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Abstract: Many people living with HIV-1/AIDS (PLWH) today can live longer due to potent
highly active antiretroviral therapy (HAART). However, another concern has arisen as the HIV virus
mutates into drug resistant variants. It is therefore imperative that research be directed to finding
out the conditions under which the sensitive variant survives in the presence of mutations. In this
study an in-host deterministic model is developed to find out the different states that can exist and
the conditions in which the different equilibria can be globally asymptotically stable (GAS). The
current model steady states have been established and we have proved their global stability via the
construction of suitable Lyapunov functions and invocation of the LaSalle’s invariance principle. It

is further observed that if R,. > 1, then 2* > 2" 2{¥ < 2{" 2% < 2V and 2{* < 2{".
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1. Introduction

Over the past decade, the world has recorded an impressive progress with regards to the unprecedented
increase in the number of people accessing antiretroviral therapy (ART'), which in a way has improved
the lives of tens of millions of people living with HIV/AIDS (PLWH). As at December, 2019,
approximately 25.4 million people out of the 38 million people living with HIV were receiving ART
globally [10]. However, this heightened use of HIV medicines has been observed with the emergence of
HIV drug resistance,the levels of which have steadily continued to increase [10]. HIV drug resistance
is as a result of changes in the HIV genetic make up that affects the current HIV-1 drugs to block
the replication of the virus.

All current antiretroviral drugs, with no exception of the newer ones, are at risk of becoming inactive
because of the emergence of drug-resitance virus strains. If left unattended, HIV drug resistance has
a potential of jeopardizing the efficacy of ARTSs, which will ultimately lead to increased numbers of
HIV infections and HIV associated morbidity and mortality. The magnitude of this problem is worse
especially in Sub Saharan Africa where many patients are unable to remain committed to taking
their drugs at the prescribed times. This may be to difficulties faced in accessing health facilities,
excessive alcohol consumption etc. In other words, non adherence to the drug treatment protocols.
A good number of mathematical modellers, working on in-host HIV-1 modeling, have endeavoured
to address the problem of drug resistance as witnessed in many patients on HAART. For a good
review the reader is directed to see [4, 11, 12, 15, 14, 13]. The model developed in [14] incorporates
all the necessary populations to decipher the implication of drug resistance with regards to HIV
infection. However, one important aspect was overlooked, the immunity reaction to the infection.
When a pathogen is introduced into the body, firstly, an innate immune response is elicited. This
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arm of immunity is non-specific and within a short time the pathogen is eliminated from the body.
However, for HIV infection, this innate immunity is inadequate to clear the infection. So, a more
robust form of immunity, the adaptive, is activated through the help of the innate immunity. This
form of immunity is pathogen specific. As the host does not have so many of the cells specific to a
particular pathogen, in this case, HIV-1, the few CD8* T cells that are available are made to undergo
proliferation so that the right number of cytotoxic T cells is achieved to fight off the infection. It is
therefore, necessary that the class of immune cells be included in a model that describes the viral
infections. The model equilibria were obtained. However, the conditions under which these steady
states are globally asymptotically stable are missing.

In this article, we develop a mathematical model that incorporates two strains of HIV-1 virus, the
wild type (drug sensitive) and mutated or drug resistant strain. We assume that the susceptible CD4
+ T cells can be infected by both types of virus with infectivity rates 8. and 3, for mutated virus
and wild type virus, respectively.

The current work mimics the model that was developed in [14]. Unlike the model developed in [14],
we incorporate a class of activated CD8* T cells which lyse the infected cells. The production of
these cells is dependent on the antigenic stimulation from both actively infected T cells.

Our main objective is to determine the different equilibria for the model, decipher the conditions of
existence and the employ the Lyapunov function techniques, with the aid of the invariance principle,
to prove the global stability of all the steady states. Our article is organised as follows: In section
one, we formulate the model that incorporates eight populations- the uninfected CD4+ T cellsz,,
latently infected CD4* T cells as a result of the wild-type HIV-1 virus infecting the target CD4+ T
cells,zo, latently infected CD4+ T cells as a result of the mutated HIV-1 virus infecting the target
CD4+ T cell,zs, actively infected CD4+ T cells, (z4,75), due to activation of latently infected CD4+
T cells, CD8* T cells, 6, wild-type HIV-1 virions, z7 and mutated HIV-1 vrions, xs. In section two,
we prove the positivity and boundedness of solutions. This is important to ensure that none of the
model solutions goes negative or grows unboundedly as we are modeling the populations of cells and
virions. We have also found the five model equilibria and the basic reproduction number. In section
three, we prove the global stability of all the model equilibria by constructing suitable Lyapunov
functions. Lastly, we conduct some numerical simulations.

1.1. Model description

1 = I — Bswrxr — Brx1ws — 121, (1)

Eqn. (1) represents the dynamics of target CD4 T cells, z;. The first term is the constant source
from the bone marrow and the thymus. The second term is the infection of these cells by a wide
type (drug sensitive) strain of HIV-1, at a constant rate, 8, and the the third term is the infection
of CD4 T cells by a mutated variant of HIV-1 at a constant rate, 8,.. The fourth term is death of
these cells at a constant rate, j;.

