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Abstract: According to the different GRACE data sources, the inversion methods of surface quality migration are divided into two
categories. The first type is directly inversion based on the GRACE Level-2 Earth time-varying gravity field model, also known as the
“bit theory method”. This method was first proposed by Wahretal and is one of the most commonly used inversion methods. It has been
widely used in research and development; the second type is inversion by Level-1B observation data, such as mass tumor (Mascon)
method. This is a theoretical method. The method is briefly introduced below.

1. Methodology mass will cause a corresponding change in the geoid,

The shape of the geoid reflects the structure and distribution ~ assuming that the geoid N changes with time, that is, the
of the material inside the Earth. When studying the Earth’s  geoid at a certain moment relative to The difference between
gravity field, it can be replaced by the geoid. Combined with
the gravity field of the Earth. The formula and the Bronx
formula can obtain a spherical harmonic expansion with a  at a certain time and the average geoid at a certain time.

high geoid. Introducing the variation of the spherical harmonic

the geoid at a later time, or the difference between the geoid

o | _
N(8, 1) = az Z Pin(cos0)(C,, cos(mA) +S, sin(mA))  coefficient AC,,.AS,, torepresent AN :
1=0 m=0

o |

AN(0,2) =2 > Pin(cos 0)(AC,, cos(mA) +AS,, sin(mA))
Where a represents the average radius of the Earth, 6,4 1=0 m=0

represent the left and right latitudes of the Earth and the

Introducing the density change Ap(r,6,4) that causes
longitude of the Earth, C, and S, are regular spherical

the change of the geoid to obtain the relationship between
harmonic coefficients, and | and m represent the degree and

the order of the spherical harmonic coefficients. the changes in the spherical harmonic coefficients AC,,

Pim (C0S 0) is a fully normalized Legendre function. AS, and Ap(r, 0, 1).
Many institutions in the world provide a full order of

spherical harmonic coefficients C, and S, . The change in

ACn 3 ) Ty cos(mA)| .
{AS,m } 4rap,,(21+1) _[Ap(r, 6,2)Pm(cos 9)(a) {sin(m,l)}sm 6dod Adr

_ areal density. It is the change in mass per unit area, then the
Where p, . represents the average density of the Earth and y J P

relationship between Ac(6,1) and Ap(r,6,A)is:
Ap(r,8, 1) is the density of a film with a surface thickness
Ac(8. 1) =_[gp(;-= 8. A)dr

of H. The film should contain changes in the mass of the

atmosphere, ocean, ice sheet and groundwater, usually inthe  If the thickness H of the thin layer is small enough, it
satisfies:

range of 10-15 km. Define Ac(6,4) as the change in
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(1+2H/2= 1 The change caused by the surface mass migration of the

geoid can be expressed as:

(r/a)*?~1

[AC,] 3

ICGE m,ﬂ)]
l"l"'smjm,f _— —1"1“::,{} (27 +1)-

+sin 8d8d A

| sin(ma) |

Since the earth is a hysteresis, the change of its surface mass  will also cause the geoid to change. Introducing the load
load will also cause the earth to change. This deformation  love number k; can be obtained:

[ac,| 3k [cos(mi)]

l M;nJ —1*1’:1,0 Re/EIVE lsm(m,ﬁ}jﬁin BB A

[ (8. 1) Pim(cos 8)-

[ o (8.2) Pin(cos 8)-

salid _ Earth

Therefore, the expression for the change in the spherical ‘ AC ] ‘AC ]
harmonic coefficient caused by the total mass change is: ; q*’” >:.J s +-
l -'i"-S-p J lM”J sl _meEs l&S"‘J soiid_ Barth

i o

Using the spherical harmonic coefficient to develop the areal density AO'(H, /l) :

o8, A)=ap, i Z (AC, cos(md)+ AS . sin(mA)P, (cos &)

[l )

Where p,, is the water density, and Aélm and A§,m are the corresponding spherical harmonic coefficients, which can be

expressed as:

