y⁴-8 (106)

(105)+(106)

8x⁴=2y⁴-16

4x⁴=y⁴-8

⸫y⁴=4x⁴+8 (107)

(105)-(106)

0=0+4y2√y⁴-8)+2y⁴+0

=>4y²√(y⁴-8)+2y⁴=0

2y⁴=-4y²√(y⁴-8)

⸫y⁴=-2y²√(y⁴-8) (108)

(108)=(107)

=>-2y²√(y⁴-8)=4x⁴+8

Squarebothsides

4y⁴(y⁴-8)=(4x⁴+8)². (109)

Substitute(107)in(109)

4{(4x⁴+8)[(4x⁴+8-8)]}=(4x⁴+8)(4x⁴+8)

4(4x⁴)=(4x⁴+8)

16x⁴=4x⁴+8

12x⁴=8

=>x⁴=2/3 (110)

x=±⁴√2/3

x=±0.9036

⸫x≈±0.9

Substituteforxvaluesin(107)

I.e.from y⁴=4x⁴+8

=>y⁴=4(±⁴√2/3)⁴+8

y⁴=4(±2/3)+8 (111)

Eithery⁴=4+2/3+8 (112)

=(12+2+24)/3

y⁴=38/3

⸫y=±⁴√38/3=±1.8865

y≈±1.9 (113)

Hence(x,y)=(±0.9,±1.9)

Ory⁴=4-2/3+8 (114)

=(12–2+24)/3

y⁴=34/3

⸫y=±⁴√34/3≈1.8(1d.p) (115)

⸫(x,y)=(±0.9,±1.8)

(b)

Table4(a)

X - 0 . 9 - 0 . 9 + 0 . 9 + 0 . 9

Y ± 1 . 8 ± 1 . 9 ± 1 . 8 ± 1 . 9

Table4(b)

X - 2 - 1 0 1 2 3

Y ±√ -6 ±1 .0 0 ±1.41 ±1.73 ±3.16 ±5.39
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NB:they-valuesarerealforvaluesofx≥-1.Therefore,y=√-6isanimaginaryvalueforx=-2henceyvaluesare

imaginaryforx≤-2(thatisx<-1). (116)

GraphofE(C):y2=x³+2

Scales:

Horizontal;1cm:0.1units

Vertical;1cm:0.1units

Fig.5

Descriptionofthegraph

Thetwocurvesaredrawnasshownfig.5above.WhenthepointsP1,P2 andP3,P4 arejoineddiagonally,they

intersectatpointC(0,0).Twoconcentriccirclesaredrawn.ThesmallercirclepassesthroughP1andP2whilstthe

largercirclepassesthroughP3andP4.Thelargercirclepassesthroughtheminimum turningpointofcurveE(C′)

andthe maximum turningpointofcurveE(C).Thespacebetweenthetwoconcentriccircleshasathickness,t=

0.5cm.TwotangentsT1andT2eachpassingthroughtheturningpointsofeachcircle.Theyintersectatapointx

=-3,asthevertexoftherightangleconeformed.Bothxandyaxesactasmirrorsontowhichmanypointimages

areformedduetomultiplereflectionsoneachofthem.Thepointsp1andp3inthefirstquadrantarereflectedby

bothxandytoform imagesp′1andp′3inthe2ndand4thquadrants,whicharethenreflectedbyyandxtoform p″1

andp″3inthe3rdquadrant,whicharethenreflectedyandxaxestoform p‴1andp‴3 inthe2nd andthe4th

quadrantsandtheprocessrepeatedlyoccurs.Thepointp2andp4alsoundergothesamemultiplereflectionsto

producemanyimages.Henceseveralimagesareformed.(117)

(c)Volumeoftheconeformedisgivenby∫πy²δx

3

V=π[x⁴/4+2x]=π[3⁴/4+2(3)-(0)]=105π/4cm³or82.47cm³. (118)

0

Volumeofthecone=(volumeofinnersurface)+(volumeofspacebetweeninnerandtheoutersurfaces).

