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Abstract: Solving non-linear simultaneous equations is not so straightforward as its linear counterpart and is usually a challenge 

especially for the mathematically average person. The existing methods involve the use of substitution, or in some cases, elimination. 

This paper introduces a new method of solving various forms of non-linear simultaneous equations via Cramer’s Rule whereby the task 

is reduced to simple calculations thatrequires nothing more than basic mathematics of addition, subtraction, multiplication, division, 

square and squareroot of some real numbers, hence making it possible for a person who doesn’t know the substitution procedure at all 

to be able to determine the correct answers to the said equations. A total of 65 different general forms of non-linear simultaneous 

equations together with their solutions in closed forms are tabulated in the proposed Table of Non-linear Simultaneous Equations. 

Hence, for a given set of non-linear simultaneous equations in two variables that matches one of the tabulated forms, one just read off 

the solutions from the table, plug-in the corresponding constants and perform some simple calculations to obtain the answers. 

Furthermore, since the computation involve nothing more than straightforward arithmetic, it can be easily programed using basic 

formula in Excel spreadsheet. One just need to enter the few constants from the two equations into the spreadsheet, the answers will be 

obtained in a second.  
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1. Introduction 
 

It is essential to model some real-world systems with some 

mathematical equations in order to have a better insight to 

the systems and hence able to control, forecast future 

outputs, prevent undesirable situations and understand 

various phenomena related to the systems. With modeling, 

we can easily change some settings and observe its effects 

and interpret the system behavior without actually disturbing 

the physical system.  

 

Numerous disciplines, both technical and non-technical, 

employ mathematical modeling extensively. These variety 

of fields include engineering, pure sciences, social sciences, 

medicine and economics. 

 

Most practical systems are non-linear in nature and often 

require more than one equations for a full representation. If 

the situation allows, these non-linear systems may be 

approximated as linear systems and thus greatly simplifies 

the solutions to the equations since there are plenty of 

methods available for solving linear simultaneous equations. 

However, errors are bound to be introduced with this 

linearization. 

 

In modeling real-world systems, we often face with the task 

of solving non-linear simultaneous equations. Some of these 

can be done using readily available methods such as 

substitution and elimination. However, this solution process, 

though simple, may be tedious especially if we have to 

repeat the computation with many different sets of constants 

and if the constants involved have many decimal places. 

Hence, reducing the procedure of solving non-linear 

simultaneous equations to merely performing 

straightforward arithmetic and could be done by persons 

with minimal mathematical capability is highly desirable. 

Moreover, instantly obtaining the correct answers and do a 

verification using pre-programed spreadsheet is time-saving 

and error free. 

 

 

2. Derivation of Results 
 

First of all, let’s define the following quantities where 

                are the six constants in the two 

independent simultaneous non-linear equations in two 

variables. These definitions will be used throughout this 

paper. 

   
  
  

        ;                  

   
  
  

        ;                  

    
  
  

       ;                  

 

The various different types of non-linear simultaneous 

equations in two variables are classified into five general 

forms. This paper demonstrates the derivation of solution for 

one type per general form because the derivation for other 

types are similar. 

 

2.1  Forms Involving    
 

 
 ,       

 

   ,           

 

Now, let’s start with the system below, where p is a positive 

integer. 

             (2.1.1) 

            (2.1.2) 

This system can be written in matrix form as follows: 

 
     

      
 
    

 
 

    (2.1.3) 

     
     

                             

          (2.1.4) 

      
    

                             

     (2.1.5) 

      
   
  

               (2.1.6) 

 

Using Cramer’s Rule, the two solutions are 

  
   

         
 

      
                (2.1.7) 

And    
    

         .  (2.1.8) 
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Rearranging equation (2.1.7), we obtained the quadratic 

equation 

             (2.1.9) 

 

which solutions are given by 

     
         

  
.    (2.1.10) 

 

These two solutions    and    are then substituted into 

equation (2.1.8) to obtain the corresponding    and   . 

 

2.2 Numerical Example 1 

 

Given the following system of non-linear simultaneous 

equations 

             

          . 

 

By comparing to equations (2.1.1) and (2.1.2), we see that 

                          and      We 

can easily obtain                       
                            We next 

substitute these values into equation (2.1.10): 

     
         

  
 

                     

     

 
          

  
 

          ;            

 

Now, substitute these two x values into equation (2.1.8) to 

obtain: 

   
                

                         
              

 
                 

                           

      

 

It could be easily verified that these two set of solutions do 

satisfy the given system. 

 

Note 1: It seems that quite a bit of calculations, though 

straightforward, are required in using the derived formula. 

However, these formula can be easily programed into Excel 

spreadsheet. All we have to do is to enter the seven 

constants from the system into the spreadsheet and the 

answer will be obtained instantly as shown in Figure 1 

below. 

 

 
Figure 1: Spreadsheet for Numerical Example 1 

 

Note 2: This same system can be solved using the 

Elimination method. However, if required, the whole 

elimination process must be repeated for different sets of 

constants. Using this spreadsheet, we could solve dozens of 

simultaneous equations of this form in just a minute or two. 

 

Note 3: The answers obtained may be effortlessly verified 

by substituting them back into the given equations using the 

same pre-programed spreadsheet. 

 

2.2                         
 

We now consider the system 

             (2.2.1) 

          .     (2.2.2) 

The equivalent equation in matrix form is 

 

 

  
 

    
  

 
    

 
 

  .  (2.2.3) 

     

 

  
 

    
            (2.2.4) 

      
  
    

                    (2.2.5) 

      
 

  
 

  
  

  

  
    

     

  
  (2.2.6) 

 

Employing Cramer’s Rule, we obtained 

  
     

 
   (2.2.7) 

and   
     

   
 .  (2.2.8) 

 

Rearranging equation (2.27) yields 

           .  (2.2.9) 

 

If we let              then we obtain the quadratic 

equation 

            (2.2.10) 

 

which has the solutions 

     
         

  
 .  (2.2.11) 

 

Since     , we have 

      
         

  
 

 

   (2.2.12) 
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2.2.1 Numerical Example 2 

Let’s say the system at hand is given by 

               

            .  

