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Abstract: In this paper, the problem of an unsteady magnetohydrodynamic viscous incompressible electrically conducting fluid flow
subjected to a constant pressure gradient in the presence of a uniform transverse magnetic field applied parallel to one axis with the
plates moving with a time dependent velocity is analyzed. Two cases where the plates are moving (i) in the same direction, (ii) in the
opposite direction with different directions of the transverse magnetic field while fluid suction /injection takes place through the walls of
the channels with a constant velocity for suction and injection has been investigated. The nonlinear partial differential equation
governing the flow are solved numerically using the finite difference method. The results obtained are presented in graphs. The velocity
profiles, the effect of the magnetic field direction, time and suction /injection on the flow are discussed. A change on the parameters is
observed to either increase, decrease or to have no effect on the velocity profile. The MHD flow between porous plates studied in this
work has many important applications in areas such as in controlling boundary layer flow over aircraft wings by injection or suction of
fluid out of or into the wing, designing of cooling systems with liquid metals, in petroleum and mineral industries, in underground
energy transport, accelerators, MHD generators, pumps, flow meters, purification of crude oil, geothermal reservoirs, and polymer

technology.
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1. Introduction

MHD Couette flow is studied by a number of researchers
due its varied and wide applications in the areas of
geophysics, astrophysics and fluid engineering. The MHD
flow between porous plates has many important applications
in areas such as the designing of cooling systems with liquid
metals, geothermal reservoirs, in petroleum and mineral
industries, in underground energy transport, MHD
generators, pumps, flow meters, purification of crude oil,
polymer technology and in controlling boundary layer flow
over aircraft wings by injection or suction of fluid out of or
into the wing among many other areas. MHD flows are
characterized by a basic phenomenon which is the tendency
of magnetic field to suppress vorticity that is perpendicular
to itself which is in opposite to the tendency of viscosity to
promote vorticity. Researchers have studied unsteady
channel or duct flows of a viscous and incompressible fluid
with or without magnetic field analyzing different aspects of
the problem. Katagiri [1] investigated unsteady
hydromagnetic Couette flow of a viscous, incompressible
and electrically conducting fluid under the influence of a
uniform transverse magnetic field when the fluid flow within
the channel is induced due to impulsive movement of one of
the plates of the channel. Muhuri [2] considered this fluid
flow problem within a porous channel when fluid flow
within the channel is induced due to uniformly accelerated
motion of one of the plates of the channel. Soundalgekar [3]
investigated unsteady MHD Couette flow of a viscous,
incompressible and electrically conducting fluid near an
accelerated plate of the channel under transverse magnetic
field. The effect of induced magnetic field on a flow within a

