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Abstract: Mellin transform is one of the members of an Integral transform. It is widely used in computer science for the analysis of
algorithms of its scale invariance property. In mathematics, it may be regarded as the multiplicative version of the two-sided Laplace
transform. In this paper we discuss the fractional Mellin transform with some basic properties. Also we prove fractional Mellin transform for
Some Standard Functions. To illustrate the advantages and use of this transformation, example of differential equation has been solved at

the end.
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1. Introduction

Laplace transform is widely used by Engineers and
mathematicians as a method of solving linear differential and
integral equation [1]. Laplace operator is used to find the
fractional Mellin transform The Mellin contribution gives a
large place to the theory of analytic functions and relies
essentially on Cauchy's theorem. More recently, traditional
applications have been enlarged and new ones have emerged
[2]-[6].In the present paper we discuss the fractional Mellin
transform with some basic properties. And we illustrate
fractional Mellin transform for Some Standard Functions. In
the application part we solve the differential equations by using
fractional Mellin transform.

2. Fractional Mellin Transform

(Preliminary results)
Mellin transform is closely related to an extended form of
Laplace transform.

Let f(x) be given function of %’ which is defined for all x >0
and ,,s“is a parameter

L[f(x),s5,0,00] = ["e ™ f(x)dx (1)

The change of variable defined by
x = — logat, dx=—d7t,a>0 2)

Ifx =0thent = 1/ q and if x = oothen t=0, transforms the
integral (1) into:

L [f(— logat), s, 0, ﬂ = fol/“ e~sClogat) £(_ og at) (— th)

) 3)
LIF(©),5,0.2] = [/* @'t f(t)dt @
one recognizes in (4) the Fractional Mellin transform of f{?) in
the range [0, i 1,

M [f(t),5,0,2] = fol/“ @St () dt | a>0 (5)

This can be written symbolically as:
1
LIF(x),5,0,00] = M[f(£),5,0,7]

3. Properties
P1] Linearity Property:
Let o, B, y be any arbitrary constants and f, g, & are functions of
A
1f M [f(0,5,0.1] = [/* a1 f(e)dt , then
Mla f(O) + B g(O)-v h(®),s,0,2] = aM[f(£),5,0,7 ] +
BMIg(0),s,0,71-yM[A(®), 5,0, ] (6)

P2] Scaling Property:
Let [ be any scalar and f'is any functions of ,#’.

MIf(B 6),5,0,21= BMIF(P)s, 0,51, (1)
using the substitution F¢t=P, £> 0.
P3] Shifting property:
MIE"f(6),5,0,7] = MIf(©),s +n,0,7] ®)
P4] Second shifting property:

If M [f (®),s, o,ﬂ = fol/“ asts1f(t)dt , then

MIf(t-b)U(t-b),5,0,5] = M[f(),s- bi=b] (9
Proof:
M [f (t-b) U (t-Db),s,0, %] = fol/“ a*ts~1f (t- b)U(t- b)dt
Substituting p = t- b we get,
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[f(t b)U (t-b),5,0,~ |
a*(p + b)* ' f(p)U(p)dp
a*(p +b)"Lf(p)dp ,asU(t —b) = 1when t > b
- b,i —b]  with Kernel (p + b)s~!

= fE
=f_“b
=M[f(p)s

P5] Derivative property:

The Mellin type Integral transform of n™ order derivative of
f(t) with respect to ¢

1] First order derivative:

It MIf (0,5,0,4] = [,/ @t f()de , then
MIf(£),5,0,2] = (1-) M [f (£),5-1,0,2] +af(3)(10)
2] Second order derivative:

MF(),5,0,7] = (1-5)(2 = ) MIf(0),5- 20,
Da’f ;) +ar ()

I+@a-
(1n

In general,

M " (£),5,0,2] =

(1-5)(2—5)...(n-S5)
JH+(1=s)2-s....(n—1-s)anfla+a fn—11a

Mf(t).s-n01a
(12)

This is the fractional Mellin Integral transform of n™ order
derivative of f'(2).

4. Application on Some Standard Functions:

The Fractional Mellin transform is given by
1
M [f @50 = [,/ ast7 foae
17 _ Ya -1
1M [t",s, 0,;] —f(i asts~tt" dt
— fO /a ast(s+n)—1 dt
Y,
_ s t5+" a
@[,

s+n
@)
n j— a
M[t"s,0,7] = = (13)
2] For Exponential Expansion:
1 1/a
M[et,s,0,—] =f astsletdt
a 0
1 2 3
=a* |, fags1p +i+t—+t—+---]dt
/ 1 tSs +1 ts+2
=a [t + + - - ]dt
ts ts+1 ts+2 ts+3 /a
B L(s+1) - 21(s+2)  3!(s+3) ]0
1 1 (1 1 (1)? 1 (1)\3
= st e (Z) t 262 (Z) t 3653) (Z) +o (14)