Lo = (1 — p)55x1x7 — QT2 — U2X2, (2)

Eqn. (2) represents the dynamics of latently infected CD4 T cells infected by a sensitive strain of
which a fraction, p, of the total infections mutate due to errors the reverse transcriptase commits as
viral RNA gets transcribed into DNA. The first term represents the infections that remain faithful
to the sensitive strain. The second term depicts the progression to productive infection of these cells
at a constant rate, ay. The last term is the natural death of these cells at a constant rate, p..

T3 = pBsT127 + Brr178 — Q33 — L3 T3, (3)
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Eqn. (3) represents the latently infected CD4 T cells that arise as a result of mutated virus infecting
the susceptible cells at a constant rate, 8., and the those infection arising from mutation. The third
term is progression of there cells to productive infection at a constant rate, as, and the last term is
the death of there cells at a constant rate, us. In this paper, we shall assume that js = us3 and as = as.

Ty = oz — V6TaTe — |44, (4)

Eqn. (4) represents a class of productively infected CD4 cells. The first term is gain from Eqn. (2).
The second term depicts the lysing of these cells by the cytotoxic T lymphocytes. The last term is
the death of these cells at a constant rate, py.

Ty = 3Tz — V6T5T6 — P55, (5)

Eqn. (5) represents a class of productively infected CD4 cells. The first term is gain from Eqn. (3).
The second term depicts the lysing of these cells by the cytotoxic T lymphocytes. The last term is
the death of these cells at a constant rate, us.

ig = re(wa+ x5)T6 — p6To, (6)

Eqn. (5) represents the dynamics with of the cross- reactive immune response at any time t. The
parameter r¢ is the proliferation rate of the cytotoxic T lymphocytes (CTLs) as a response to the
antigenic stimulation and the last term depicts the death rate of these cells at a constant rate, pug.

Tr = Nrpaxy — praey, (7)

Eqn. (7) represents the dynamics of a wild type virus, x;. The first term depicts the production
of these cells from the bursting productively infected CD4 T cells infected by a sensitive variant of
HIV-1. The last term is the clearance of these viruses at a constant rate, yus;.

g = NsjisT5 — pUsTs. (8)

Eqn. (7) represents the dynamics of a mutated type virus, zs. The first term depicts the production
of these cells from the bursting productively infected CD4 T cells infected by a mutated variant of
HIV-1. The last term is the clearance of these viruses at a constant rate, us.
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Figure 1: Schematic diagram for the model with mutation.

2. Model Analysis

2.1. Positivity and boundedness of Solutions

We assume that the initial values of the variables of the model (1) — (8) are nonnegative. Then,

we show that the solutions, z;(¢), t > 0, are also nonnegative.

Theorem 1. Let

Q = {(21(t),22(t), ..., xs(t)) € RY : 2;(0) = o, >0, i = 1,2,...,8}, then the solutions x;(t) are nonnegative

and there exists M > 0 such that |x;| < M for all j =1,2,...,8 and t > 0.

Proof. We first consider the uninfected C D4 T cell equation

1 = I — Bsmixr — BsT178 — 121

Y

- (/35357 + Bras + Ml)ﬂﬂl,
Note that for ¢ = 7,8,
Ty > — iy = x(t) > a:i(O)exp( — uit) > 0.
We therefore obtain from Eqn. (10), after integration from 0 to ¢,
21() = 21(0)eap(— (1 + Boar(n) + Bres(m)t) = 0.

Analogously, we can show that z;(t),7 = 2,3, ..., 6 are nonnegative.

To establish boundedness, it suffices to show that there exists M > 0 such that for allt > 0and j = 1,2, ...
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Variable Initial Value Reference
z1(0) 10° cell ml~* 3]
x9(0) 0 cell ml~*

x3(0) 0 cell mlI~!

z4(0) 0 cell ml~*

z5(0) 0 cell ml~*

76(0) 5 % 10° cell ml~! 1]
x7(0) 1079 cell ml™* 2]
xg(0) 0 cell mlI!

Parameter Value Reference
s 0.01 [9]
s 0.01 [9]
B 2.4 x 1078 ml virion™! day~! 1]
Br 2.0 x 1078 ml virion™! day~* [4]
I 10* cell ml~t day~! 1]
i 0.01 day—* 1]
iz, 13 4x107° day™! [9]
o [0.1,0.9] day~! [4]
s [0.1,0.9] day~! [4]
e 0.03[0.01,1] day ™" 1, 6, 8]
s s 23 day™! [9]
Ny 3000 virions cell ™! [9]
Ng 2000 virions cell™! 9]
p 3 x 1075 ml cell™! day~! [9]
Y6 2 x 1077 ml cell™! day* [1]
T 0.0003[0,0.001] ml cell* day~* [7, 8]

Table 1: Parameters values of the model.

To this end, we define a function

5
Y6
_ L6 1
yr(t) =3 @i+ 26 (13)
=1
Then,

gr(t) <IIy — pyr(t), where ff = min;—12 ¢ ps = yr(t) < maz{yT(O), %} = M, for all t > 0,

{EG(t) < li = MQ, (14)

- e

Il(t) < maxi:778{xi(0), W} = Mi_4, = 7, 8.