=

[ "ai[ Aat, Boncos &) SN G saa
L mA}J

55, o

H

Kl

[a .-m]}z Pae U+1[AC, |
|48, | 30, 1+k A4S, ]
Combined with the above formula we can get:

Ac|&, E]:a’f’;’”zgillz(&c cos(mA)+ AS,, sin(mA) P, (cos &)
;] Hil)

Express the change in the surface quality of the earth as the equivalent water height EWH (9, /1)

EWH (6, 1)= =2Pac ZZ 2l +1(AC|m cos(mA) +AS, sin(mA)P, (cos ) (2-11)

3pW 1=0 m=0 1+ k
The values of load love number are shown in the table 5 -0.104 40 -0.033
below. 6 -0.089 50 -0.027
Table 1.1: The values of load love number 7 -0.081 70 -0.02
i Ki i Ki 8 -0.076 100 -0.014
0 0 10 -0.069 9 -0.072 150 -0.01
1 0.027 12 -0.064
2 -0.303 15 -0.058 1.2 Spatial filtering
3 -0.194 20 -0.051
4 -0.132 30 -0.04 The potential coefficients of GRACE gravity field model are
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influenced by satellite orbit error and model error, which
makes the high-order coefficients of the published gravity
field model data contain more noise, and the influence of
noise increases with the increase of order. At the same time,
the coefficients are correlated and the strip error is produced.

The influence on the calculation results can not be neglected.

Fig. 2.1 is the equivalent water height calculated directly by
formula (2-11) without any filtering. We can see that there
are obvious effects of North-South band noise and other

noises in the calculated results. When using time-varying
gravity field model to calculate mass change, W can not
directly use the formula (2-11) deduced above. In order to
suppress the influence of noise, it is necessary to adopt a
certain spatial filtering method to weaken the noise in the
data post-processing. The paper further shows that
generalized least squares will produce consistent estimates
of those parameters that are not time varying.

,‘" )

) ",;;uI) m* ,g;g\\ rv* «{4 W

-800-533-266 0 266 533 800

2. Analysis of commonly used filtering methods
Spatial filtering

2.1. Gaussians filtering
Gaussian filtering is an isotropic filtering method. In

isotropic filtering, the smoothing function W( @, 4,@', 1" )

is only a function of the two-point (@, 1), (@', A"
angular distance on the spherical surface. The relationship

between the two isW(@, 4, @', A" )=W(y),

Figure 2.1: Analysis of commonly used filtering methods Spatial filtering

where COS ¥ = COS @ COS @'+ Sin @sSin @'cos(A— A1),
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available:

apave ZZ 2n A N, B (sin @)[AC wm COS(MA) + AS i Sin(MA)]

n0m0

Where: W, = J.O”W ((p)En(COS y)sinydy is  the

Gaussian filter weight coefficient only related to the
P,.=0
P_
V2n+1

From the data of GRACE RLO05 which has been published,
the highest degree is 60. The data is not infinite, but
truncated to 60th degree. This result will inevitably produce
truncation error and eliminate high-order ball harmonics.
The influence of coefficient error on the calculation of areal
density requires the introduction of a smoothing factor Wn

order, F

), is the Legendre polynomial,

to weaken the effects of truncation error and high-order error.

Gaussian filtering is based on the principle of using the
Gaussian filter coefficient proposed by Jekeli. It is related to
the degree of the spherical harmonic coefficient, and has
nothing to do with order. The Jekdi Gaussian filter
coefficients are as follows:

W(p, 40" ) =W (7 )_ b exp(—b(l-cosy))

In2

——— , a is the radius of the
1—cos(r/a)

Among them, b=

Earth's equator, r is the spherical distance between two
points when =0, the smoothing kernel function value is

reduced to 1/2, which is the filtering radius. At the same
time, Gaussian filter weight coefficients of different degrees
can be recursively solved by the following three formulas:

W, =1

1+e?® 1
1T1-e? b
W, =— 2n “tww
b

1—exp(-2b)
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The paper further shows that generalized least squares will
produce consistent estimates of those parameters that are not
time varying.

