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1. Introduction 
 

The theory of integro-differential equations is emerging as 

an important area of investigation since it is much richer that 

the corresponding theory of differential equations. In this 

paper, we study the existence of solutions for initial value 

problems for first order impulsive semi linear neutral 

functional differential inclusions. More precisely in section 3 

we consider first-order impulsive semi linear neutral 

functional differential inclusions of the form 

  ( ) ( , ) ( ) ( , ) ( )t t

d
x t f t x Ax t G t x Bu t

dt
     (1.1) 

  . . : 0, , 1,2,........... ,ka e t J T t t k m      

       , 1,2,.................k k k kx t x t I x t k m    

 (1.2) 

  ( ) ( ), ,0 ,x t t t r    (1.3) 

Where A is the infinitesimal generator of an analytic semi 

group of bounded linear operators, S(t), 0t   on a Banach 

space X, :f J D X  ,  :G J D P X  and 

:g J J D X   ; D consists of functions 

 : ,0r X   such that  is continuous everywhere 

except for a finite number of points s at which ( )s  and 

the right limit 

( )s 
existand ( ) ( )s s   ; , (0 ),D r  

0 1 10 ......... m mt t t t T      ,

: ( 1,2,........, )kI X X k m  ,  kx t 
 and  kx t 

 are 

respectively the right and the left limit of x at kt t , and 

 P X denotes the class of all nonempty subsets of X. 

For any continuous function x defined on the 

interval    1 2, \ , ,...... mr T t t t and any t J , we denote 

by tx the element of D  defined by  

      , ,0tx x t r       

For D   the norm of   is defined by 

     sup , ,0
D

r       

 The main tools used in the study is a fixed point theorem, 

we give some auxiliary results needed in the subsequent part 

of the paper. ] 

 

2. Auxiliary Results 
 

Throughout this paper, X will be a separable Banach space 

provided with norm .  and : ( )A D A X  will be the 

infinitesimal generator of an analytic semi group, 

( ), 0s t t  , of bounded linear operators on X. For the 

theory of strongly continuous semi group. If ( ), 0s t t  , is a 

uniformly bounded and analytic semi group such that 

0 ( )A ,then it is possible to define the fraction power 

 D A


 ,for 0 1  ,as closed linear operator on its 

domain  D A


 .Furthermore, the subspace  D A


 is 

dense in X, and the expression 

   ,x A x D A
 


     

 Defines a norm on  D A


 .Hereafter we denote by 

X the Banachspace  D A


 normed with .


.Then for 

each 0 1  , X is a Banach space, and X X   for 

0 1     and the imbedding is compact whenever the 

resolvent operator of A is compact. Also for every 

0 1  there exist 0C   such that  

   ( ) , 0
C

A S t t T
t

 


     (2.1) 

 Let  P X  denote the class of all nonempty subsets of X. 

Let  ,bd clP X and  ,cp cvP X denote respectively the 

classes of all bounded-closed and compact-convex subsets 

of X. For x X and Y,  ,, bd clY Z P X  we denote by 

 ( , ) inf :D x Y x y y Y   and 

( , ) sup ( , )a yY Z D a Z   
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 Define the function  , ,: bd cl bd clH p X p     by 

    ( , ) max , , ,H A B A B B A   

The function H is called a Hausdorff metric on X. Note 

that   , 0Y H Y . 

 A correspondence : ( )G X p X is called a multi-valued 

mapping on X.A point 0x X is called a fixed point of the 

multi-valued operator : ( )G X p X if  0 0x G x . 

The fixed points set of G will be denoted by Fix (G). 

 

Definition 2.1 

Let  ,: bd clG X P X  be a multi-valued operator. Then 

G is called a multi-valued contraction if there exist a 

constant  0,1k such that for each ,x y X we have 

     ,H G x G y k x y   

The constant k is called a contraction constant of G. 

 A multi-valued mapping : ( )G X p X  is called lower 

semi-continuous if B is any open subset of X then 

 :x X Gx B    (resp.  :x X Gx B  ) is an 

open subset of X. The multi-valued operator G is called 

compact G(X) is a compact subset of X. Again G is called 

totally bounded if for any bounded subset S of X,G(S) is a 

totally bounded subset of X. A multi-valued operator 

: ( )G X p X is called completely continuous if it is 

upper semi-continuous and totally bounded on X, for each 

bounded ( )B p X .Every compact multi-valued operator 

is totally bounded but the converse may not be true. 

