International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2019): 7.583

Stability Analysis of Hyperbolic Equilibria of the
SEIR Model for COVID-19 Transmission

Uduak A. Edet

Department of Mathematics, University of Uyo, P.M.B 1017, Uyo, Akwa Ibom State, Nigeria
uduakaedet [at]uniuyo.edu.ng

Abstract: We formulate the SEIR mathematical model for the transmission dynamics of COVID-19. We study the stability of the
equilibrium points for the system of differential equations modeling the disease. We obtain conditions for the local and global stabilities
of the disease-free and endemic equilibria of the SEIR model. The basic reproduction number for the model is also derived. Values of
the parameters used in the model are estimated and numerical simulation is conducted using the Scilab software application. The result
of the simulation shows that the whole population becomes susceptible and the disease dies out very rapidly within a very short time,
when the basic reproduction number is less than one. On the other hand, when the basic reproduction number is greater than one, a
large proportion of the population gets infected while a much larger proportion die or recover from the disease.
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1. Introduction

The COVID-19 (Coronavirus disease, 2019) pandemic, is an
ongoing global pandemic, caused by severe acute respiratory
syndrome coronavirus 2 (SARS-CoV-2) [18]. The outbreak
was first identified in Wuhan, China, in December2019 [19],
[2]. The World Health Organization declared the outbreak a
Public Health Emergency of International Concern on 30
January 2020 and a pandemic on 11 March 2020 [21]. The
virus is mostly spread between people during close contact.
The mode of transmission is often via small droplets
produced by coughing, sneezing and talking [5]. Symptoms
commonly include fever, fatigue, cough, loss of sense of
smell, and shortness of breath [20]. Complications often
include acute respiratory distress syndrome and pneumonia
[17]. The average incubation period of the disease is
estimated to be 6.4 days [6], although typically ranges from
one to fourteen days [15]. According to [15], for people with
mild disease, the average recovery time is about 2 weeks.
For people with severe symptoms, recovery is between 3 to6
weeks.

Several authors: [22], [23], [1], [8], [24], [16], [4], [25],
[10], [14], have recently developed mathematical models for
the transmission dynamics of COVID-19.

In this study, we formulate a simple compartmental model to
represent the dynamics of COVID-19. We investigate the
stability analysis for the mode lands obtain conditions for
the stability of the steady states.

2. Seir Model of COVID-19
2.1 Model Assumptions

e The population under consideration is divided into four
disjoint classes which change with time (t).These classes
are: The Susceptible class, denoted by (S), the Exposed
class, denoted by (E), the Infective class, denoted by (1)
and the Removed class (which comprises of individuals

removed from the population by either death or
recovery), denoted by (R).

e The population under consideration has a constant size N
and is sufficiently large, so that the sizes of each class
can be considered as continuous variables.

e The population is homogeneously mixing. Individuals
make contact at random and do not mix mostly in a
smaller subgroup.

o \We assume that there is no immigration or emigration.

e The model includes vital dynamics (births and deaths).
We assume that the births and deaths occur at equal rates
and all newborns are susceptible. Individuals are
removed by death from each class at a rate proportional
to the class size with proportionality constantd (the death
or birth rate)

e In the susceptible class S, a susceptible person becomes
infected and moves into the Exposed class at a rate
proportional to the product SIwith proportionality

constant%. The contact rate a (rate of infection) is the

average number of adequate contacts per infective per
unit time. An adequate contact of an infective is an
interaction which results in infection of the other
individual if he is susceptible.

e From the exposed class (E), an individual becomes
infective and moves into the infective class at a rate
proportional to the class size with proportionality
constant 4.

e Individuals recover and leave the infective class (I) at
rates proportional to the class size I, with proportionality
constants v; and v,. Individuals that don’t survive the
disease die and leave the class (I) with proportionality
constant ;.