Choosing M = maxk:172)374{Mk} = z,(t) < M for all t > 0. O

2.2. Basic Reproduction number, Rq, and the Equilibria.

The system of equations (1)—(8) is equipped with four equilibria. We begin by stating the infection
free equilibrium, denoted by E,, which represents a state of no pathogen present. That is the heathy
state of the host.

In this section, we employ the next generation matrix technique in determining the parameter that
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Variable

Definitions

£y
X2
z3
Ty
Ts
Zg
X7
Tg

Density of uninfected CD4™ T cells

Density of CD4™ T cells latently infected by wild-type virus
Density of CD4% T cells latently infected by mutated virus
Density of CD4" T cells actively infected by wild-type virus
Density of CD41 T cells actively infected by mutated virus
Density of HIV-1 specific activated CD8" T cells
Concentration of wild-type HIV-1

Concentration of mutated HIV-1

Parameter

Definitions

Qo
a
Bs
ﬁr
I
M1
M2, 13
Ha
Hs

Activation rate for latently infected wild-type T cells
Activation rate for latently infected mutated T cells
Infection rate of T cells by wild-type HIV-1

Infection rate of T cells by mutated HIV-1

Source of immunocompetent CD4" T cells from the thymus
Death rate of CD4™ T cells

Death rate of latently infected T cells

Death rate of actively infected T cells with wild-type virus
Death rate of actively infected T cells with wild-type virus
Death rate of HIV-1 specific activated CD8" T cells
Clearance rate of free virus

Burst size of wild-type virus

Burst size of wild-type virus

Mutation rate from wild-type to mutated variant

Killing rate of infected cells by CTL

Generation rate of CTL

Table 2: State variables and parameters of the model with definitions.

governs the spread of the infection with a host. Here, we have

1I
EO = (71’0707070703070)7
H1

(15)

Let F represent the matrix of appearance of new infection and V, the matrix of transfer of infections

from one compartment to another. These matrix are each evaluated at E, and thus, we have

o O O O o o

o O O O o o

0 0 % 0 L 0O 0 0 0
0 0 Pﬁ—“ 5;}} 0 = 0 0 0
1
00 0 0 7 . 20 b (1) 0
00 0 0 0 2 0 L 0
00 0 0 Moo g Mg L
H7P1 N Hr N K7
83 Vg
00 0 0 L

O = +1 + o1, =12
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NoTL LB, (1-p)

NeTliazf, (1-p) 1, 5. (1-p)

H1H7P1 0 Hipr 0 H1p7 0
NI a2 Bsp Ngll; a3 B, N7ILi Bsp NsIl B i Bsp 11, 8r
H1H7P1 H1H8P2 Hipr H1p8 H1p7 H1ps
V-l — 0 0 0 0 0 0 (18)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
From Eqn. (18), we see that the basic reproduction number, Ry, is given by
Ro = maX{RS, ’R,«}, . (19)
where
N7l a8 (1 — NgIT -
R, = Nl 28 ( P)’ R, = N 1030 . (20)
H1p7$1 H1p8p2

To determine all the equilibria of the model, (1) — (8), we set each right side of the equations, (1) —(8),
to zero and solve the resulting nonlinear system simultaneously from which we get:

2.2.1. The infection equilibrium point with only the drug resistant strain and no CTL immune
response present, K
The steady state, E;, describes a state where only the drug resistant strain of HIV-1 is present
and a dysfunctional cellular immune response.
Let xEl) denote the it" coordinate of E; for i =1,2,...,8 where

(1) _ _my 1) _ 1) _ 1m 1
1 T Ry Lo =0, T3 o2 1_R1 )

(21)
xil) =0, xél) = —zgg; (1 — 7%), xél) =0, mgl) =0, xél) = ﬂ(’R,,. — 1).

Br

2.2.2. The Infection equilibrium point with both strains of virus but no CTL immune response, Ey

The steady state, E,, describes a state where both strains of HIV-1 virus exist but no cellular-mediated
immune response.
Let xl@) denote the it" coordinate of E, for i =1,2,...,8 where

O T (1-p) gl O 1 (pBeal? +8,28) |

p1+PBsxy +Brag w(u1+ﬁsz§2)+[5rm§2)) 3 @2(#1+5sx(72)+5r1§;2))
Q2H1(1*P)5sl’(72) (2)  asll (Pﬁsx(f)v%‘}rwé?)) 2) _ 0
PR PR ) B P o) M B

i =t (R 1) (1- B ), o) =R, (1- 1),

2.2.3. The infection equilibrium point with only drug resistant strain and CTL immune response
present, Es
The steady state, E3, describes a state where only the mutated variant of HIV-1 virus exist and
the CTL immune response is available.
Let x£3) denote the i*" coordinate of E5 for i =1,2,...,8 where

xff) _ (22)

B _ _ Im (3) _ B) _ _ My (3) _
T = — 0, xy =0, zy' =—F"""2—, 1z, =0,
! pa+Bra? 2 3 ®2 (m +67»x§3>) 4
(3) a3l Bral (3) _ ps ( )
ry = , T = Ry —1 23
g ©2 (u5+’vex((53’) (ul +B»~xz(ss)) 6 RN ’ (23)

3 3
x( ) _ 0 x( ) _ Nsuspe R
7 ’ 8 reps
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The quantity 7(3) measures the level at which the CTL immune response is activated.