However the two notions are equivalent on a bounded subset 

of X. 

We apply the following form of the fixed point theorem by 

Dhage [1] in the sequel. 

 

Theorem 2.2.  

Let X be a Banach space,  , ,cl cv bdA P X  and 

 ,: cp cvB X P X two multi-valued operators satisfying 

(a)A is contraction with a contraction constant k, and  

(b)B is completing continuous  

Then either  

(i) The operator inclusion Ax Bx   has a 

solution for 1  ,or 

(ii) The set 

 : , 1u X u Au Bu       is unbounded. 

 

3. Existence Results 
 

Let us state what we mean by a solution of problem (1.1)-

(1.3). For this purpose, we consider the space 

  , ,PC r T X consisting of functions 

 : ,x r T X   such that x(t) is continuous almost 

everywhere except for some kt at which ( )kx t and 

( )kx t ,k=1,2,……….m exist and ( ) ( )k kx t x t  . 

Obviously, for any  0,t T  we have tx D  and 

  , ,PC r T X is a Banach space with the norm 

   sup ( ) : ,x x t t r T    

 

In the following we set for convenience 

   , ,PC r T X   

 Also we denote by  ,A J X the space of all absolutely 

continuous functions :x J X .A 

function   1, ,k kx A t t X  , k=1,2……m, is said to 

be a solution of (1.1)-(1.3) if  ( ) , tx t f t x  is absolutely 

continuous on  1 2\ , ,......... mJ t t t  and (1.1)-(1.3) are 

satisfied. 

A multi-valued map  ,; n

cp cvG J p  is said to be 

measurable if for every
ny , the function 

     , inf :t d y G t y x x G t    is 

measurable. 

 A multi-valued map  : clG J D p X   is said to be 

1L -Caratheodory if  

(i)  ,t G t x is measurable for each x D , 

(ii)  ,x G t x is upper semi-continuous for almost all 

t J ,and  

(iii) for each real number 0  , there exists a 

function  1 ,ph L J   such that  

     , : sup : , ( ) . .pG t u v G t u h t a e t J    

For all u D with
D

u  . 

Then we have the following Lammas due to Lasota and 

Opial [4]. 

Lemma 3.1. 

If dim( )X   and : ( )F J X p X   is 
1L -

Caratheeodory, then  1

GS x   for each x X . 

Lemma 3.2.  

 Let X be a Banach space, G and 
1L -Caratheodory multi-

valued map with  1

GS x   where 

      1 1: , : ( ) , . .n

G tS x v L I v t G t x a e t J     

and    1: , ,L J X C J X   be a linear continuous 

mapping. Then the operator  

     1

,: , ,G cp cvS C J X p C J X   

 Is a closed graph operator in    , ,C J X C J X . 

We need also the following result from [2]. 
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Lemma 3.3: 

Let    ( ), : 0, [0, )v w T    be continuous functions. If 

 w  is nondecreasing and there are 

constants 0  , 0 1   such that  

 

 
 1

0

( )
( ) ( ) , 0, ,

t
v s

v t w t ds t T
t s





  


  

then 

 
 

1
( ) /

0

( ) ( ),
n n n

j
n

t n

J

T
v t e w t




   




 



 
  

 
  

For every  0,t T and every n such that 

1,n  and    is the Gamma function. 

We consider the following set of assumptions in the sequel. 

(H1) There exist constants 0 1  , 1 2, , fc c L such that f is X  -valued,  A f


 is continuous, and  

  1 2( ) ( , ) , ( , )
D

i A f t x c x c t x J D


      

   1 2 1 2( ) ( , ) ( , ) , ( , ) ,f iD
ii A f t x A f t x L x x t x J D

 
       i=1,2,…… with 

   1
1f

C T
L A


 




  

   
  

 

(H2) the multivalued map G (t, x) has compact and convex values for each  ,t x J D  . 

(H3)The semi group S (t) is compact for t>0, and there exists 1M  such that  

( ) ,S t M  for all 0t  . 

(H4)G is 
1L -Caratheodory. 

(H5)There exists a function  1 ,q L I R with q(t)>0 for . .a e t J and a nondecreasing function : (0, )R    such 

that  

      , : sup : , ( ) . . ,
D

G t x v v G t x q t x a e t J     

For all x D . 