2.2 Parameters of the Model

e §: Natural mortality rate (Birth or Death rate). The time
unit is set at day. The constant natural mortality rate is
assumed to be inversely proportional to the global
average life expectancy of birth. This is taken to be
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approximately 72

§ = —— =0.000038day".
26280

e a: The rate of infection @ =(number of new cases over a
time period)/ (total population at risk during the same
time period).

e [3:Transition rate from Exposed class to Infective class
(We assumeit is inversely proportional to the latent
period of the disease). In [25], it is reported that the
median time prior to symptom onset (latent period), is 3
days. If we take the latent period to be 3 days, (range 1-
24 days), we get; § = § = 0.33day L.

e v;: Recovery rate for patients with mild symptoms. We
assume it is inversely proportional to the average period
of infectivity (the time between COVID-19 infection and
recovery for people with mild symptoms). If we take the
average recovery time for people with mild symptoms to

be 2 weeks [15], we get; v; = ﬁ = 0.07143day L.

e v,:Recovery rate for patients with more severe
symptoms. We assume it is inversely proportional to the
average period of infectivity(the time between COVID-
19 infection and recovery for people with severe
symptoms). If we take the average recovery time for
people with severe symptoms to be 4.5 weeks [15], we

get: v, = —— = 0.03175day !
o §;:Disease-related death rate §;=(number of deaths over
a defined period of time)/ (confirmed cases diagnosed

within that time period).

years [11].

The transmission dynamics of the disease is represented by
the following system of ordinary differential equations (The
SEIR model):

B sv—Zsi—ss
dt N
E_2 g+ o)E
dt N A
2.1
dl
_:ﬂE_(U1+U2+61+6)1
dt
dR
E:(U1+V2+61)1_6R
6,(1,‘8,61,171,172 > 0,
S,E,I,LR>0
2.3 Steady States
From (2.1), we have;
a __
S(N —5) -55I=0 (2.2)
%5‘1‘— B+8E=0 (2.3)
ﬂE_' - (V1 + V) + 61 + 6)I_= 0 (24)
(V1 + V) + 61)1_— 6§ =0 (25)

where (S, E, I, R) is the steady state or equilibrium point
of the system (2.1)

From (2.4) and (2.5), we get;

_ vV, +6+6 — +v,+6;

ATV TOTOL g R 2 O
B 1)

From (2.3), we have:

[ag +6v1+v2+61+5]__

NS B -

This gives us two possible solutions: I = 0 and

a - vitva+6+6)-
lNS—(ﬁ+5)#JI—O

Substituting =0 into (2.4) and (2.5), we get: E =
0 and R =0. From (2.2), wegetS = N.

(2.6)

Hence the disease-free steady state of the system (2.1) is
(N,0,0,0).

From (2.6), we have,
s N(B +6)(vy + v, + 81 +6)

ap
Substituting (2.7) into (2.2), we get;
BSN

2.7)

= o +v,+6,+0) @ (2.8)

Putting (2.8) into (2.4), we get;
_ 6N  6N(vy+vy+6;+6)
Y af
Putting (2.8) into (2.5), we get;
LN (vy +v, +61)N
B+46 a

(2.9)

R=

Hence the endemic equilibrium of the system (2.1) is at;
(S,E,LLR)
_(NB+8)(wvi+v, +6,+8) 6N
B ap 'B+6
6N(V1 + %) + 61 + 6) ﬁ(SN
af "B+ vy +6,+8)
ON ‘BN N(Vl + %) + 61))
a 'B+6 a

2.4 Basic Reproduction Number

Lemma 2.1The basic reproduction number for the model
(2.1)is:

R, = ap
O 1B+ +vy + 6, +6)

Proof
Using the next-generation matrix (NGM) method [9], from
(2.1), we get the linearized infection subsystem:

dE
—=al - (B+5)E

dt
di
_:BE_(V1+V2+61+6)1
dt
From which we get;
0 «a

A= B 0 and
B [—(/3 +6) 0

- 0 —(vy+vy, +6,+06)
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Where A is the transmission matrix and B is the transition
matrix. We have;

[uny

0 [[)’+6 0
— _an-1 _ a
F =—-AB =g 0] ) 1

V1+(1Z/2+61+6

_ V1 + V) + 61 + 0
A
p+4
From which we compute Ry:

1
Ry =p(F) = E(trace F +/(trace F)? — 4 det(F)

0

_ ap
T B+ v, + 6+ 6)

where p is the spectral radius.