2.5

Volumeofinnersurfacev1=∫πy²δx

0
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2.5

=π[(x⁴/4+2(x)]

0

=π[2.5⁴/4+2(2.5)-(0)]

=945π/64

V1≈46.39cm³ (119)

3 3

Volumeofoutersurface,V2=∫πy²δx=[π(x⁴/4+2x] (120)

0 0

[π(3⁴/4+2(3)]-(0)=105π/4

V2 ≈82.47cm³ (121)

⸫Volumeofthespace,Vs=V2-V1=105π/4-945π/64cm³=735πcm³. (122)

OrVs=82.47-46.39=36.08cm³

⸫Volumeofthecone,V=Volumeoftheinnersurface+volumeofthespace

=46.39+36.08=82.47cm³asabove.

NB:thevolumeoftheconeformedissimplyequaltothevolumeoftheoutersurface(largervolume).

BoscomplexMethodforFindingY-Intercept

Theellipticcurvey²=x³+Ax+BwhereAandBarefixedconstantscanbesolvedbyusingBoscomplexmethod

-b±√(b2-4ac) -b±√(b²-4ac) ½

y=±√[------------------------].Thiscanbesimplifiedasy=±[-----------------------] (123)

2a 2a

Where½ =Boscomplexconstant,β

-b±√(b²-4ac)β

⸫y=±[------------------------] (124)

2a

Thiscanstillbesimplifiedfurtherasbelow;

-b±√(b-4ac) 1/2

From y=±[-------------------------]

2a

-b½ ±√(b²-4ac)½

y=±-------------------------------

(2a)1/2

√-b±(b²-4ac)1/4 √-A ±4√(A²-4xB)

Ory=±--------------------------------≡ y=±------------------------------,sinceb=A,a=x,c=B (125)

√2a √2x

Wherexisthecoefficientofx²afterfactorizingx³,Aisthecoefficientofxtopower1,andBisaconstant.

DerivationofBoscomplexFormulaforFindingtheY-InterceptofEllipticEquations

From y²=x³+Ax+B
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=>y²=x(x²)+Ax+B

c.fontheR.H.Swithax²+bx+c=0,thegeneralform ofquadraticequation.

=>y=±√[x(x²)+Ax+B] (126)

Wherea=x,b=A,c=B

-b±√(b²-4ac)

=>y=±√[---------------------------] (127)

2a

ThisisBoscomplexformulawhichisthesquarerootoftheformulaforsolvingordinaryquadraticequation.

Substitutingfora,bandcihave

-A ±√(A²-4xB)

=>y=±√[----------------------------] (128)

2x

-A ±√(A²-4xB)1/2

ORy=±[---------------------------] (129)

2x

(-A ±√(A²-4xB)β

⸫y=±[----------------------------], whereβ=½. (130)

2x

WorkedExamplesonBoscomplexMethod

Example3

Usingexample1above,solvetheellipticcurvegivenbyy²=x³+Ax+B,whereA=0,B=-2.

Solution:

-b±√(b²-4ac)

From Boscomplexformulay=±√[----------------------------]

2a

Substitutingfora=x,b=A,andc=B

-A ±√(A²-4xB)

=>y=±√[------------------------------]

2x

-A+√(A²-4xB)

Eithery=+√[----------------------------]

2x

-A-√(A²-4xB)

Ory=-√[---------------------------]

2x

-A+√(A²-4xB) -A-√(A²-4xB)

=>+√[----------------------------]=-√[--------------------------]

2x 2x

Squaringbothsides,thefirstsquarerootscross.

-A+√(A²-4xB) -A-√(A²-4xB)

=> --------------------------=--------------------------

2x 2x

Hence-A+√(A-4xB)=-A-√(A²-4xB)
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2√(A²-4xB)=0

Squarebothsides

=>A²-4xB=0

SubstituteforA=0,B=-2asgiveninthequestion.

Hence0²-4x(-2)=0

8x=0

⸫x=0

Substitutingforx=0,A=0,andB=-2iny²=x³+Ax+B,ihave

y²=0+0(0)-2

=>y²=-2

⸫y=±√-2

⸫(x,y)=(0,±√-2)asintable2(b)above.