2.2.4. The positive equilibrium, Ey4
The steady state, E,, describes a state where all the coordinates of E; are strictly positive.
Let a:f) denote the i** coordinate of E, for i =1,2,...,8 where

O i @ (1-p)B.ma

= — 1 T =
/‘1+/3<377 Y48, 9”(4) ’ 2 P1 (H1+,Bsm'(74)+ﬁrl‘é4)) ’
Mz (1*P)ﬁs$(74)

(4) 11, (pBaal® +8,2() (4)
T3 = ) @y Ta = (4 @)
‘P?(HI+BS‘L7 +Brxg ) P11aRse (u1+6 Ty +Brwg )

sl (pBecl® 48,0V
xé4) _ 3 (pﬁ& +Br )) @y xé4) (Rsc . 1) >0, (24)
w2 (#5+#4 (Rscfl)) (#1 +/59 +Brx ) e
R.
where Rsc = 1+ﬁsx(74).+ﬁrmé4)
H1
(4)  —C1—4/C}—4CoCs (4) _ —Bi++4/B3?—4ByB;
Ly = 2C, y gl = T ap, >0
where 2$" and z{" are, respectively, positive zeros of the functions, G;(x7) and Gy(zs) defined in the
appendix.

Mathematical analysis of some of the above model equilibria reveals some interesting results that
may be obscured in the numerical simulations

Observation 1. (a) IfR; =R, =1, then the equilibrium point, s, reduces to Ey.

(b)) If Rs =R, # 1, then the equilibrium point,Es, reduces to Fy.

Observation 2. (a) IfR re = 1, then the equilibrium point, E3, reduces to E.

(b) IfR..>1, then a:l ) > xgl),xég) < a:g ),x?) < xél), ® < x( )

3. Global Stability.

In this subsection, we establish the global asymptotic stability of all the equilibria of system
(1) — (8) by employing the method of Lyapunov function and applying LaSalle’s invariance principle.
Consider the function G(z) =2 — 1 —Inz. Then, G(x) > 0 for > 0 and G(z) =0 if and only if z = 1.

Theorem 2. Consider the system (1) — (8). The infection free equilibrium is globally asymptotically stable if R <
(1 —p) and R, < 1.

Proof. Consider the following Lyapunov function, Ly, defined by

7
T
Vo = x(l)G(x—(})Jr;m!EHl,

Wherenl:772:17773:ﬂ7774:@7n5:769017"76: L y Mt = P2 )
Qo a3 QaTg as N7 " asNg

Differentiating Eqn.(25) along the solutions of system (1) — (8) with respect to time, ¢, yields

2

. X1

VW = wmzj (2 - ; -0 ) + Bsalw7 — neprwr + Bralas — nrusTs.
1 1
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0
_ 0fg_ %1 _ ﬂ) H7p1 ( L 1) Pats (R B 1) 2%
lel( x o) T as N, (1 ) s T7 + 3 Ng T €Zsg, . (26)

Hence, if Ry < (1 —p) and R, < 1, then Vo < 0 for all 21, 27, 25 > 0. It follows from LaSalle’s invariance principle the

E, is globally asymptotically stable (GAS). O

From straightforward algebraic manipulations, we have the following theorem.

Theorem 3. (1) The infection free equilibrium point, Ey, exists always.

(2) The infection equilibrium point with only the drug resistant strain and no CTL immune response, Ey, exists if
R, > 1.

(3) The CTL immune absent equilibrium point, Fs, exists if R > max{l,R,.}.

(4) The infection equilibrium point with drug resistant strain and CTL immune response equilibrium, Es, exists if
Rpe > 1.

(5) The positive equilibrium point, Ey, exists if Rse > 1.

r < % then Ey1 of model (1) — (8) is globally asymptotically stable.

Proof. Define a Lyapunov function V; as follows:

(1)
Vi (21, w2, 23, T4, T5, T6, 7, 78) = T G(

+
(1))+x2+m(1)G(£)+u2+azx4+ (us ag) (1)G( (1))

z(V Qs as

v(p2 + az) p2 + Qo (s + 3) (1) xg
o e()
arg * aNy - azNg 2
We have V; ($17x27$3,$4,$5,$6,x77l’g) >0forall z; >0, i=1,2,...,8 and V; (xl ,0, x(l) O,xgl),0,0,xél)) =0.
Find the derivative of V; along the trajectories of (1) — (8), we get

(€] (1)