2.5 Stability Analysis.

Theorem 2.2 The disease-free equilibrium of the SEIR
model is locally asymptotically stable if the basic

reproduction number: R, < 1, and is unstable otherwise.

Proof
The Jacobian matrix of the system (2.1) is given by;

5 0 s 0]
N
a
j=l0 —@B+8 S 0
0 B —(V1+Vz+61+6) 0
| 0 0 V1+Vz+61 -4
At (N, 0,0,0):
[—4 0 - 0
o -+ a 0
J=1o B —( v +86,+8) 0
_0 0 V1+V2+51 _5_
J— Al
-5—-2 0 - 0
| oo —g+e-2 « 0
- 0 ,8 —(V1+V2+61+6)—A 0
0 0 V1+V2+61 —-6—A

wherea=p+8,and b=v; +v, +6; +6

det(J — AI) = (=6 — D)?[(—a — ) (=b — 1) — apf]
The characteristic equation: det(J — AI) = 0 gives;

(=6 -2)?=0, or (—a—ND(=b—-2)—af=0

We have;
— — Y]
11'2 _ —6, 13 _ (a+b) \/(Za b)*+4ap

—(a+b) (@b TFag
2

, and A, =

A3<0, 2, <0 iff {J(a@a—b)*+4aB<a+b
L . af
This gives: GO va oD <1 or Ry<1

Theorem 2.3The endemic equilibrium of the SEIR model is
locally asymptotically stable for Ry > 1 and is unstable
otherwise.

Proof
At the endemic equilibrium, the Jacobian matrix is given by;
[ —afé 0 —ab 0 ]
[ ab B |
_|aBé ab ‘
] E — —a ? 0
[ o g b 0]
l 0 0 b-96 —SJ
—afé —ab
T |
detG—an=|%0_s _,_, % 0
ab B
0 B —b—-2 0
0 0 b—6 —-6-1

Solving det(J — AI) = 0, we get:
(=6 = D[(=v =D (=a - (=b—21) —ab(—v — 1)
—ab(v—8)] =0, ap?

where v =——
ab
(=6—2)=0 gives 1, =—¢
(—v—-ND(a-AD(=b—-21) —ab(-v—-21) —ab(v—-206) =

0 gives:
“B—-@+b+WA%2—v(@a+b)A—ab(v—-256)=0
Let fD=-2—-(@+b+v)22—-v(a+b)A—

ab(v — §), then
f(-D)=2B—-(a+b+v)22 +v(a+hb)A—ab(v—25)
=0 (2.9)

Based on Descartes’ rule [12], the number of negative roots
of the characteristic equation (2.9) is equal to the maximum
number of coefficient sign changes. Hence, (2.9) has three
negative roots. If (2.9) is in the form of:
K=L22 122+ L1 — L,
where;
Li=1
L,=(a+b)+v
Lz =v(a+Db)
Ly =ab(v—-19)

with the condition; Ly, Ly, L3, Ly >0
Hence we have; if v>6 and Ly, Ly, L3, Ly >
0, then A, A3, 44, <0

Therefore, the SEIR endemic equilibrium (S;, Ei, I, Ry)
is locally asymptotically stable if:
ap

v>4§ or af >ab or G +v, 16,50

>1

Theorem 2.4If Ry < 1, then the disease-free equilibrium
point (N, 0, 0, 0) is globally asymptotically stable in the
domain:

N(@B +6)

D, ={(5,E,I,R) E]R{i:S<T}

Proof
Define a Lyapunov function L = E, then:
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dL—{“s B+OE<0if S<
dt ~ W B <0if
That is;Z—fSOin the domain Dlz{(S,E,I,R)eR1:S<

Np+da.