porous channel when fluid flow within the channel is
induced due to uniformly accelerated motion of one of the
plates of the channel, studied by Muhuri [2]. Mishra and
Muduli [4] discussed effect of induced magnetic field on a
flow within a porous channel when fluid flow within the
channel is induced due to uniformly accelerated motion
when one of the plates starts moving with a time dependent
velocity. In the above mentioned investigations, magnetic
field is fixed relative to the fluid. Singh and Kumar [5]
studied MHD Couette flow of a viscous, incompressible and
electrically conducting fluid in the presence of a uniform
transverse magnetic field when fluid flow within the channel
is induced due to time dependent movement of one of the
plates of the channel and magnetic field is fixed relative to
moving plate. Singh and Kumar [5] considered two
particular cases of interest in their study viz. (i) impulsive
movement of one of the plates of the channel and (ii)
uniformly accelerated movement of one of the plates of the
channel and concluded that the magnetic field tends to
accelerate fluid velocity when there is impulsive movement
of one of the plates of the channel and when there is
uniformly accelerated movement of one of the plates of the
channel. Katagiri [1] studied the problem when the flow was
induced due to impulsive motion of one of the plates while
Muhuri [2] studied the problem with accelerated motion of
one of the plates. Both had considered that the magnetic
lines of force are fixed relative to the fluid. Singh and Kumar
[5] considered the problem studied by Katagiri [1] and
Muhuri [2] in a non-porous channel with the magnetic lines
of force fixed relative to the moving plate. Rudraiah et al.,
[6] studied the natural convection of an electrically
conducting fluid in a rectangular enclosure in the presence of
a magnetic field numerically where two vertical side walls
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are held isothermally at different temperatures, while the
horizontal top wall and bottom wall are adiabatic. The
numerical results showed that the effect of the magnetic field
is to decrease the rate of convective heat transfer while the
average Nusselt number decreases with an increase of
Hartmann number. Seth et al. [7], studied the problem
considered by Singh and Kumar [5] when the fluid flow is
confined to porous boundaries with suction and injection
considering two cases of interest, viz (i) impulsive
movement of the lower plate and (ii) uniformly accelerated
movement of the lower plate. Seth et al. [7] concluded that
the suction exerted a retarding influence on the fluid velocity
whereas injection has accelerating influence on the flow
while the magnetic field, time and injection reduce shear
stress at lower plate in both the cases while suction increases
shear stress at the lower plate. Ismail et al. [8]. MHD flow
between two parallel plates through porous medium with one
in uniform motion and the other plate at rest and uniform
suction at the stationary plate. They used the Similarity
transformation method to solve the problem and concluded
that the axial velocity of the fluid decreases as density, time,
and Hartmann number increases. The Axial velocity of the
fluid increases as average entrance velocity increases
Transverse velocity of fluid increases as density, Hartmann
number and suction increases. Kimeu et al [9] considered the
steady, two dimensional laminar free convective flow of an
electrically conducting viscous incompressible fluid between
two infinite parallel porous plates with a transverse magnetic
field. They concluded that the magnetic field parameter and
the suction parameter when increased, led to the increase in
the amplitude of the magnetic field lines. Kandelousi [10]
studied the effect of spatially variable magnetic field on
Ferro fluid flow and heat transfer considering constant heat
flux boundary condition. Their results show that the Nusselt
number increases with an increase in magnetic number,
Rayleigh number and nanoparticle volume fraction, while it
decreases with an increase in the Hartmann number. Heat
transfer enhancement increases with an increase in the
Hartmann number but it decreases with an increase in
Rayleigh number and Magnetic number. Joseph et al. [11]
studied Unsteady MHD couette flow between two infinite
parallel porous plates in an inclined magnetic field with heat
transfer with the lower plate considered porous. They
concluded it shows that magnetic field has significant effect
to the flow of an unsteady MHD couette flow between two
infinite parallel porous plates in an inclined magnetic field
with heat transfer. Kiema et al. [12] considered laminar
viscous incompressible fluid between two infinite parallel
plates when the upper plate is moving with constant velocity
and the lower plate is held stationary under the influence of
inclined magnetic field and concluded that the increase in
magnetic field strength and magnetic inclination results into
decreases in the velocity profiles. Rajesh et al., [13] studied
the problem of transient free convection flow and heat
transfer of nano fluid past an impulsively started semi-
infinite vertical plate in the presence of magnetic field. One
of their finding was that as the magnetic parameter
increased, the skin friction coefficient and the Nusselt
number at the surface decreased for all nanofluids aluminium
oxide, copper, titanium oxide and silver. Onyango et al. [14]
considered magneto hydrodynamic flow between two
parallel porous plates with injection and suction in the

presence of a uniform transverse magnetic field with the
magnetic field lines fixed relative to the moving plate with a
constant pressure gradient and concluded that the magnetic
field, pressure gradient, time and injection have an
accelerating influence on the fluid flow with a constant
pressure gradient in the direction of the flow on both cases
of suction and injection while viscosity and suction exert a
retarding influence. Extensive researches have been done on
the flow between parallel plates. Rathod et al., [15]
investigated the effect of a magnetic field on peristaltic
transport of blood in a non-uniform two-dimensional
channels under zero Reynolds number with long wavelength
approximation. They concluded that pressure decreases with
increase in magnetic field, time-average of flow over one
period of wave& couple stress parameter and increases with
increasing in amplitude. Pressure with averaged flow rate
increases with increase in magnetic field, amplitude &
couple stress parameter while the variations of friction force
with time and averaged flow rate shows opposite behavior to
that of pressure. This study is with consideration when both
plates are in motion with the same velocity in the same
direction and in opposite directions with different directions
for the transverse magnetic field lines fixed relative to the
moving plates with suction and injection on the plates.