. x X
i = ( - J/%) (H1 — Bsz177 — Brr178 — N1x1) + (1 = p) Bswra7 — aga — pipws + ( ; ) X
1 3
M2 + o
(szQHI? + Brr178 — Q33 — M3933) + (047) (042»”52 — Y6T4Tp — M41174)
2
( )
w3+ as Yo (2 + a2
+g (1 s ) (aswg — Y6X5T6 — /l5$5> + Q (7“6554356 + rersxTe — MG%)
Qs X5 Q2Te
(1)
2 + ag w3+ as T
+(7) (N7M4364 - M79€7) + g (1 - L) <N8M5365 - Msxs) (27)
ap Ny a3 Ng Ts
Applying IT; = B,x; ) (1 + ,ulxg and collecting terms in Eqn. (27) we get
’ (1) Igl) ! (1) (1) (1) (1) ( : (1)
TG R BN L RO E LB
T (1)
1 xl
(1) (1) (1)
T T3 M3 + as x
+ﬂr‘rl rg — pﬂsxlaﬁi - ﬂrx1x87 + (042 + Mz) ) gaﬂg K
€3 Qa3 Iy
W3 + as W3 + as Yo (2 + a2
+7( )76$é1)$6 + 7( )M5~T§;1) - 7( )M6336
a3 (e %} Q2Tg
)
(Mz + a2) (M3 + CY3) (M3 + ag) él (M3 + a3) (1)
— — N; — 28
P U7 N H8T8 sl 8U5T5 + s, 8Ty (28)
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Using the equilibrium conditions for E; in Eqn. (28) and simplifying yields

o= e (2o T - IY (e (4- T L TLTets | gami | s )
1 H1Zq 1 xgl) Bra T x(l) x(1) T3 x:(;) x5 l_(l) Ts
(1)
pr(pe + a2) ( Rs ) (1)
-1 — pBsx 3
PN Ao w, Y et xg) P

+76u6 (Mz + Otz) (Lﬁ

xél) — 1)3:6 <0 for all 1, z3, x5, xg, 27,28 > 0. (29)
QaTg He

Since the arithmetic mean is greater than or equal to the geometric mean and the invocation of the LaSalle’s invariance

principle, the result is established. O

Theorem 5. If R, > max{l,RT},xf) ( ) < e and % (2) < 1, then Ey of model (1) — (8) is globally asymptotically
stable.

Proof. Consider the Lyapunov function, V5, defined as follows:

) x1 2) T2 (2) T3 Mo + a2 (2) Ty
‘/2(551,I27$3,$47$5,$6,$7,$8) = G<Z€2))+$2 G(.1322))+.’173 G<J;§’2))+ o Ty G(ﬁ)

i (M3 + Oés) (2)G<

,LL +(X 2+Oé2 >
Q3

xT QT as N7 i
+(M3+043) (z)G( s )

OégNg 8 7)

We have %(xl,x27m3,x4,xs,xg,x77m8) >0forallz; >0,i=1,2,....,8 and V5 (ajg ),xé2)7 g ),xf),x?),o,mg),xg))
0.

Find the derivative of V, along the trajectories of (1) — (8), we get
: 7 e
Vo = ( - T1) (Hl — Brx177 — Brr1Ts — M1l‘1> + (1 - 17) ((1 — p)Bszrar — (o2 + M2)$2)
(2) (2)

x P2 + Qg T
+<1 - i) (0553?1337 + Brayas — (a3 + M3)$3) + (12 + 0a) (1 - L) (042372 — Y6TaTe — M4$4)
T3 (&) Iy

(2)
w3 + as T Yo (2 + Q2
+Q (1 5 ) (OLgIg — Y6T5X6 — ,U,5I’5) + g (T6£E4I6 + TeXlsTg — ,[L6£ZJ6)
Qa3 Ts Q2T6
(2) (2)
p2 + a2 z 3+ as x
+¥ (1 — L) <N7,U,4LC4 — /J7£L'7> + g (]. 8 ) (Ng,llg,ifg, — /Lgxg). (30)
N7 T7 a3 Ng x3
Applying II; = ﬂs )4 ﬁ,xl xé )4 Mﬂg ) in Eqn.(30) and collecting terms we get
y (2) mgz) ! (2) (2) (2)
%= el _T_T)+65x1 R
1 T
(2) .(2)%1 x( ( )z o (2) (2) xS
—Bswy Ty ~ Byl —— + By wr + By ws — (1 - p) Bemawr =2
1 2
@ l,(?) x(2) @ e
+(0¢2 =+ Mz) - pﬂexlilWi - 57"1719387 + (042 + ﬂz) (H2 + 042)1?2%4
(2)
H2 + o p2 + o Ty
+7( )76904(;2)5106 + 7( )N4»T4(12) - (M2 + 042)5537
Qa9 (6%) x5
Mo + a2 Mo + a2 Yo (2 + Q2
+7( )V6$é2)966 + 7( )u5x§2) - 4( )”6"’36
Qo Qs Q2Tg
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(12 + 2) (n2ta) o (m2tas)
— W7y — MaTy—— K7