3. Fan filtering

Unlike Gaussian filtering, fan filtering is a non-isotropic

filtering method that is developed based on isotropic
filtering. Above equation uses Gaussian filtering only for the
degree, based on the original filtering of the sector filtering,
in which Gaussian filtering is introduced in the formula. In
simple terms, the fan filtering is the same as the spherical
harmonic Gaussian filtering is performed on the degree and
the order of the spherical coefficient, and the formula for
calculating the mass variation is:

Ac= %ZWn Z%Nnm P (sin @)[ACm cOS(MA) + ASm sin(mA)]
-0 m=04+TK,

Among them, Wn. Wm is the Gaussian filter weight
coefficient of the order and degree and the second
correlation with the GRACE ball harmonic coefficient. From
equation, it can be seen that when calculating the mass
change of a certain place, for a certain order of the ball The
harmonic coefficient, the weight value of the fan filter is
smaller than the Gaussian filter, especially for the high-order
term, the spherical coefficient weight obtained by the sector
filtering is very small.

Non filtering
Non-filtering is also based on Gaussian filtering. The
smoothing kernel function is:

r—r
an :Wn(rllz (m)) ' r1/2 (m) = 1ml 0 m+ I’.O

where W , is the classical Gaussian smoothing kernel

Ao(p, 2)=2Lae Y S 2y

2n +
om0 L+ K|

4. De-correlation filtering

The equivalent water height change map mainly shows the
north-south band error. Swenson and Wahr pointed out that
the appearance of the north-south band indicates that the
GRACE error has a high spatial correlation. By comparing
the spectral domain variation characteristics of the median
coefficient of the time-varying gravity model, it is found that

nm " nm

function, I, , I, is the smoothing radius, mlis the

selected order, n,m is the degree and order of harmonics of

the GRACE gravity field ball. r,determines the smooth

radius along the longitude direction, r1,m1 determines the
smooth radius along the twist direction. The Non filter is
also related to the order of the spherical
coefficients, and the higher the number of the same order,

harmonic

the smaller the value of the calculated smooth kernel
function, and the smaller the weight of the corresponding
spherical coefficient. The formula for solving the mass
change based on Fan filter is:

(sin@)[AC,, cos(mA) +AS, . sin(mAi)]

there is a correlation between the GRACE time-varying
gravity model spherical coefficients. When the value of the
second m is constant, there is a correlation between the odd
terms in the order n of the coefficient, and the correlation
also exists between the even terms. Taking m=15 as an
example, the common coefficient C15,15. C16,15 .

C17,15...C58,15. C5h9,15. C60,15 , where the odd term of
nis C15,15. C17,15. C19,15...C55,15. C57,15. C59,15 has
a correlation, and the even term is also between C16,15.
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C18,15. (C20,15...C56,15. C58,15. C60,15 Correlation.
According to this, Swenson proposed a sliding window
decorrelation method to reduce the correlation between the

spherical coefficients to weaken the influence of the

north-south band.
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Figure 4.3: (a) Total water storage

The principle of de-correlation filtering is: the order-m of
the fixed-ball harmonic coefficient Cnm, using a sliding
window of size w, with the degree n as an independent
variable, and the even-numbered and odd-numbered pairs of
the alignment coefficient are fitted by polynomial, the
formula as follows:

P
Con =2 Q"
i—0
Where C. is the polynomial fitting value of Cnm , the

fitting value is used as the correction value of Cnm, Q;m is

the fitting polynomial coefficient, p is the number of
polynomials, and the principle is the same when calculating
the fitting value of Snm And thus the coefficient can be
calculated as:

rolp 2)=2Lee S Sy B

2n+
n=0 m=0 1+ kn

nm " nm

P n+w/2

i -1y j

Q=2 2. L1Cy

i=0 I=n-w/2
n+w/2

— 1]