2. Mathematical Formulation

This study considers the flow of unsteady viscous
incompressible electrically conducting fluid between two
parallel porous plates ¥ =0 and Y = h of infinite length in

X and Z directions with a constant pressure gradient in the
presence of a uniform transverse magnetic field HO applied

parallel to the Y axis in the positive direction of Y .
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Figure 1: Physical model of the problem

Initially (when timet < 0), the fluid and the porous plates
of the channel are assumed to be at rest. When timet >0,
the lower plate (Y =0) and the upper plate (Y = h) starts
moving with time dependent velocity Uotn (where U, is a

constant and N a positive integer) in the X direction with
the fluid suction/injection takes place through the walls of

the channel with uniform velocity V, where V, >0 for

suction and V, < 0 for injection.
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The velocity and the magnetic fields
q=(u,V,,0) and H =(0,H,,0) respectively.

are given as

The magnetic forces = op,”H, xVelocity

From the Navier Stokes equation

paat—u+puVu =—-VP+ 4Vu+F (1)

p‘Z—l:+puVu — VP4 uVUu+IxB ()

The flow is incompressible (the density o, is considered a

constant) and is considered in one dimension along the x-
axis hence the Navier stokes equation along the x-axis is
given as

ou ou ou| oP (ou du
p—tplU—+V—|=——+u —+— [+IxB (3)
ot ox oy ox X oy’

oP

oP
For a Couette flow ——— = 0 but for the analysis ———=a
OX OX

constant ﬁ* The two plates are infinite in length hence

au
8 =0 .The fluid is injected on the lower plate with a
X

constant velocity V0 and is also sucked from the upper plate

at the same constant VelocityV0 .The general equation

governing the flow reduces to

a o f pdu CowHiy
o4 oy p pﬁy p
Where ﬂ:ﬂ—,and
Yol

Non-Dimensionalization of the Equations

The non dimensionalization of the governing equation is
performed by selecting characteristic dimensionless
quantities. The dimensionless quantities used in non
dimensionalization of the governing equation (6) and the
boundary condition (8) are

.Y . uh . to
== U=— ad U =— (9
Y h > e @
ou_duoy ottt _véu v v au (10)
ot oy" ot ot ot* h? h*® ot”
Ou_ouou oy’ wvoul_vou an
oy ou 8y dy oy" h h?oy”
du a[au] a[ ] [u@u] ' _vdu (1
o oyloy ’ ' h oy
Replacing on the governing equation (7)
v* ou” v o’ v AUt op H) (u-ugt)
Uy v _ Ot (13)
h3 at* + 0 h2 ay* ﬂ ay*2 p

2 2 2
a_U+V6_U:,B+Ua|;|_O',Lle HOU (5)
ot oy oy P
where U = —
0

The magnetic field lines are fixed relative the moving plates
(The upper plate and the lower are accelerating uniformly—a
function of time) hence the velocity is considered as a
relative velocity and reflects how fast the fluid is moving
relative to the moving plates. The general equation
governing the flow

u,ou_ g 2 ou’H, (u—ugt")

ot oy % P
For consideration of the two cases of interest viz. (i)

movement of the plates in the same direction (i.e. n = 1) and
(i) movement of the plates in the opposite direction (i.e. n =

).

(6)

Case |I. Movement of the plates in the same direction
with magnetic field in the positive direction of the y-axis
(ie.n=1)

TakingN =1, for a case of uniform acceleration, the
governing equation for the flow becomes

du ou 62u ou, H,? (u—ugt
WMy He My ( 0 ) )
ot oy ay P
With the boundary conditions defined as;
u=u,_t" at y=h t>0 (8)
u=u,_t" at y=0t>0

3. Numerical Computation

Non dimensionalizing the relative velocity in equation (2.2)

. u vu’
by  setting u=—h=u=——- and
U
.t t"h?
t —2 t:
h v

Substituting in (13) to non-dimensionalize the relative
velocity
v’ ou’

* 2, % 2 2 * *a2
s v QU _ﬂwia_“_M(ﬁ_u ﬂ](14)

Wy
3

and multiplying the equation by —- gives
19

oo boovar Ko W wdu b ogH (ot
StV =S S0 = U
vt TRy 0T 0 Ryt O p h v
15)
ou” Vh@u h3ﬁ+82u*_h3 ou,H,’ uu*_u t'h’
6t* voy v oyt v p h o
(16)
o’u”