3] For Sine Expansion:
1
M [Sin at,s, 0, l] = f /a a’ts1sinatdt

_ @) | ()
—af a¢s=1[q : _|_ - — - ]dt
=a’ fo/“[ats - t5+2 + t5+4 — - ]dt
=a5 |2 s+1_£L s+3+
s+1 3! s+3
ab5!1s+5ts+5...01a
—gsfe @11 a1 1 ]
- L s+1 asl+1 3! 51-3 ast3 51 s45q5+5 "
=1 36 Tagesy (15)
4] For Cosine Expansion:
1
M [cos at, s, (),i] =f0 /a a’ts 1 cosatdt
Ya s- (a)? | (at)*
:asfo ags 1[1_ - 4._| — ]dt
1

=a’ fo/a[ts_l ts+1 + ts+3 “-]dt

_ Sﬁ_ﬁtﬁ—z £t5+4_“.]/a

s 2! s+2 4! s+4 0
1 1 1
T s 2+ | A+ (16)

5] For inverse Tangent Expansion:

1 1
M [tanx'l at,s, 0, ;] = fo /a ast>tan tatdt

1 3 5
=as fo /a 51 [at _ (a) + (at)” ]dt

3 5
1 3 5
=as J‘O/a[ats _a?ts+2 +a?ts+4- ]dt
:as[a ts+1_£Lts+3+
s+1 3 s+3

ab51s+5¢s+5...01a

_as[a 1 a1 1 a1 1 ]
s+1astl 3 s43a5t3 5 545455 "

1 1 1
= o1 e Tiem a7

6] For Logarithmic Expansion:

M@, 01 =], a5t f(©)t
M [log(l +1),s,0, 1] = fol/ “asts " log(1 + t) dt

1 2 3
=asf /ats—l [t—t—+%—---]dt
s+1 s+2
_af/ats_t_ tT—---]dt
s t5+1 _ t5+2 t5+3 _.“]1/11
(s+1) 2(s+2) 3(s+3) 0

2 3
= (511) G) N 2(sl+2) (i) + 3(sl+3) (i) N (18)

5. Application to Differential Equation

Derivative multiplied by independent variable is given by,
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M (©),5,0,5 = [/ st en e de

1 1
_ fo /a aStstn—1 fn (t) dt a* {[ts+n—1fn—1(t)]0/a
s+n—101ats+n—2/n—1t dt

[ Qo )
(s+n—1D(s +n—2) f,/" e f12(0) e}
=& @m0 TG+

(s+n—1)(s +n—2) /2@t fn2(¢) de

A7 @) -srn-n@ T O+
(s+n—1)(s+n—2)M[t"2fr~ Z(t),s,O,i] (19)

Appling this rule until the Mellin transform of n the derivative
of (1) is given by

M [ 050,4] = (1)”‘1 Frt () (st

Jlﬂﬂ_zf”_ZJdv‘ |— M[fz‘sO]a] (20)
S
Where %:(S+n—l)(s+n—2) ....... (s+1)s
Ex.1] tzdx+t— logt

dt?
1

1 a
M [tzxu(t)’ s, 0’ E] = f a’

0
1
= fO /a asts+1 x”(t) dt

ts71e2 x"(t) dt

=a’ {[ts+1 !(t)](l]/a _ (S + 1) fl/a ts+2 '(t) dt}

—x()—(s+1)x()+s(s+1)M[x(t)sO ] (21
Also,
M [tx'(t),s,0, %] = fol/“ asts~ Lt x'(t) dt
:fol/a asts x’(t) dt
= o {[x 1, — () J,* e x(0) de)
= x (i) — s M[x(t),5,0,7] (22)

= /2 a5t5 (logt) dt
s 1/ 1 s
— g el 1 et
=a {[(logt) 5]0 -, dt}

—asllo l(l)s__[ts-H /a
- s ga a t(s+1) 0

M [(logt),s,0,-]

1
s(s+1)

= logl—
= -log- (23)

Therefore the fractional Mellin transform of the given equation
is,

1 11, 1 1 1 /(1 1
M[x(t),s,0,-] = = [;log-——F—-x (g) +sx (g)] (24)

a s(s+1) a

Ex.2] The Cauchy*s differential equation is,
2
t2—+t—+x(t) =0

Taking fractional Mellin transform, we get

1

%x'(g)—(s+1)x( )+s(s+1)M[x(t) 5,0, ]+x( )
sM [x(t),s, 0, Z] +M [x(t),s, O'Z] =0

M [x(©),5,0.5] = lsx (0) =2+ ()]

6. Conclusion

In this paper some standard functions are solved by using
fractional Mellin Transform. We have obtained interesting
results for Expansion formulae. To illustrate the advantages
and use of the transforms some differential equation has been
solved.
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