(H6)The impulsive functions kI are continuous and there exist constants kc such that  

  , 1,2,......k kI x c k m   for each x X . 

 

Theorem 3.4.  

Assume that (H1)-(H6) hold. Suppose that  

0

2

0

( ) ,
( )

T

k

ds
bK q s ds

s s




   

Where 

   
0 1

1 1

, ,
1 1

F M
K K

c A c A
  

 
   

 

    1

1
/ 1

0

nn

j
n

K n

j

K T
b e


 




 



 
  

 
 , 

And 

       1 2

1 2

1

1 1
m

kD
k

C C T
F M c A c A M M c


  




  



        Then the initial-value problem (1.1)-

(1.3) has at least one solution on  ,r T . 

Proof: 

Transform the problem (1.1)-(1.3) into a fixed point problem. consider the operator : ( )N P  defined by 
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0 0 0 0

0

( ) { : ( ) ( ) ,0 ( ) ( ) 0 (0, 0 )

( , ) ( ) ( , ) ( ) ( ) , ,

( ) },
k

t t t s

t s

k k k

t t

Nx t h h t t for t r and h t S t f

f t x AS t s f s x ds S t s v s ds s t s g s x d ds

S t t I x t for t J



  

 



 

        

      

  

   



Where  1

Gv S x . 

Now, define two operators as follows. :A by  

 

 
0

0, ,0 ,

( )
( ) (0, ( , ) ( ) ( , ) , ,

t

t s

if t r

Ax t
S t f f t x AS t s f s x ds if t J

  


 
    




 ------- (3.1) 

And multi-valued operator : ( )B P by  + 

 

  
00

( ) { : ( ) ( ) ,0 , ( ) ( ) (0)

( ) ( ) ( ) }
k

t

k k k

t t

Bx t h H h t t for t r and h t S t

S t s v s ds S t t I x t for t J

 



 

     

    
 ----------------- (3.2) 

 

Then N=A+B. We shall show that the operators A and B satisfy all the conditions of Theorem 2.2 on [-r, T]. For better 

readability, we break the proof into a sequence of steps. 

Step: I 

First we remark that A for each x ,has closed, convex values on . Next we show that A has bounded values for 

bounded sets in X. To show this, let S be a bounded subset of , with bound  . Then, for any x S one has  

 

1 2( ) (0, ) ( ) t D
Ax t M f A c x c         

 
1

0

( ) ( ) ( ) ( , )

t

sA S t s A f s x ds      

        
1

0 0

, ,

t s

A s t s A g s x d ds
 

 


      

 

 1 2(0, ) ( ) t D
M f A c x c         

  1

1 21

0
( )

t

s D

C
c x c ds

t s








 

  

  1 1 2

1 2 31

0 0
( )

t s

D D

C c
c x c x c d ds

t s



 





  

   

 

  1 2(0, ) ( )M f A c c      

  1

1 2

C T
c c









   

  1 2

1 2 3

0

sC T
c c c d




  




    

And consequently, 

  1 2(0, ) ( )Ax M f A c c      

  1

1 2

C T
c c
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  1 2

1 2 3

0

sC T
c c c d




  




    

Hence A is bounded on bounded subsets of . 

Step: II 

Next we prove that xB is a convex subset of   for each x . Let 1 2, xu u B . Then there exists 1v and 2v in  1

GS x such 

that 

  
0 0

( ) ( ) (0) ( ) ( ) ( ) , 1,2,....
k

t

j k k k j

t t

u t S t S t s I x t S t s v s ds j 

 

        

Since ( , )G t x has convex values, one has for 0 1  , 

      1

1 21 ,Gv v t S x t for all t J        

As a result we have  

   

        

1 2

1 2

0 0

1

( ) (0) ( ) ( ) 1 .
k

t

k k k

t t

v v t

S t S t s I x t S t s v s v s ds

 

  

 

   

         
 

Therefore,    1 21v v t Bx       has consequently Bx has convex values in  .Thus we have  : cvB P  . 

 

Step III. 

We show that A is a contraction on . Let ,x y X . By hypothesis (H!) 