Hence(x,y)=(0,+√-2),(0,√-2)asbefore.

Or(x,y)=(0,+i√2),(0,-i√2).

OR

Boscomplexformulaisalsogivenby

-A ±√(A²-4xB)β

y=[----------------------------],whereBoscomplexconstant,β=½.

2x

-A ±√(A²-4xB) 1/2

y=±[-----------------------------]

2x

-A+√(A²-4xB)1/2

Eithery=+[-------------------------]

2x

-(A-√(A²-4xB)1/2

Ory=-[---------------------------]

2x

-A+√(A²-4xB)1/2 -A-√(A²-4xB) 1/2

=>+[--------------------------]=-[-------------------------]

2x 2x

Squarebothsidesoftheequation.

(-A+√(A²-4xB) -A-√(A²-4xB)

=>+--------------------------=-------------------------

2x 2x

-A+√(A²-4xB)=-A-√(A²-4xB)

2√(A²-4xB)=0

Squarebothsides

=>A²-4xB=0

SubstituteforA=0,B=-2asgiveninthequestion.

=>0²-4x(-2)=0

8x=0

⸫X=0asbefore.

Substitutingforx=0,A=0,andB=-2iny²=x³+Ax+B

=>y²=0³+0(0)+(-2)
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y²=-2

⸫y=±√-2asbefore.

⸫(x,y)=(0,+√-2),(0,-√-2)

Or(x,y)=(0,+i√2),(0,-i√2)asintable2(b)above.

NB:thefollowingmethodcanalsobeused.

From y²=x³+Ax+B

=>y²=x(x²)+Ax+B

c.fR.H.Swithax²+bx+c

=>a=x,b=A,c=B

-b±√(b²-4ac)

From y²=---------------------------

2a

Substitutingfora,b,andc,ihave,

-A ±√(A²-4xB)

y²=----------------------------

2x

-A+√(A²-4xB)

Eithery²=--------------------------

2x

-A-√(A²-4xB)

Ory²=-------------------------

2x

-A+√(A2-4xB) -A-√(A2-4xB)

=>---------------------------= ------------------------

2x 2x

Thus-A+√(A²-4xB)=-A-√(A²-4xB)

-A+√(A²-4xB)=-A-√(A²-4xB)

√(A²-4xB)=-√(A²-4xB)

=>√(A²-4xB)+√(A²-4xB)=0

2√(A²-4xB)=0

√(A²-4xB)=0

Squarebothsides

=>A²-4xB=0

ButA=0,B=-2

=>0²-4x(-2)=0

8x=0

⸫x=0asabove.

Substitutingforx=0,A=0,andB=-2iny²=x³+Ax+B,ihave

y²=(0)³+0(0)+(-2)

y²=-2

⸫y=±√-2asintable2(b)above

⸫(x,y)=(0,+√-2),(0,-√-2)
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Or(x,y)=(0,+i√2),(0,-i√2)asbefore.

Example4

UseBoscomplexformulatosolvetheellipticcurvey²=x³+2inexample2above.

Solution:

From y²=x³+2

=>y²=x(x²)+2

c.fy²=x(x²)+Ax+B

TheR.H.Sisinform ofax²+bx+c=0

=>a=x,b=A,c=B

-A ±√(A²-4xB)β

From Boscomplexformulay=±[-----------------------------],whereβ=½

2x

-A ±√(A²-4xB) 1/2

=>y=±[----------------------------]

2x

Squarebothsides

-A ±√(A²-4xB)

y²=[----------------------------]

2x

SubstituteforA=0,B=2

-0±√(0²-4x(2)

y²=±[-----------------------------]

2x

√-8x

y²=±[--------]

2x

√-8x

Eithery²=+[--------]

2x

√-8x

Ory²=-[--------]

2x

√-8x √-8x

=>+[--------]=-[--------]

2x 2x

Thus+√-8x=-√-8x

Hence+√-8x+√-8x=0

2√-8x=0

√-8x=0

Squarebothsides

=>-8x=0

⸫x=0

Paper ID: MR21826001842 DOI: 10.21275/MR21826001842 1689 



InternationalJournalofScienceandResearch(IJSR)
ISSN:2319-7064

SJIF(2020):7.803

Volume10Issue9,September2021
www.ijsr.net

LicensedUnderCreativeCommonsAttributionCCBY

From y²=x³+Ax+B

Substituteforx=0,A=0,B=2

=>y²=0³+0(0)+2

y²=2

⸫y=±√2asbeforeinexample2.