6u"+VLh8u hS,B h* ouH) 1 — t'h’
ot v oyt 0V oy 0 o) h v
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(17)
ou” V,hou b ou o HSh (. th
e e s LTI
ot v oy v oy yol¥) v
(18)
* * 3 2, % 2 2|2
au*+\/Lhau*:h_ﬁ o’u eth u—u”l
ot v oy" v’ oy*? yol¥] v
(19)
ou” Vhau h’ 62u* ouHzh? t'h’
ot v oy" s ay yol%) 1))
(20)
21 2p2
ou, H,"h
The expression OHe To 1 =M? is the Hartmann number

PU

u,h
squared, and —— is the Reynolds number Re and hence
1%

substituting in Equation 20, this gives
ou” V,shou n
+

o’u” t'h’
* * :_2ﬁ+ _M u0_2
ot v oy v oy*? v
21)
* 3 2, 0k
au* V,h ou” —h—2ﬂ+afz—M2[u*—Reht*j
ot v oy v oy v
(22)

Equation (22) is the governing equation in non-dimensional
form.

Dimensionalizing the boundary conditions from (8) using the
non-dimensional parameters from equations (10), (11) and
(12) are obtained as

=0 0<y<Iand t" <0
u*=wRe aty =1; t'>0 (23)
v
u*:wRe at y*:(); t'>0
v

Case I1. Movement of the plates in the opposite direction
(ile.n=1)

For case (ii) where the parallel porous plates of the channel
are in motion in the opposite directions.
The governing equation is given by
* * 3 2 *
ou +V0h ou h o°u _M [ - Reh )(24)
v

=B+
The boundary conditions are as follows

o v oyt U oy**

=0 0<y<land t"'<0
t'h
"=—Re Yy = t'>0 (25)
L
\ t'h
u =——Re aa Y =0, t'>0

The governing equatlons in non-dimensional form together
with the boundary conditions for both cases will be

presented in their finite difference forms consistent with the
method of solution.

4. Governing Equation in Finite Difference
Form

The finite difference analogues of the PDEs arising from the
equation governing this flow are obtained by replacing the
derivatives in the governing equations by their
corresponding difference approximation .The following
substitutions are done for the derivatives for the Crank
Nicolson, we have the proposed averages as

U . +U
Ut = I,j+12 i o6
ou” _ Ui — Ui
ot” At @7

ou” Ui Ui UL U

o 4(Ay) 9
O%UT Uiy —2U +Uy
oy” (Ay) 29)

ou® 21[{ = 2U U }+{u”’j*' =20, U H

w2 (Ay) (ay)’

(3.8)

Replacing in the governing equation, Multiplying through by
At and rearranging (24) gives

h 3
(ui,j+1 —Uj; ) +M(ui+1,j+l U TUL U ) = %ﬂ +

4u(dy)
1At M2At
m(ui+l‘j+l_2ui,j+l+uil,j+1 i~ 2+ ) _(ui,j+1+ui,j)+
E AtRiht
v
(25)
V. hAt h*At
Letting y = —— N g,
40(Ay) v’
M2A
G = lAtz,ﬂ= t , QZMZAtReh and the
2( Ay) 2 v
o h
suction/ injection parameter S = —— .
v

Substituting the values of ¥, ¢, ¢, 17, & and S in (25)
gives
(ui,j+1_ui,j)_}/(uiﬂ,jﬂ_ui—l,j+1+ i T |1,) ¢+
g(ui+1,j+1_2ui,j+1+ui—1,1+l i+1,] 2U +U| 1]) n(ui,j+l+ui,j)+
9t

j
(26)
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Rearranging (26) gives
Ui o =i j = Uiy o T 70 o — P T 27U =6+
GUpyy 1 = 26U,y + U U, — 26U +6U,
U~ +‘9tj

27)

Rearranging equation (27) gives
Ui o = Py T U g — Uiy o T6UL T 2§”i,j+l Tl = ¢+ (28)
Uiy =70+ Py T6UL, = 26U, +6U L, —nu, ; + &,