QQN'? (6%) Ty + a2N7 T
(12 + 2) (12 + 2) wé” (n2+02) o)
M2 e — 2 ) e ) : 31
A H8xs v M55 + A Hsxg (31)
At Es, the system (1) — (8) satisfies
(1= Pa®a® = (an +sn)ol®s pBaa®e® + 6022 = (o + ol asefd = el anel? = psold
Nwwff) = mxg); Nsu5x§,2) = usméz).
Applying these conditions yields
~ @)y T @ @ o, T @ o
Vo = (-2 -S5)+0- (4- 2 - 5%
> Ty poC + (1= p)Bszy 7 v 2P 1
_wa e fwfé)lv)  pal? (4~ o w o o
xf) x7 :ng) T2 x?’ ) ’ 1 23 xz
el asowsw? )
N N € )
+hraPaf? (1~ oY aa? wswsal) ww(”)
" 1 gz) T3 $(2) ‘ri(’)Q) T5 {L‘(Q) T3
+
+M676 (Mz 2) (T—G(xff) i xéz)) _ 1)966
Q2T He
< (e ay” Y 4 (1 - ) Baal? (4 af?  wa af?
> iy T x§2) P)PsTy 7 1 acéz) T4
Xy (E'(rQ) I 1';2) xT7 (2) (2) £U§2) X {E:(f)
NI <>>+P55 - -
xy X7 xy” T2 1 zy” T3
s g e ﬂfswé))
O r; P @
N IO G W N L
r v 2 s o® 0 ap P g
er( ( ) 4 x(2)) 1):176 <0 for all z1, x2, 23,24, T5, Tg, T7, 28 > 0. (32)
QaTg He

Since the arithmetic mean is greater than or equal to the geometric mean and following the invocation of the LaSalle’s

invariance principle, the result is established. O
3)
Theorem 6. If R,. > 1, (3) < 1,and “E;) % > %, then E3 of model (1) — (8) is globally asymptotically stable.
Ty

Proof. Consider the Lyapunov function, V3, defined as follows:

+ «
V3($1,$279€37$4,$5;9€6,$779€8) = 3)G +£E2+:Ug3)G + M2+a2x4+ (MS 3)xé3)G L5
(3) 9 a3 {L'ég)

Y6 (Mz + 042) (3) T o + o (Mg + Oég) (3) Tg
o we(w) Cam o)
* Q2Tg v ) * a N7 v a3 Ng s xé?))

We have V3(SL‘1,.T2,$3,.CL‘4,3?5,5(56,.1'77378) >0 forall z; >0, i=1,2,...,8 and Vg,(acg ),0 ac(d) 0,3:553),95&3),0 xég)) =0.
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Find the derivative of V3 along the trajectories of (1) — (8), we get

, ®)
Vs = ( - %) (H1 — Brxizr — Braiws — /~L19€1) + (1= p)Bswrar — (az + p2)x2
®) N
+(1 - ?3) (PBSSEWC? + Brrzs — (az + ,u3)333) + (2 + a2) (a2$2 — Y6ZLale — M4!E4)

Q2

(3)

M3 + Qs T

+Q (1 - L) <Oé39€3 — V6T5T6 — M5$5) +
as s

6 (Mz + Otz) (1 _ xé3)

QaTg

(13 + as) (- zg)

a3 Ng 8

) (7‘6.234336 + reXsTe — M6$6>
T
+«
(n2 + a2)

N (N7M4I4 - H7ZE7) + ) (N8M5l’5 - HSIS)- (33)
ag N7

Applying I1; = B,23 (3 (3) + ,ule) in Eqn.(33) and collecting terms we get

23 (3)
. T T
Vs = /,lef’)( s N (—é)) + ﬂrxgg)xég) - ﬂrmgg)xé‘o’)#
X1 ) T
) x(d) 3 E)
+ﬁs$ T7 + 5r$1 8 — /)33%567i - »37«961&687 + (o2 + p2)ws” — (p2 + OZQ)CCSJ%
3 T3 5
Ho + Qo Ho + Q2 Yo (M2 + Q2
+7( )76$é3)x6 + g%x?) - 7( )Mﬁ%‘
(65 Q2 QaTe
+ « + « + «
e (,uz 2) mxég) e (M2 2) ax5xé3) i Y6 (M2 2) uﬁazé?’)
Qo Qo Q2T'e
pro)  (mren)  (mtos)
N~ 77 s Ns H8T8 Hs
(Mz + 042) (3)
~= =7 . 34
TN, M (34)

At Es5, the system (1) — (8) satisfies

ﬂr$§3)ﬂfé3) (a2 + M)Sﬂgg), a2$§3) = 76$é3)$é3) + Msfﬂég); 7"61(3)51”(3) M6$é3); N8M5$é3) = uswég)

Applying these conditions yields

23 (3) (3) (3) (3)

Ve — I(3)( s T ﬂ) 48 x(3>x<3>(4, o I S T B - T &&)
3 H1Ty T xg?’) rb1 g T xgs) T3 xé?’) x§3) x5 xég) T

_(uz;az) x<3>xg3>(1+ﬁ)(1—;—8)

(3)
: Ty T p2 + a2 Yo (2 + Q2
Bz (1 - —- ):v7 _{ - )u2x7 _ 26 Ja
Ty

436é3) <0 for all 21, 23,74, 25,25 > 0. (36)
Qo

Since the arithmetic mean is greater than or equal to the geometric mean and following the invocation of the LaSalle’s

invariance principle, the result is established. O

2 ()
Theorem 7. If Rs. > 1, (4) + (4) <1, ‘r3 <landl< - < % < 2, then E4 of model (1) — (8) is globally
asymptotically stable.
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Proof. Consider the Lyapunov function, Vy, defined as follows:

o) = () e ><> 6(2%)