L= > Il
I=n-w/2

| refers to the degree of participation in the fitting of the
clamp coefficient. Since there is only a correlation between
the even term and the even term, the odd term and the odd
term, when n is an even term, the value of | is even. The
value range is [n-w/2,n+w/2] and | = w. Similarly, when n is
an odd number, the degree values of the participating fitting
odd. Therefore,
decorrelation filtering, the mass density variation formula

coefficients should also be after

can be converted into:

(sin @)[AC im cOS(MA) + AS i sin(mA)]
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Figure 4.3: (b) Differents models variatins of water storage over the years
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4.1 DDK filtering

DDK filtering is a decorrelated smoothing filter, which is
similar to fan-shaped filtering. It is also a non-isotropic
filtering function. The smoothing function of non-isotropic
filtering is related to the degree of spherical coefficients and
the order of spherical coefficients. Related. The smooth
kernel function is: O

W, =(E*+as?)'E™

where E is the error covariance matrix and S is the signal
covariance matrix.

The spherical coefficient after DDK filtering can be
expressed as:

nmax

C filt — Z

n'=Ngn ,N'eparity (n)

w(n,n',m,a)C,..

nmax

S filt — Z

n'=ny,,N'e parity(n)

w(n,n',m,a)s,,

Where n'e parity(n) means that n’ and n have the same
parity, and the left side of the equation is the ball harmonic
coefficient after ddk filtering.

The existing ddk filters mainly include ddkl, ddk2, ddk3,
ddk4, and ddk5. The latter two have been used in the new
version of the RLO5 data. The agencies have released the
coefficients after DDK filtering, which can be downloaded
from the relevant website ICGEM.

GOCO06S

spectral comparison with the model
EIGEN-6C4

The graphs show:
Signal amplitudes per degree of GOCO06s

Difference amplitudes per degree of GOCO06s vs. EIGEN—-6C4
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Figure 4.1: Spectral comparison with the model

4.2 Fan filtering

Unlike Gaussian filtering, fan filtering is a non-isotropic
filtering method that is developed based on isotropic
filtering. Above equation uses Gaussian filtering only for the
degree, based on the original filtering of the sector filtering,

in which Gaussian filtering is introduced in the formula. In
simple terms, the fan filtering is the same as the spherical
harmonic Gaussian filtering is performed on the degree and
the order of the spherical coefficient, and the formula for
calculating the mass variation is:

Ac= %ZWn Z%Nnm P (sin @)[ACm cOS(MA) + AS i sin(mA)]
-0 m=04+TK,

Among them, Wn. Wm is the Gaussian filter weight

coefficient of the order and degree and the second
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correlation with the GRACE ball harmonic coefficient. From
equation, it can be seen that when calculating the mass
change of a certain place, for a certain order of the ball The
harmonic coefficient, the weight value of the fan filter is
smaller than the Gaussian filter, especially for the high-order
term, the spherical coefficient weight obtained by the sector
filtering is very small.

Non filtering

Non-filtering is also based on Gaussian filtering. The
smoothing kernel function is:
an =W (r1/2(m)) r1/2(m)_
where W, is the classical Gatmuan smoothmg kernel

function, I , I, is the smoothing radius, mlis the

apave z Z n—+1W

n0m0

Ao (@,

4.3 De-correlation filtering

The equivalent water height change map mainly shows the
north-south band error. Swenson and Wahr pointed out that
the appearance of the north-south band indicates that the
GRACE error has a high spatial correlation. By comparing
the spectral domain variation characteristics of the median
coefficient of the time-varying gravity model, it is found that
there is a correlation between the GRACE time-varying
gravity model spherical coefficients. When the value of the
second m is constant, there is a correlation between the odd

nm " nm

selected order, n,m is the degree and order of harmonics of

the GRACE gravity field ball. r,determines the smooth

radius along the longitude direction, r1,m1 determines the
smooth radius along the twist direction. The Non filter is
also related to the order of the spherical harmonic
coefficients, and the higher the number of the same order,
the smaller the value of the calculated smooth kernel
function, and the smaller the weight of the corresponding
spherical coefficient. The formula for solving the mass

change based on Fan filter is:

P (sin@)[AC,, cos(mA) +AS,_sin(mA)]

terms in the order n of the coefficient, and the correlation
also exists between the even terms. Taking m=15 as an
example, the common coefficient C15,15. C16,15 .
C17,15...C58,15. Ch9,15. C60,15 , where the odd term of
nis C15,15. C17,15. C19,15...C55,15. C57,15. C59,15 has
a correlation, and the even term is also between C16,15.
C18,15. C20,15...C56,15. C58,15. C60,15 Correlation.
According to this, Swenson proposed a sliding window
decorrelation method to reduce the correlation between the
spherical coefficients to weaken the influence of the
north-south band.

total water storage

Latitude

-150 -100 -50 0
Longitude

50 100 150

Figure 4.3: (a) Total water storage

The principle of de-correlation filtering is: the order-m of
the fixed-ball harmonic coefficient Cnm, using a sliding
window of size w, with the degree n as an independent
variable, and the even-numbered and odd-numbered pairs of
the alignment coefficient are fitted by polynomial, the

formula as follows:

b
Con =2_Qu
i=0
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Where C is the polynomial fitting value of Cnm , the

fitting value is used as the correction value of Cnm, Q,:m is

the fitting polynomial coefficient, p is the number of
polynomials, and the principle is the same when calculating
the fitting value of Snm And thus the coefficient can be

n+w/2

L= > IV

I=n-w/2
| refers to the degree of participation in the fitting of the
clamp coefficient. Since there is only a correlation between
the even term and the even term, the odd term and the odd
term, when n is an even term, the value of | is even. The

calculated as:

Q=2

n+w/2

> e,

value range is [n-w/2,n+w/2] and | > w. Similarly, when n is
an odd number, the degree values of the participating fitting

coefficients should also be odd. Therefore, after

=0 I=n-wi2 decorrelation filtering, the mass density variation formula
can be converted into:
a o 2N+ . = = .
Ao (g A)= 'L;ave Zzl—klwnm P (5in @)[ACwm €OS(MA) + ASam SiN(MA)]
n=0 m=0 + n

15
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Figure 4.3: b Differents models variatins of water storage over the years.

4.4 DDK filtering

DDK filtering is a decorrelated smoothing filter, which is
similar to fan-shaped filtering. It is also a non-isotropic n
filtering function. The smoothing function of non-isotropic
filtering is related to the degree of spherical coefficients and
the order of spherical coefficients. Related. The smooth

kernel function is:

W, =(E*+as?)'E™

nmax

2.

n'=Nyn ,N'€parity (n)

cm w(n,n',m,a)C ._

max

2.

n'=ny,,n'e parity (n)

filt '
Sim = w(n,n',m,a)s,.,

Where n' e parity(n) means that n’ and n have the same
parity, and the left side of the equation is the ball harmonic
coefficient after ddk filtering.

where E is the error covariance matrix and S is the signal

covariance matrix.

The spherical coefficient after DDK filtering can be

expressed as:

Paper ID: SR201110181526

The existing ddk filters mainly include ddkl, ddk2, ddk3,
ddk4, and ddk5. The latter two have been used in the new
version of the RLO5 data. The agencies have released the
coefficients after DDK filtering, which can be downloaded
from the relevant website ICGEM.
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4.5 Conclusion

The formal equivalence of Kalman filtering and smoothing
techniques to generalized least squares. Smoothing and
filtering equations are presented for the case where some of
the parameters are constant. And shows that generalized
least squares will produce consistent estimates of those
parameters that are not time varying. Starting from the
principle of Grace gravity satellite measuring the change of
the earth's mass, this chapter focuses on discussing several
filtering methods to remove strip errors, including Gauss
filtering, sector filtering, Non filtering, decorrelation
filtering and DDK filtering. The calculation formulas of
each filtering method are deduced, and their respective
characteristics are analyzed and compared.
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