Collecting the like terms form equation (28) gives

(1+2§+77)ui,j+1 _(7+§)ui+1,j+1 +(7+§)Ui_1,j+1
=§+(1_2§+77)Ui,j +coUi,, +(§_7’)Ui—1,j +3

(29)
Rearranging equation (29)
_(7+g)ui+1,j+l +(1+2§+77)Ui,j+1 +(7+g)ui—1,j+1 =
GUi +(1_2§+77)ui,j +(g_7)ui—1,j +8 40

(30)

The finite difference equations obtained at any space node,
say, 1 at the time level t j+1 has only three unknown

coefficients involving space nodes ati—1,i and i+Ii

Equation (33) is implemented in matlab to obtain the results

5. Results and Discussions

The effects of various flow parameters on the flow regime
are depicted graphically and discussed. The simulations are
curried out using ISO FLUIDS 3448 which are industrial
oils whose kinematic viscosities range between 2 and 10.

5= 13, beta=3, nu=3

Re=1, -ve Ho
Re=3 -ve Ho
Re=5 -ve Ho
1Y, == -=Re=1, +v& Ho !
—'=Re=3, +ve Ho 4
—='=Re=5 +ve Ho

o
=)
T

velocity
o o o
(o= o o
T T T

=]
T

8, bc 0 0 0 O_Ul-__d__e_'f"g"h‘
Ch s UL s s P I D
00 e B e e R R I

0 0 0 Uy ; d e f g h
00 0 0 a, b, cf g WYnad [Svad e LYna] LM

att j+1 - In matrix notation, these equations can be expressed

as AU = Bwhere U
(N —1) at any time levelt;,, . B is the known vector of

is the unknown vector of order

order (N —1)which has the value of U at the N time level

and Ais the coefficient square matrix of order
(N —=1)x<(N —1) which is a tridiagonal structure.
The coefficients of the interior nodes will be represented as:

a,=—(r+¢) dy=(c-nu_; ;=43
b, =(1+25+n) e :(1_2§_77)Ui,j h=¢
Cj:(7+§) fj:gui+1,j

(31)
For ] =2,3,4....(N —1), then the equation (30) becomes
aUi,, o ToU;,, +CU,;,, =d;+e;+f, +g;+h

(32)
The system of equations resulting from equation (32) are
represented in a tridiagonal matrix form as

(33)

5=13, beta=3, nu=3

velocity

05 0

0.4

0

y-axis 0 time

Figure 2: Varying the Reynolds number for both ((+ H,))

and (- H,))) with plates moving in the same direction.
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Figure 3: Varying the Magnetic number for both ((+ H 0)
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Figure 4: Varying the Reynolds number for both ((+ H,)
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Figure 5: Varying the Magnetic number for both ((+ H )

and (- H,))) with plates moving in the opposite direction.

From fig 2. And fig 4. The velocity profiles for both cases of
((+H,) and (- H) where the transverse magnetic field is in

the direction of the y axis and in the opposite direction
increase with increase in the Reynolds number but the

velocities of the case of +H are greater than the velocities

of - H, .The direction of the transverse magnetic field leads

to increased velocities of the fluid or decreased velocities of
the fluid since the direction determines the direction of the
induced transverse Lorentz force into the fluid. If the force is
in the direction of the motion of the plate, the velocities are
increased and vice versa. An increase in the Reynolds
number leads to an increase in the velocity of the fluid due to
decreased viscous drag on the fluid.

From fig 3. And fig 5. The velocity profiles increase with
increase in the magnetic number in the (+H) transverse

magnetic field and decreases with the increase in the (- H )

transverse magnetic field. The velocity of the fluid near the
plate with injection are greater than the velocity of the fluid
near the plate with suction since injection of the fluid
through the plate destabilizes the boundary, increasing the
pressure and leading to a decrease in the viscous forces
hence increase in the motion of the fluid.

6. Conclusions
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This study leads to a conclusion that the direction of the
transverse magnetic field is important as it leads to increased
or decreased velocity of the fluid between the parallel plates
due to the direction of the induced magnetic field. The
magnetic field, pressure gradient and injection have an
accelerating influence on the fluid flow with a constant
pressure gradient on both cases of suction and injection. The

injection and suction of fluid from either of the plates has a

significant effect on the velocity profiles with injection

leading to increased velocities and suction leading to
decreased velocities of the fluid.
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