 

The constants are                       
        and the parameters are calculated to be   
                                   The 

values for x and y are: 

      
                          

       
 

 

  
           

    
 

 

 

         

         

   
                  

            
          

   
                  

            
       

 

Figure 2 shows the same results from the spreadsheet. 

However, from the verification box which was programed to 

substitute the x and yvalues back into the given equations, 

we see that only         satisfy both the equations. In this 

case, the answer         must be discarded and this is not 

unusual in algebra. 

 

 
Figure 2: Spreadsheet for Numerical Example 2 

 

2.3 Forms involving           ,       
 

   ,     

        

 

Next, let’s consider the system of the following form. 

                       (2.3.1) 

                      (2.3.2) 

 
 

   

 
         

 
   

 
         

  
 
    

 
 

    (2.3.3) 

     
 

   

 
         

 
   

 
         

  

  
         

 
     

         

 
   

         

 
    

(2.3.4) 

      
          

          
                        

            (2.3.5) 

      
 

   

 
 

 
   

 
 

    
   

 
   

   

 
  

   

 
  (2.3.6) 

  
          

          
 

  

           (2.3.7) 

    
 

 
         (2.3.8) 

  
 

 
   

 

 
        

 

 
    .      (2.3.9) 

  
    

 
 

 

          
       (2.3.10) 

  
 

         
                  (2.3.11) 

 

2.3.1 Numerical Example 3 

                  

                  

                              
            

                    
 

Using the derived formula (2.3.9) and (2.3.11), we obtain 

  
 

 
   

  

  
         and 

  
  

                       
        . 

 

These two solutions are the same as those obtained using the 

spreadsheet shown in Figure 3 with a little round-off error. 

The verification of the answers is done automatically by the 

spreadsheet. 

 

 
Figure 3: Spreadsheet for Numerical Example 3 

Paper ID: SR211023090732 DOI: 10.21275/SR211023090732 278 



International Journal of Science and Research (IJSR) 
ISSN: 2319-7064 

SJIF (2020): 7.803 

Volume 10 Issue 11, November 2021 

www.ijsr.net 
Licensed Under Creative Commons Attribution CC BY 

2.4                                         

 

Now, Let’s derive the formula for forms involving 

trigonometric functions. Consider the following system: 

                          (2.4.1) 

                (2.4.2) 

 
 

     

 
   

 
     

 
   

  
 
    

 
 

    (2.4.3) 

     
 

     

 
   

 
     

 
   

                           

           (2.4.4) 

 

      
    

                    (2.4.5)  

 

      
 

     

 
 

 
     

 
 

    
     

 
   

     

 
 

      

 
 (2.4.6) 

 

  
   

          
 

  

      
       (2.4.7) 

 

      
 

 
             (2.4.8) 

 

  
 

 
      

 

 
            (2.4.9) 

Depends on the value of x in radian, the angle   could be in 

Q1, Q2, Q3 or Q4. Keeping in mind that these formulae are 

intended for those who do not know or do not want to solve 

the simultaneous non-linear equations in the conventional 

ways, the solutionfor x is generalize as 

     
 

 
      

 

 
                  

 

 
      (2.4.10) 

which will yield four different values for x. We could choose 

the correct one, two or all four, by substituting them back 

into the given equations which could be done effortlessly 

with the aid of spreadsheet. 

 

The value for y is given by   

  
      

           
 

 

   .  (2.4.11) 

 

2.4.1 Numerical Example 4 

                   
                 

                             
                      
 

Using the derived formula (2.4.10), the x values are 

calculated to be: 

   
 

 
      

  

  
         ; 

    
 

 
      

  

  
         

     
 

 
      

  

  
        ; 

     
 

 
      

  

  
        

 

The corresponding values for yfrom (2.4.11) are: 

    
  

           
        ; 

    
  

            
       

    
  

           
       ; 

    
  

           
      

 

One can’t just accept these four sets of solutions but should 

select the correct ones by putting them back into the given 

equations. It is found that only the two pairs 

                   satisfy the system. Hence, we have to 

reject                  . 

 

 
Figure 4: Spreadsheet for Numerical Example 4 

 

2.5 Forms involving reciprocal of Trigonometric 

Function 
 

Reciprocal of trigonometric functions refers to cosecant, 

secant and cotangent. The derivation of the solutions for 

these functions are very similar to the trigonometric 

functions and hence are omitted.  

Table of Non-linear Simultaneous Equations 

 

These results are tabulated in five general formsfor easy 

reference.Each derived formula was tested with several 

numerical examples using Excel spreadsheet. 
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Forms involving   
 

 
 ,       

 

   ,           
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Forms involving   
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Forms involving          ,       
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Forms involving Trigonometric Functions ,                    
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3. Conclusion 
 

The proposed Table of Non-linear Simultaneous 

Equationscompletely eliminates the procedure to solve 

various forms of such equations. The derived and tabulated 

solutions could be read-off from the table, similar to the 

Table of Integrals, and then perform somesimple 

calculations to obtain the numerical answers. This is 

especially useful for those who are not able or not willing to 

solve the non-linear simultaneous equations. Moreover, the 

elementary arithmetic could be programed into a spreadsheet 

so, once the constants from the equations are entered, the 

answers are obtained instantly. In addition, verification of 

the numerical answers could be done effortlessly using the 

same spreadsheet. 
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