 
0

( ) ( ) ( , ) ( , ) ( ) ( , ) ( , )

t

t t s sAx t Ay t f t x f t y AS t s f s x f s y ds       

     
0 0

, , , ,

t s

AS t s g s x g s y d ds   
 

     
 

   

  f t t D
A L x y


    

           
1

0

, ,

t

s sA s t s A f s x A f s y ds
  

     

           
1

0 0

, , , ,

t s

A s t s A g s x A g s y d ds
  

   
  

      
 

    f t t D
A L x y


  

1

1

0
( )

t

f t t D

C
dsL x y

t s








 

  

 

 
1

1

0 0

t s

g t t D

C
L x y d ds

t s










 
  

  
   

   f t t D
A L x y


  

1 f t t D

T
C L x y






    

 1

0

s

g t t D

T
C L x y d



 


   

  

Taking supremum over t, 

 0 D
Ax Ay L x y    

Where   1 1

0

0

:

s

f g

C T C T
L L A L d

 
  


 

  
      

      
      

  

 This shows that A is a multi-valued contraction, since 0 1L  . 
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Step IV. 

Now we show that the multi-valued operator B is completely continuous on . First we show that b maps bounded sets in . 

To see this, let Q be a bounded set in  . Then there exists a real number 0  such that ,x x Q   . 

Now for each u Bx ,there exists a  1

Gv S x  such that 

  
0 0

( ) ( ) (0) ( ) ( ) ( ) .
k

t

k k k

t t

u t S t S t s I x t S t s v s ds t J 

 

        

Then for each t J , 

    
1 0

( ) 0

tm

k

k

u t M M c M v s ds


     

    
1 0

0

tm

k

k

M M c M h s ds


     

   1

1

0
m

k L
k

M M c M h


    

This implies 

 
1

1

m

kD L
k

u M M c M h


    

For all    x Qu Bx B Q B x   . Hence  B Q is bounded. 

 Next we show that B maps bounded sets into equi-continuous sets. Let Q be, as above, a bounded set and h Bx for 

some x Q . Then there exists  1

Gv S x such that 

  
0 0

( ) ( ) (0) ( ) ( ) ( ) .
k

t

k k k

t t

h t S t S t s I x t S t s v s ds t J 

 

        

Let  1 2 1 2 1 2, | , ,......., ,mJ t t t     .Then we have  

   

           
1

2 1

2 1 2 1

0

0 q

h h

S S S s S s s ds



 

     





        
 

          
2 2

1 1

2 1 2q qS s S s s ds S s s ds

 

 

            

    
2 1 2

2 1

0 0k k

k k k k

t t

Mc S t S t c
  

 
    

       

As 1 2  and   becomes sufficiently small the right-hand side of the above inequality tends to zero, since S(t) is a 

strongly continuous operator and the compactness of S(t) for t>0 implies the continuity in the uniform operator topology. 

 This proves the equicontinuity for the case where , 1,2,......., 1it t i m   .It remains to examine the equicontinuity at 

it t .set 

   1

0

( ) ( ) (0) ( )
k

k k k

t t

h t S t S t s I y t 

 

    

And 

    2

0

( )

t

h t S t s v s ds  . 

First we prove equicontinuity at it t .Fix 1 0  such that   1 1: ,k i it k i t t      , 

   1

0

( ) ( ) (0) ( )
k

i i k k k

t t

h t S t S t s I y t 
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1

1

( ) (0)
i

i i k k k

k

S t T t t I y t






    

For 10 h    we have 

 

   

           

1 1

1

1

( ) 0

i i

i

i i i k i k k

k

h t h h t

S t h S t S t h t S t t I y t






 

         
 

The right-hand side tends to zero as 0h .Moreover 

 

 

   

      

2 2

0

( )
i i

i

i i

t h t

i i q

t h

h t h h t

S t h s S t s v s ds M s ds





 

        
 

Which tends to zero as 0h . Define 

      0 1
ˆ , 0,h t h t t t   

  
 

 
1

0

, ( , ],
ˆ

,

i i

i i

h t if t t t
h t

h t if t t










 

Next we prove equicontinuity at 
it t .Fix 2 0   such that    2: , 2k i it k i t t      . Then  

   
10

ˆ( ) ( ) (0) ( ) ( ) ( )
it i

i i i i k k k

k

h t S t S t s v s ds S t s I y t


      

For 20 h   we have 

   ˆ ˆ
i ih t h h t               0

it

i i i i

o

S t h S t S t h s S t s v s ds           

         
1

i

i

it h

i k i k k
t q k

M s ds S t h t S t t I y t






        . 

