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Abstract: Multi-step generalized differential transform method (MSGDTM) is one of the most proficient and effective method, which
provides better and improved approximate solution for a system than other numerical and analytic methods for frictional derivatives and
it’s performance and reliability is superior than other methods. In this research paper we will employ Multi-Step Generalized
Differential Transform Method (MSGDTM) to find the approximate solution of the frictional order Host-Vector Dengue disease model
and the non-negativity of the solutions of frictional order Host-Vector model will be presented.
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1. Introduction

Many authors formulated, investigated and analyzed
mathematical models in Physical sciences, finance,
economics, engineering and particular in life science
(Mathematical-Biology) using the conventional integer order
system of differential equations and established some
important results in the past several years [1-12]. On the
other hand due to the effective nature of fractional
derivatives and integrals, many epidemiological models and
other models in engineering and science have successful
being originated and analyzed [13-21].

To be more specific, Fractional calculus has been
accustomed to model physical and engineering processes,
which are found to be best described by fractional
differential equations. It is worth noting that the standard
mathematical models of integer-order derivatives, including
nonlinear models, which fails to work sufficiently in many
cases. In new era, fractional calculus has played a very
significant part in various fields such as chemistry,
mechanics, economics, electricity, control theory, image and
signal processing [22, 23, 24], and particularly in
mathematical-biology.

The most important purpose of this paper is to exploit the
multi-step generalized differential transform method to
approximate the numerical solution of the frictional order
Host-Vector model for Dengue disease.

2. Description of Model

A Host-Vector dengue disease transmission model was
developed by Esteva and Vargas in [25], they supposed that
a recover individual from the disease will not be re-infected
by the disease. They also assume that the host population H
is constant with death and birth rate ph. Where Sy, I, Ry, are
susceptible, infective, and recover individuals in the host
population and S,, I, are susceptible, Infective in the vector
population V. Their model is given as follows:

% = %Hﬂv — (pn + )1
% = Ypdp — pp By (1)
% = %Hl'ﬁt — pul,

where B,y are the transmission probability from vector to
host and host to vector. vy, represent the recovery rate in the
host population and b is the biting rate of the vector. Further-
more equation (1) can be reduced to three dimension
dynamics with the condition S, + I, + R, =H

and S, + I, = i':‘_ i
dS Gyl .
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3. Fractional Calculus

Fractional calculus is a governing, dominant and attractive
tool for mathematical modeling. It has been applied in many
areas of research such as science, economics, finance and
engineering. Fractional calculus contains several interesting
and attractive definitions of fractional derivatives [19, 21],
but here the famous Caputo derivatives is used due its
advantage on initial value problems. Some important
definitions related to frictional calculus are given below:

Definition 3.1 A function g(x) for positive x is said to be in
the space G,, (where o belongs to R) if it is expressed in the
form g(x) = x"g;(x) for some p>o where g((x) is continuous

in [0, o), and gx) be in the space
GY ifg" € Gae.meEN

Definition 3.2 The Riemann-Liouville integral operator is

defined as:
1 /T glx)
C(a) [, (z—t)l—=

(Jug)(x) =
(Jig)(x) = g(z), (5)

dt, r = u (4)

where a is the order of operator and u > 0, properties of this
operator are given in [21, 22, 26]. Here, we just required
the following:

For g € G, a, B are positive, u is non-negative, v €R, y >
—1, we get

(Ja Dyg)(x) = JFDPg(x) = g(x)
4. Multi-step Generalized Differential
Transform Method

It is known that the generalized differential transform
method (GDTM) is applied to find the approximate solutions
for nonlinear problems which gives accurate approximate
solution for small step of time but for large time it has been
proved that the approximate solution obtained by GDTM are
not accurate and applicable [29, 30, 31, 32]. Multi-step
generalized differential transform method is modified form
GDTM, which present precise and accurate approximate
solutions of the model over a longer time frame compared to
the standard GDTM see [33, 34, 35, 36, 37, 38, 39].

