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Abstract: In this paper, we have established certain transformations of basic hypergeometric series with more than one base. Some of
these lead to the relationship between product of two g-series. These results, in turn, lead to very interesting transformations of bi-basic
and poly-basic g-series. A few of the results which are representative of the many results obtained are presented in this article.
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1. Introduction

A systematic theory of bi-basic hypergeometric series was
established by Agarwal and Verma [2,3], yet not much break
through could be achieved though a good number of results
involving more than one base do exist in the literature.It has
been a challenging job to develop a systematic theory of
transformations of basic hypergeometric series with several
bases. In a series of communications, Denis et al.[4,5],
Denis and Singh [6], Singh [9] making use of several series
identities and sums of partial series, succeeded in
establishing a number of transformations of poly-basic
series.

Recently Gasper [7], made use of the following identity:

n n—k n n—k
Jj=0 k=0 j=0

k=0

and using a known indeBnite summation established a
transformation of a jogewith four independent bases. In this

paper, we make use of the series identity:
n n

n-k n-k
Z ak+mZAj = Z Ak+mz a]' (2)
j=0 j=0

k=—m k=-m
2. Notation and definitions

A basic hypergeometric series is one where each of the
parameters is a basic number, with the base being, say, |qli
1.A generalization of this series is to have some parameters
not all having the same base. By bi-basic hypergeometric
series is meant a basic hypergeometric series in which some
of the numerator and denominator parameters have the base
g and the other numerator/denominator parameters have a
diEerent base, say, |gqlli 1. A generalized bi-basic
hypergeometric function in one variable is defined as

(@): (b); 4, x; z] _ i [(@); 1l (B); @u]uz"q "W 1)/2g] "/
= [4; q1.[(c); g1 [(@); 411 '

(©): (d); ¢’ q!
Where (a) represents the sequence of A-parameters:
ala2---aA, and
[(@); q]n = [a1, az) - oo a4, qln = las; q] .. .. [a4; q], with
[a;q], = (1 —a)(1 —aq)(1 —aq?) ... .. 1

~(3)

The series (3) converges for (|ql,19:1]) < 1,]z] < oo when
i, j >0 and (lql, lq1l,1z]) < 1, when i=j=0. We also define a
poly-basic hypergeometric series of one variable as

n-1 . —
—aq )l [al CI]O =1
[al, Ay, wenoee a,: Cl,ll .y Cl,T1; ey Cm,l: ey Cm‘rm; q, qll ey qm, VA
bll bz, ...... bS: dl,l’ ey d1,51; T dm,l: ey dm,sm
[Cj,I' ...... Cj.Tm; q]]n

n=0
A sum of terms u,, where the index r is in the interval [—oo;
o] is called a bilateral series, convergent under appropriate
conditions, and the series may terminate on either or both
sides. Most of the other notations are standard as in [8].

3. Main Transformations

We show how we can establish our main transformations of
bilateral basic hypergeometric series through a few selected

oo m
Z [ai, ay, ... ... ar,; qlnz"
- [q,bq, by, .. ... bs,; qln i [dj 1) e oo dj,Sj;qj]n

L(4)

examples. First we choose to exhibit a simple example: Let
us take

v = L@ yiaikar
7 lay, ayay; a1k

[, B; q1kq"
da, = =20k 5
and A = 10 aBa al )

In (2) and use the known [1, App.I1 (8)] partial sum result:
Y449 [aq,¥4; qln

20 =, .. (6

! ayq ]N [a,ayq; qln ©
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To get
oy [aq{”,yq{"; q " q "/ aB;q1,q; ql] Use these in (1) and make use of the following partial sum

‘L ogt™ ayqgt™ g /a,q7"/B, [1. App- 1T (25)]:
_ [@B:alml91 a¥91; 021m[391, Y915 @alula, 2B alng™ 6o, | @ qva,—qVa,b,c,d; q;q

[0, 2Bq; q1m[a. V3 @1]m[41, Y qs; Ga]nlq, BG; g1]ngt" Va,—Va,aq/b,aq/c,aq / dl,

gy, (207 BA™ 0" 4@y 4,40 4 7 laq, bq,cq,dq; q]y
X 4¥, I+m l+m. - n e (7) = ,
qg ™ aBq g/, qi ")y, [q.aq/b,aq/c,aq / d;q]y

Where the W function represents the bi-basic bilateral series. N C)!