LHatas 2 ( T7 ) (s +a3) (1) ( s )
G Zr) BT A) (g (28,
a2N7 a?$4) + a3 Ns Ty ajgi)

We have V4(:c1,xg,xg,x4,x5,x6,x7,m8) >0forallz; >0,2=1,2,...,8 and V4(x§4),xé4), (4 ),x514),mé4),xé4),:c(74),xé4)) =
0.
Finding the derivative of V, along the trajectories of (1) — (8), we get

(4) (4)

. x x
Vi = ( - #1) (H1 — Brx1zr — Braiws — /~L1$1) + (1 - %2) ((1 — p)Bswrar — (o2 + M2)$2)
(4) (4)
p2 + a2 T
+(1 - 7) (PBSSENC? + Bra1ws — (o3 + ,u3)333) + g (1 - L) (042$2 — Y6TaT6 — /~L4$4)
X3 (&5)] Ty
(4) (4)
w3+ asg T Yo (p2 + a2 T
+Q (1 - L) <a3x3 — Y6T5T6 — M5$5) + Q (1 - L) (7“63341‘6 + r6T5T6 — Mﬁ%‘)
Qa3 Ty QaTg Ze

ps + as) (1 :cé4)

(4)
Mo + Qo T
A a) (4 (v, — ) +
a3Ng s

aoN7 T7 ) <N8u5505 - M8I8>- (37)

Applying IT; = By, @ (4) + ﬁrlCl 4) + u1x§4) in Eqn.(37) and collecting terms we get

(4)

Vi = mai? (2 - % - %) + B2V + g2V
1

4) (4)
—Bsxﬁ‘”x&‘*)% _5Tx<4)x<4>w + B,a0a0 T g 0Dl L8
1

1 8 8 4

337 z(s )
(4),.(4) T1 3054) T7 2@ L1 $§4) 7
—(1 - p)BortVafD LT T ()l — pBaaVa s

O

4) (4)

54) z3 20

(
r1 Ty Xy (4) (4) X2 Ty~
—Ba{Mag(M LT T8 (g, + H2)T H2 + a2)x
1 8 x§4) T3 xé4) ( ) 3 ( ) §4) T4
(4)
(B2 taz) ) wws | (m2tas) (4) T3 @5~
+7a2 V6Ty T xg;) + o HaTy (n2 + )y x§4) s
(MQ +042) (4) (4) Tg (NZ +042) (4) e (,U'Q +042) (4) Te
Ay Ty — + U Ty ) — ————L 6T —
Qo 075 6 $é4) (e)] HoTs 2T¢ HoTs xé4)
6kt a2) oy ) w1 (k2 on) @) s
1% L0 6% O
4 T

volpetaz) @ (w2toas)

+ Q276 Ho%s OéQN7 e x’(74)

C(pton) w2l (etes)
(%) 44 (4) Ty OZQN7 Kt

(Mz + Oéz) (4) Ts (M2 + az) (4) T8
+7a2 H5T5 (4) TN, HsTs E

C(ppton) s a? | (etos)
s 545 £4) s 3 Ng H8Tg -

0

(38)
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At E4, the system (1) — (8) satisfies

(1= p) Bt el = (an + o) al"; pBea(Val? + B2l = (as + pa)al?s asal? = el el + paal?;
agal) = qealVal) + psal; realVal) +reallal? = perl”; Nowaal? = pealVs Ngpsal? = psall.

Applying these conditions yields

@y T 7551) (4)<7x1 1 Ty 7
Vi < iy ( T’l 7§4) + (M2 JrOéQ)IQ 4 T‘l 7(4) s $(4)
(4) (4) ) (4)
_ T2y T xL) (4)(5_&_£L
@ 24 @ 2o -|-(042+,u2)x3 o CEYL) 3
IR T xswé‘”) _lretaz) (1+ i) (120
oD w5 @ 0 g o 47 @ @
(4)
(k2 + a2) RONC g s
T a6t <4> 5(2-0)+ (- xgt))
(4), () s zy af!
—Braxy 2 ) (1 - =2 <0 for all oy, @a, 23, T4, T35, T7, T8 > 0. (39)
T8 (4) (4) @) x
Ty Zg xy o 3

Since the arithmetic mean is greater than or equal to the geometric mean and following the invocation of the LaSalle’s

invariance principle, the result is established.

4. Numerical Simulations

In this section, we make use of the parameter values listed in Table 1 to simulate the model. For
these values, the basic reproduction number, Ry = 2.2360.
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Figure 2: Dynamics of different populations in the first 1600 days.

Figure 2(a) depicts the dynamics of the uninfected CD4 T cells in the presence of HIV-1 infection.
The initial population level of these cells is 10° cells/ml. The target population level gradually declines
to the lowest level of about 4.5 x 105 cells/ml by the 965" day before increasing to the steady state
values of about 7.8 x 10° cells/ml. Figure 2(b) simulates the populations of latently infected CD4 T
cells. It is important to observe that the levels of infected cells arising from the infection by mutated
virus are much lower than the ones from the wild-type strain of virus. This is observation is also
true for the two virus strains themselves (Figures 2(e),2(f)). This is consistent with what has been

reported elsewhere in the literature.
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5. Discussion and conclusion

The current administration of HAART to HIV patients has yielded positive results. Many of
these people can now live healthy lives and contribute to the growth of their economies. However,
HAART treatment has no capacity to eradicate the HIV virus in these individuals despite reducing
the viral loads, in most cases, to below detection levels. It is therefore important that, once one
commences the HAART treatment, they remain on it for life and adhere to the treatment protocols
as advised lest one risks the drugs to become resistant to HIV.