For more explanation we supposed the following IVP for
systems of the fractional differential equations:

Dy (t) = gu (8w, wa, .. wy)

D (t) = gu(t, wy, wo, ... wy)  (11)

D (E) = gn (8, wy, wa, ..., wy)
with the initial conditions

sty =G, 1=1,2,3,.50 [12)

(J8 I 9)(x) = (JET29)(x) = (Ji*g)(x), (6)
ar oty
.Iu (J.":I = WB% [t'l:."fr'—‘- ].}. {T:I
where Br(a,7+ ljrepresents incomplete beta function
and is defined as:
1 —t)7T
BT[rr.’;-—:I}=] E—-—l-:-;l—rff. (8)
n r i
-Ii'l LT it TLL o ”
uf an+ﬁ.+l) ©)

In the real world application Riemann-Liouville has some
disadvantages with frictional order derivatives, that’s why

here we use the Caputo frictional derivative

Definition 3.3 For a function g(x) the Caputo Fractional
derivative is defined by

: /I g* (1)
_ dt,
Iip—a)/t, (x—t)+l-p

where a is the order of Caputo frictional derivative with the

Diig(x) =

conditionp—1<a<p,pEN,x2u,g€GT1

Many authors investigated Caputo frictional derivative for
— e m
p-1l<a<p glr) € Gy and o >—1; we have

p—1

ZJ {u (10)

k=0

where D%y (), D22 ws(t), D™ wg(t), ..., D wy, ()
are the Caputo fractional derivative of order ay,0,, ..., O,
with the condition that 0 <a,j,0,, ..., a, < 1. Assume [t,,T ] be
the interval over which we desire to get the approximate
solution of the IVP (11, 12). In concrete applications of the
generalized differential transform method the Kg-order
approximate solution of the IVP (11, 12) can be expressed
by the finite series
R
w;(f) = Z Wi k)t — fn}k“'.f € [tg. T]. (13)
i=(0
where Wi(k) satisfied the recurrence relation

T((k+1)a; +1) . e .
WH!U""”—(Tt“‘t-”I-”?-----”rt}- l:l-l]

W: (0)= ¢; and G; (kW) W,,...., W,) is the differential
transform of function g; (t, w;,wa,..., w,) for i =1, 2,..., n. The
fundamental step of GDTM can be found in [31, 32, 38, 40].

Assume that the interval [t,, T] is divided into M
subintervals [t,-i,tn], m =1, 2, 3, ... , M of equal step size h
= (T — ty)/M by using the nodes t,, = t; + mh. The procedure
and main steps of the MSGDTM are given below:

Initially, we apply the generalized differential transform
method to the IVP (11, 12) over the interval [t,, t;], we get
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the approximate solution ™i.l (t).t € [to. t1] using the
initial condition w;(ty)= ¢;, for i =1, 2, ..., n. For m > 2 and at
each subinterval [t,-i,t.], wWe use the initial condition
Wim(tm-1) = Wim-1(tm-1) and apply the GDTM to the IVP (11,
12) over the interval [t,_i,t,]. With the repetition of this
process a sequence of approximate solutions w; ,(t),m =1, 2,

., M, fori=1, 2, ..., nis generated. At last, the MSGDTM
assumes the following solution

r-!r.‘!'_][f]. te [in__f,l]
-!J'.‘;'_g[!]. t e [11__12]._

(win(t), ¢ € [tar-1,tu]

MSGDTM, the new algorithm, which is obtained from
GDTM is simple for computational performance for all
values of /. The solution obtained by MSGDTM converges
for wide range of time.

5. MSGDTM Algorithm for Solution of
Frictional Order Host-Vector Dengue Fever
Model

To show the effectiveness of this method, we consider the
fractional order Host-Vector model of epidemic. As the
approximate solutions of MSGDTM are accurate and better

ok
Sk+1)= NS [[.i.]—l--]'._

Mexak
Yik+1)= l_{fx-:[[.ﬁ —|--]I._

T(eegk + 1
Zk+1) = 5 +1]

where S(k),Y (k) and Z(k) are the differential transforms of
S(#),Y (¢) and Z(f) respectively. S (0) = ¢;, ¥ (0) = ¢, and
Z(0) = c3 are the differential transform of the initial
conditions. In view of the differential inverse transform, the
differential transform series solution for the system (15) can
be obtained as

N

s(t)y = Z: S{n)e™",

n={

N
y(t) =) Y(n)to2",

n={l

N
=) Z(n)t"",

n={l

(17)

According to the MSGDTM, the series solution for the
system (15) is

than other numerical methods, that’s why we want to get a
better and accurate result of frictional order Host-Vector
model by using MSGDTM.