To illustrate the power of this method, we give an advanced  And the partial sum [9, App. Il (35)]:

example: let " (1 = an®a®) (1 = boka—")[a. b- be: k
(1~ ap“g)(1 = bp g ™a biplele afbesqlegt Y G LA e Biplle, o/ alua
a = (1 —a)(1 —b)[g,aq/b;qlxlap/c, bep; plk
(1—a)(1 = b)[q,aq/b;qlklap/c, bep; plk k=
_ [ap, bp; plnlcq, aq/bc; qln (10)
And [9.aq9/b;ql.lap/c,bep;pl, " T
_ ldqVd,—qVd,ef, g q1laf
k — ) (d
[a1,Vd,—Vd,dqy/e,dq,/f,da:/ g ; ailk
=efg) .........(8)
We get
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Loy, |aP™ @™ bp™ /g™ ap™ /e bep™ g, aq™ ! /b;
1 g eqin/d, fqi"/d, 9ai"/d;pa,p/4,0, 9,41 4
iqr/d,qi" /e q/f.a" ) g
_ (& pqlm(b;p/qlmlq, ca/b; almlap/c, bep; plm
lapq; pqlm[bp/a;p / almla, b;plmlc, a/bc; qly’
[a1,dq:/e,dq,/f,da1/g; @ilald a:Vd, ~a:Vd, e, f.g; 1]
[dq:.€q1, f41, 991 @1 lnlar, Vd, —Vd, dq, /e, day /f ,d91/9 @1]m
» (@)m [ap, bp; plnlcq, aq/bc; qln
q/ la.aq/b;qlulap/c,bep;pln’
dqt, qi*™Vd, —q1*™Vd, eql", f a1, 9 4T;
x 109, |01 a"Vd, —q"Vd, dqi*™ /e, dait ™ /f ,dai*™ / G| (4 = efg). oo (11)
;97" bq"/a;cp™"/a,p™"/bc; 41,4, 05 1
l ;q " /c,bcq ™ /a,p " /a,p™" /Db J
We have established bilateral basic hypergeometric series 0 = (1 = ap*q") (1 — bp*q™™)[a, b; pl[c, a / be; qliq"
for the choice of the following: k (1—a)(1 - b)[q,aq / b; ql.[ap/c, bep ; plx
And
(1 - AP*Q¥)(1 - BP*Q )[4, B; P],[C, A4 / BC; Q],Q* a2
ke (1_A)(l_B)[Q,AQ/B,Q]R[AP/C,BCP,P]R
Which in (?onjunction with the partial sum [10] yields a i (1 - ap*q")[a plilc; qlec*
transformation for a 10W¥y,. Z = O[g dlelap/<; pl
The following choice: k=0 9 o P/CiPlk
(1 — ap*q")[a; pli[b; qlib ™" _ lap; plnlcq; qlnc™ Is
a, = and A, = Torallap/esv] e vee e e (15)
(1 - a)lg; qlelap / b; plk @ qInlaP/C5PIn
¢, q,VS, — Ve, d; q Results in a transformation between a 5&. and a 6&,. We
= TR . (13) have established a number of similar transformation and
(ql,\/_E,—\/E, cql_/d;ql)kd" these will be reported elsewhere and can also be obtained
Along with the partial sum result [1, App. II (23)] from the authors. The transformation we obatained suggest
40 a,qva,—qva,e;q;1/ e product theorems. To illustrate, the transformation [7] leads
: \/al _\/a’ aq/e N to: m m
[aq, eq; qln o, [4415 Y1541 41X, aq,pq;q;x
= v (14) ¥, 1+m 1+m @, 8
[q,aq/e;q]nve"’ " ayq; apq N
And [9, App. Il (34)] _ (@, B; qlm[9, ayq1; q1]m (i)
[a,aB; almla. y; q1]m @
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aq™ Bq**™; q; qx aq1,¥q1; q1; X lead to interesting results. The final example we present here
% 2%[ qtt™, afqttm ]ZCD[ ayqy ]’(lqlxl’lxl’qul is to illustrate these aspects.
<1). T ¢ <) | [a, B; q1]k q{f
Ay =—————— and Ay
It is to be noted that if we take all the bases equal in a PN _ — [92, @B as; 4u]i
particular transformation, then we get the corresponding = A — ap*qT)[a;pli[b; qlib e (17)
transformation for a basic hypergeometric function having (1 -a)lg; qllap/b;plk