N(B +6)
a

So, for the positive definite function L, the derivative Z—i is
negative semi-definite in D;. Now, we consider the set
where & = 0.
dt
dL
Let A= {(s, E, I, R)ED; : Z= 0} ={(S, E, I, R) €
D1 :£=0.

Let T be the largest invariant set in A. Then in A, we get;

das
— =N -5 (2.10)
%= —(V1 +V2 +61 +6)I (211)
dR
—=-8 (2.12)

From (2.12), we have R - 0 as — oo . From (2.11), we
have I - 0 as t — oo. From (2.10), we have S > N as
t - oo, Hence T is {(N, 0, 0, 0)}. Hence by the LaSalle-
Lyapunov theory [7], the disease-free equilibrium (N, 0, 0,
0) is globally asymptotically stable in D;.

Now, from D;, S < @ gives; — < 1, and we have

B+8
that;
ap o

m < 540 <1 Implles that RO <1.

O

Theorem 2.5The endemic equilibrium point (S;, E;, I,
A1 is globally asymptotically stable in the region: 22=.s,
£, [, RER+4:1I<F1E</1/<RIR<SIS.

Proof
Consider a Lyapunov function V defined as follows:

55‘—51 EE—El 11—11
V=f d5+f dE+j dl
S1 S Eq E Ih 1

RR—Rl
[ Ry
AV (SSSu)dS | (ESBN\AE | (Ioh)dl
We have; dt (S)dt+(E)dt+(1)dt+
RERIVAR _ o gy (N SN _al ah) o op
( R )d_t_(S 51)(5 51 T N)+(E
FlalNSIE—alNS1/1£1+/—/1FE7/—FE1/1+R—RIvI+v2+
S1/R—/1R1=

$1—95) «a
(S—SQ(SN SS, +N(1—11)>
+(E—E1)<%(5—51))
+ﬁ(1—11)(E1117;1EI)
1
IRy — LR
+(v1+v2+6)(R—R1)%
—6N(S—5)51_S
B ss,

a
+ N(S =S =D

a (SIE1 _SIIIE)
+N( 1) EE,

(E11 - IEl)
11

(IRy — 1R)
+ (Vl + ) + 61)(R - Rl)—
RR,
6N

=55 6 =9 -6 =)W D)

+pU—1)

a (SIE1 _SlllE)
+N( 1) EE,
(EL — IEy)
-Blh - D———
11

(IRy —LLR)
RR,

< 6NS 5)? as U -1
551(1 ) N(1 )y = 1)

- +v, +6)R —R)

a
+ N (E — E1)(S1LE, — S LE)

(Bl — IE)
Bl =D

(IR —LR)

- +v, +6)R —R) RR,

. E I R S S 1
Sincel<2<l<c2< wehave; 1 <2 and 1<,
E 1 R N N 1

which gives; SI < S;1;. From

which we get:
W N (s =5 = (5~ )t~ 1)
dt ~  S§ ! N1 !

@ 2
—N5111(E1 - E)
(I — D(EL — IE)
1L
- (v +v, +6)(R —R)
<0

(IR — LR)
RR,

Hence, ‘;—Z< 0 in the region: {(S, E, I, RERI:1<
F1E</1/<RIR<SLS
3. Numerical Simulation

3.1 Numerical plot of the SEIR model of COVID-19 for
Ry < 1.

Define a solution to the system (2.1) for the parameter
values; 6§ = 0.000038, @« =0.37, B =033, v; =

Volume 10 Issue 3, March 2021

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR21223223859

DOI: 10.21275/SR21223223859

1755



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2019): 7.583

0.07143, v, = 0.03175, §; = 2.03, subject to the initial
conditions: s(0) = 0.7, e(0) = 0.15, i(0) = 0.1, r(0) =