Mathematical models have been developed to study the prevalence of mutant strains prior to
commencement of therapy and their competition with the drug sensitive virus in the presence of
drug pressure [4, 11, 12, 15, 14, 13]. Many of the models ignored the important role that cellular
mediated immunity plays in the fight of viral infections. It is also necessary to investigate the
conditions under which several models’equilibria can be globally asymptotically stable.

In observation 1(a) we have found that the infection equilibrium point with both virus strains
available, but no CTL immune response,E,, can be reduced to the infection free equilibrium point,
Ey, provided R, = R, = 1. It therefore follows that under this condition HIV can not establish itself
in the host. However,in observation 1 (b), for R, = R, # 1, F» reduces to E;. Note that under this
condition the drug sensitive virus clears from the host and only the drug resistant strain of virus
dominates. In this case there is no benefit that the patient can receive from HAART.

In observation 2 (a), when R,. = 1, the infection equilibrium point with only the mutated HIV virus
and CTL mediated immunity, E3, reduces to one E;. In other words the cellular immunity response
disappears. This could be due to the fact that the CD8* T cells become dysfunctional. In observation
2 (b), when R, > 1, we have 2! > 2{". Therefore, when only the mutated virus is present, the cellular
mediated immunity can make the uninfected CD4 T cell population to increase. This is consistent
with what is expected from a competent immune response. Further it is observed that the levels
of infected CD4 T cells and HIV virions are lower in the presence of the cellular-mediated immune
response (a;§3) < x§1>,xg3> < xél),xé?’) < asél)).
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6. Appendix

The coordinates, z{ and z{Y, for the positive equilibrium point E, are, respectively, positive
solutions to the equations

G1($7) = CQ:L'% 4+ Ciz7 4+ Co =0,
Gg(xg) = Bgl‘g + Bixg + By =0,

where the coefficients are defined as follows.

By = asasfrpspirps — qoaapapirpis — 0o fBrpsptapirpis — 3By papiafirpis + a2 B pi3 s oy fis
+ a3 Brpapis iy s — Bz iz pafiz iy + Br 2 pis s i i
= Brurps (s — pa) prp2 > 0,if ps > pig
B1 = qoaspu1fis izl — QoQu3 i1 flafi7 ity — Qiofb1 (3 fh4 [l [I8 — QU3 (L1 o flafly (g + CQua i1 (43 5 [T 18
+ Qg popis T s — Hipo s papir s + pa pepa s iz pis + NellicoBspspaps — Nsllios By papis pir
— Qo3 fsplapirpisT7 + Q03 Bs s iy phsTr — Q2 fBs 3 papir HsTr — Q3P fafafir s T7 + 2 Bs i3 fis f7 s T
+ a3 fspaps iz g7 — Bspapapapir s + Bspzpspis prpstr + Nellioaoas Bspaps — Nslliooas Brpspir
— N7llyasasBspapsp — NelliaoBspspapsp
= @1oprps (s — pa) (11 + Bswr) + NelljaoBspaps (1 — p)po — NsIlios By pirpsepr
By = —NglljasBspuspurppizr < 0, for all 7 > 0.
Cy = apasfspuapidre — o fspispi3rs + Qofspaprapiare + asBspapapare — o Bspisfis fi3re
— a3Bspapspizre + Bspropapiapizre — Bspiapiafis 36 (40)
= Bapidreprpa (pa — ps) <0, if pus > pug.
C1 = Qa3 pin prapi3re — Qrauafin i 1576 + Qo i [isfiafiaTe + Qi3fiy o flafl3Te — Quafi1 i3 [i5 /4376
— Qi ol 3T + [ ot flaiFTe — p iz pispare — NraaasBspidpispir — NrooBspis il pepir
— NyaaBspapi e — NuBspapiapii pefir + oo B papidress — oo By ps pi3res + ooy pisplapi2reTs
+ 3B fiopla 3Ty — Q2B i3 s PTG — 3l fls T6Ls + Br ot fiaf3TeTs — Brlo i3 s AT LS
— N7llyasasBspaprre — NelliaoBspspapirre + Nraoos Bspuapis e iy + Nroo Bspispiapis fie i
+ NragBspapapspiepir + N7Bspapispapispopir + NellvaoBspspaprrep — NelliosBspapapirrep
Co = N2 asasfBspipe (1 — p) + NZIaoBspspipe (1 — p) + Neaop pspiapepir (s — fra)
+ Nraspa piofiapss iz (15 — pa) + Nragaspn papepr (s — pa) + Nyaoas By papepres (s — pa)
— NellyasBypaprrerspr + Nofrpgpapispiepirts s + Nopa propspafis (s — 1)
— NzBruspipeireser + NefBrpapiopras (Qapisps — aspizpia)
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