only one base. Further, specializing the parameters can also

In (1) and make use of the partial sum results (6) and (15). We get:
" aq{",ﬁqi’l: q " bp‘"_/ @;q1,4,P; 1 / b]
1" aBqi™™;q7/bip™ /a
_ 91,9845 ulml4; alnlap/b; plnlapq; Pqlm [ Pl b; qlm « [aq1, Ba1; q1]nb™
(@, B; q1lmlap; p1n[bg; qlnla pqlma; qlmlap/b; Plm (91, @Bq1; q11n(bq1)™(q; qlnlap/b; Pl

ap**™q**™, ap™, bq™, q;", 47" /af ;pq,p,q,q1;1/ b
X 54’5[ ap™ g™ aptm /b g g, g R @ £ )]
The above transformation (18) suggest the following product theorem:
oy [24 BG4 qle] [bq:ap:q,p:x
‘L qi*™ aBgit™ —:ap /b
_ lauaB; a1lmlapg; palmla; plm[b; qlm
(@, B; q11mla; pqlmla; qlmlap/b; plm(bg )™ T ——— 5 ,
a(pq rap™:bp™;pq, v, q; x aqy, fqs1; q1; bx
x3‘P3[ a(pq)™: ap b i+ ]2c1>1[ s ] e e (19)
Taking m=0 in (19), we get: [4] R.Y. Denis, S.N. Singh, S.P. Singh, Certain
2 [a,ﬂ; q1; qlbx]zq) [bp:ap;q, p;x transformation and summation formulae for bi-basic
1 afq, 1l —ap/b hypergeometric series, Indian J.Pure Appl.Math., to
_ b:apq:a; q,pq,p; x aqy, Bq1; 415 bx appear.
_3%[ —azap / b ]Zq’l[ «fa, ]'(”’x"'x' [5] RY. Denis, S.N. Singh, SP. Singh, On certain
<1) ... (20) transformation and summation formulae for poly-basic
hypergeometric series, submitted for publication.
Furthermore, if we now set b — 1 in (20), we get: [6] R.Y. Denis, S.N. Singh, On certain poly-basic
20 [a,ﬁ;ql;qlx] hypergeometric functions and summations, submitted
' aBqy for publication.
_ gy, 915 915 x [7] G.Gasper, Basic summation, transformation and
= (1-m20, [P ]y er, Basie summation, U ,
q1 expansion formulas, g-analogue of Clausen’s formula
<1). ... 21D and non-negative basic hypergeometric series, in:
D.Stanton (Ed.), g-series and Partitions, The IMA
To conclude, in this short article we have shown than volumes in Mathematics and its applications, Vol.18,
starting from a modified Gasper [7] identity, it is possible to Springer, New York, 1989.
establish  transformation of a poly-basic bilateral [8] G.Gasper, M.Rahman, Basic Hypergeometric Series,
hypergeometric series in terms of a similar series, not Cambridge University Press, Cambridge, 1991. [9]
necessarily having the same number of bases. Only a few S.P.Singh, On certain poly-basic hypergeometric series
examples have been shown here to illustrate our and summations, Aligarh Math.Bull., to appear.

methodology.
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