0.05, where s==, e=—, i
N is taken to be 1000.

z|n

20 Act ot SER medel of COVD-10 Wi rae-of Inhecon 0.7, Gauaing Fe katic mpecduciion mumber i be s han one
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Figure 1: Numerical plot of model for R, < 1

3.2 Scilab Code:

function ydot=SEIRdmodel(t, y)
ydot= [d-a*y(1)*y(3)-d*y(1);a*y(1)*y(3)-

(n+d)*y(2);n*y(2)(vi+v2+d1+d)*y(3);(vi+v2+d1)*y(3)-

plot(t, sol(1, :), 'k-0-', t, sol(2, :), 'k-+-, t, sol(3, :), k-, t,
sol(4, 3), 'k-x-")

title("2D Plot of SEIR model of COVID-19 with rate of
infection 0.37, causing the basic

reproduction number to be less than one", "fontsize", 2)
hi=legend( ['s’;'e";'i’;'r']);

d*y(@)]
endfunction 3.3 Numerical plot of the SEIR model of COVID-19
d=0.000038; forRy > 1

a=0.37;

n=0.33; Define a solution to the system (2.1) for the parameter
v1=0.07143; values; 6 =0.000038, a =12,  =0.33, v; =
v2=0.03175; 0.07143, v, = 0.03175, 6; = 3.11, subject to the initial
d1=2.08; conditions: s(0) = 0.7, e(0) = 0.15, i(0) = 0.1, r(0) =
%/c?_:OEO.Y;O.lS;O.l;O.OS]; 0.05, where =23, ¢ = % i = % = %_

t=0:7:365;

sol=ode(y0, t0, t, SEIRdmodel);
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Figure 2: Numerical plot of model for Ry > 1

3.4 Scilab Code

function ydot=SEIRdmodel(t, y)

ydot= [d-a*y(1)*y(3)-d*y(1);a*y(1)*y(3)-
(n+d)*y(2);n*y(2)-
(vi+v2+d1+d)*y(3);(v1+v2+dl)*y(3)-d*y(4)]

endfunction

d=0.000038;

a=12;

n=0.33;

v1=0.07143;

v2=0.03175;

d1=3.11;

y0=10.7;0.15;0.1;0.05]"

t0=0;

t=0:7:365;

sol=o0de( [0.7;0.15;0.1;0.05], t0, t, SEIRdmodel);

plot(t, sol(1, :), 'k-0-', t, sol(2, 3), 'k-+-', t, sol(3, :), k-, t,
sol(4, ), 'k-x-)

title("2D Plot of SEIR model of COVID-19 with a high rate
of infection: 12, causing the

basic reproduction number to be greater than one",
"fontsize", 3)

hl=legend( ['s;'e";'i';'r']);

4. Discussion of Results and Conclusion

We have formulated an SEIR model for the transmission
dynamics ofCOVID-19. Upon studying the stability of the
steady states, we have found that, at the disease-free
equilibrium point, if the basic reproduction number is less
than one, the population remains disease-free. At the
endemic equilibrium point, if the disease continues to spread
and the basic reproduction number is greater than one, the
disease persists in the population.

The parameters of the model were estimated and the model
was solved numerically using the scilab software. The result
of the simulation shows that, if the basic reproduction
number is less than one, the disease dies out very rapidly
within a very short time. Also, a very small proportion of the
population that get infected are rapidly removed by death
and recovery, and we still have a very large proportion of
the population remaining in the susceptible class. On the
other hand, if the basic reproduction number is greater than
one, a large proportion of the population gets infected within
a short time. Also, a large proportion of the population gets
removed by death or recovery.

4.1 Recommendations

If the basic reproduction number can be reduced by applying
various preventive strategies like the use of face masks,
social distancing, staying at home, avoiding crowded places,
etc., the spread of the disease can at least be effectively
controlled, and a lot of deaths can be prevented in the parts
of the world where vaccines are yet to be administered.
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