Now we established the fractional order dengue disease
model of the system described by (15). For which we
replace the integer order derivatives by the fractional order
derivatives, as follows

D*MS =p(l—-8)—pSZ,
D™ty = pSZ — nY,

(15)

D*Z=A1-Z)Y —4Z,
where (S, Y, Z) are the state variables y, p, 1, A, & are non-
negative constant and o, a,, 03 are parameters describing the
order of the frictional time derivatives in the Caputo sense.
The general response expression contains parameters
describing the order of the fractional derivatives that can be
varied to find and get different responses. Applying the
multi-step generalized differential transform method to
system (15), we get

k
(1 - S(k)) —pY_ SMZ(k-1)],
!=|.-.|
[;;Zs{f VZ(k — 1) — nY (k). (16)
[H{L ;'.Zz (k=1) —8Z(K)].
En I.'.IS Fﬂm te [l:l. '!1]‘
K Sl ](:, — 1y ), t € [ty,1q],
s(t)=
Z:?:._-_. Su(n)(t— Fm-l]“”’.E-E [tar—1.tA1],
(18)
(YK vi(n)te, te0,t],
E;‘:_n'.-;, (t — t, )2, t €[ty t),
uit)=9§

RE;Ln Yar(n)(t —tar—1)**", ¢ € [tar—1, tu],
(19)
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t-ﬂ !JI

Erl ﬂ
Erl—ﬂzJ

z(t)=
4

where S;(n), Yi(n) and Z(n) fori=1, 2, ...,

T(onk + 1)

Sk+1) = s mrn ¢
oy [eeak + 1)
Yik+1)= C{aa(k+1) + =
Teegk + 1)
Zk+1)= Flaa(k 1) & [}J’{ﬂ

such that

|’ _ |’1:Iﬂm

[p Z S(NZ(k—1) — ¥ (k)].

AZE

L [{] f]].
te [|’.1.|’.2].

K y )
\ En:n Z-U(”]“ - 'rf."lf—ljﬂ"“"! S ['r'a'”—l y F-"'-*r]‘

(20)

M satisfies the following recurrence relations

k

—S(k)—p>_S(N)Z(k -1,

=0

(21)

"(k—1) — 62Z(k)].

Si(0) = si(tic1) = si—1(ti—1), Yi(0) = yi(tic1) = wi1(tic1)

And

Zi(0) = zi(tim1) = zima(tiz1)
At last, we start with Sy (0) = ¢, Yo (0) = ¢, and Zy (0) =3
and using the recurrence relation given in (21), we get the
multi-step solution given in (18)-(20).

6. Non-negative Solution

Assume R*= {Z € Ry: Z> 0}, where Z = (S, ¥, Z)". To show
the non-negative solution of the model we will apply the
following lemma presented in [27].

Lemma 6.1 [27], Generalized Mean Value Theorem: Let
g(x) € Clc, d] and D(x) € CJ[c, d] for 0 < o < I, then we
have

1 ]
9(x) = g(e) + Fry P 9(&) =z — )%,

with the condition ¢ < § <x, for all x € [c, d].

Remark 3.1: Assume that g(x) € C[c, d] and D%(x)
belongs to C[c, d], for 0 < a < 1. It follows form lemma 3.1
that g(x) is non-decreasing if D%g(x) > 0, for all x € [c, d]
and g(x) non increasing if D*g(x) <0 for all x € [c, d].

Theorem 6.1: A unique solution of the fractional order
3

initial value problem (15) exists and it remains in Ry

Proof 6.1 Existence and uniqueness of the solution of model

problem (15) in (0, ©) follows by the use of theorem 3.1 and

remark 3.2 in [28]. The domain ll?1+ is positively invariant
for the model problem, because

D*S|s—p=p =0,

DY |y=g =

DﬂZLZ:n =~ =,
on each hyper-plane bounding the non negative orthant, the
1'?3

vector field points into £+ .

7. Conclusion

Multi-Step Generalized Differential Transform Method is a
simple method for computing the solution of epidemic
models and other non-linear problems, it has been proved
that this method is more reliable and effective than other
method to find the approximate solution of problems. In this
research paper, a frictional order Host-Vector dengue
disease model is formulated and MSGDTM is used to find
the approximate solution of the model. The approximate
solutions obtained by MSGDTM are valid for long time and
highly accurate.
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