⸫(x,y)=(0,+√2),(0,-√2).

Therefore,it'sobservedinallthesecalculationsthatyisgivenbyy=±√B.

Example5

Solvetheellipticcurvey²=x³

Solution:

Giveny²=x³

From y²=x³+Ax+B

=>y²=x(x²)+Ax+B

c.fontheR.H.Swithax²+bx+c

=>a=x,b=A=0,C=B=0

From y=±√B

=>y=±√0

⸫y=0asbefore.

From y²=x³+Ax+B

=>0²=x³+0(x)+0

0=x³

⸫x=³√0=0

⸫(x,y)=(0,0)

Method2:(Boscomplexformula)

Boscomplexformulacanbeusedtocalculatethevaluesofxandthecorrespondingvaluesofyasbelow.

-A ±√(A²-4xB)β

y=±----------------------------]

2x

-A ±√(A²-4xB)1/2

y=±[-----------------------------]

2x

A=0,B=0

-0±√(0²-4x(0)1/2

y=±[-----------------------------]

2x

y=±(0)1/2

⸫y=0asabove.

Substitutingfory=0iny²=x³,ihavey²=0³

⸫y=0
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Hence(x,y)=(0,0).

4.Conclusion

It'snotedthatfrom (8),thegeneralformulaforsolvingellipticcurveswithquadraticequationinyandtheotherin

cubicequationinxisgivenby(7)i.e.x=-b±√(b2-4ac)

2a

andbyusingBoscomplexFormula

-b±√(b²-4ac) -b±√(b2-4ac) β

x=√[---------------------------] or x=[-----------------------]

2a 2a

whereβ=1/2.Seeequation(124)

Therefore,theformulaforsolvingtheordinaryquadraticequationisusedtosolveellipticcurvesbyusing

Boscomplexapproachabovewhichinvolvestheuseofbothquadraticandsimultaneousequations.y-values

whicharesolutionstotheellipticcurvesareeitherrationalorirrationalorboth.Negativenumbersareobtainedif

(b²-4ac)<0assummarizedinthetable1above.PointsP1,P2,P3andP4arethesolutions(x,y)tothecurveC=y²

=x³-2.Therefore,theconjectureistruesincetheellipticcurvecutsthex-axisatx=1andx=-1bythesmaller

circleandtheellipticcurvesy²=x³-2andy²=x³+Ax+Bhavesolutions(x,y)=(-0.5,i√34/4),(0.5,i√30/4)i.e.

(-0.5,√-17/8),(0.5,√-15/8),that'swhenx= ±0.5.Theimagesofthetwocurveshavesolutions(x,y)=(-0.5,

-i√34/4),(0.5,-i√30/4)i.e.(-0.5,-√-17/8),(0.5,-√-15/8).Thismeansthesolutionstotheellipticcurvesy²=x³-2

andy²=x³+Ax+Bareatthepointsofintersectionsbetweenthetwolinespassingthroughx= ±0.5andthe

curves. (131)

5.ApplicabilityofEllipticCurves

TheapplicationofellipticcurvesisofgreatereconomicimportancethantheMathematicsitselfbecauseoftheir

applicationincryptology.Theyareusedtodeveloppasswordsformachinesusedforcashtransactions.In

Physics,it'susedinthestudyofplanetarymotions.Henceit'sofgreatimportancetomoderncomputerprograms

andphysicsatlarge.Fig.5.canbeusedasamodeltodevelopeight(8)stroke,twelve(12)strokeormorejet

engines.InthefieldofBiology,figure5canalsobeusedasamodelfordevelopingartificialheart. (132)

6.FutureScope

Furtherimprovementispossibleincasenewideasaredevelopedinordertoimprovetheliteratureofthisresearch

work.
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