The right-hand side tends to zero as 0h . 

 The equicontinuity for the cases 1 2 0   and 1 20   follows from the uniform continuity of   on the interval 

 ,0r .As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem it suffices to show that B maps Q into a 

precompact set in X., 

 Let 0 t b  be fixed and let be a real number satisfying 0 t .For x Q we define 

                   1

00

0
k

t

k k k

t t

h t S t S S t s v s ds S S t t I y t






  

          

 

Where 
1

1 Fv S .Since S(t) is a compact operator, the set 

      :H t h t h N y    is precompact in X for 

every   for every , 0 t . Moreover, for every 

 h N y we have  

 

         
k

t

q k k

t t tt

h t h t S t s s ds S t t c

 

    

. 

Therefore, there are precompact sets arbitrarily close to the 

set       :H t h t h N y  . Hence the set 

      :H t h t h B Q  is precompact in X. hence, the 

operator  :B   is completely continuous. 

 

Step V: 

 Next we prove that B has a closed graph. Let  nx  be 

a sequence such that *nx x  and let  ny be a sequence 

defined by n ny Bx for each n  such that *ny y . 

We will show that * *y Bx .Since n ny Bx ,there exists a 

 1

n G nv S x such that  

Paper ID: SUB156236 156



International Journal of Science and Research (IJSR) 
ISSN (Online): 2319-7064 

Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438 

Volume 4 Issue 7, July 2015 

www.ijsr.net 
Licensed Under Creative Commons Attribution CC BY 

           
0 0

0
k

t

n k k n k n

t t

y t S t t I y t v s ds 

 

      

Consider the linear and continuous operator 

   1: , ,n nK L J C J  defined by 

    
0

t

nKv t v s ds   

Now  

             * *0 ( ) 0 ( ) 0,
k k

n k k n k k k k

o t t o t t

y t S t t I y t y t S t t I y t  

   

 
        

 
 

 

As n . From Lemma 3.2 it follows that  1

GS  is a 

closed graph operator and from the definition of  one has  

           1

0

0
k

n k k n k F n

t t

y t S t t I y t S y 

 

    

. 

As *nx x and *ny y ,there is a  1

*Gv S x such that 

 

          * * *

0 0

0
k

t

k k k

t t

y t S t t I y t v s ds 

 

     . 

Hence the multi-valued operator B is an upper semi-

continuous operator on . 

Step VI: 

Finally we show that the set 

  : 1u u Au Bu for some        

is bounded. Let u  be any element. Then there exist 

 1

Gv S u such that  

          1 10 0, 0 , tu t S t f f t x          

        1 1

0 0

,

t t

sAS t s f s x ds S t s v s ds        

    1

0 0

, ,

t s

s t s g s x d ds  
 

   
 

   

     1

0 k

k k k

t t

S t t I x t 

 

   

Then, 

          1 10 0, 0u t S t S t f       

      1 1

0

, ,

t

t sf t x AS t s f t x ds      

         1 1

00 k

t

k k k

t t

S t s v s ds S t t I x t   

 

     

 

       1 21 1
D

M c A c A M
 


 

       

  1 2

1 t D

c c T
c A u







    

 

 
   1

1

0 0

t t

s sD D

c
u ds M q s u ds

t s









 


   

 
1 2

1 2 3

10

t m

k

k

c T
c c c d M c




  







        

  1 t D
F c A u


    

 

 
   1

1

0 0

t t

s sD D

c
u ds M q s u ds

t s









 


   

 
1 2

1 2 3

0

tc T
c c c d




  



       

Where, 

      1 21 1
D

F M c A c A M
 


 

       

 
1 2

1

m

k

k

c c T
M c
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Put     max : ,t u s r s t t J      .Then  t D
u t  for all t J and there is a point  * ,t r t  such that 

   *t u t  .Hence we have  

   *t u t   

  
 

*

*1 1 1 1

0

t
s D

t D

u
F c A u C c ds

t s



 



 
   


  

    
*

1 2

1 2 3

0 0

t t

s D

c T
M q s u ds c c c d




   



         

   
 

 
    1 1 1 1

0 0

,

t ts
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From Lemma 3.3 we have 
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Then we have    t m t  for all t J .Differentiating 

with respect to t, we obtain 
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Integrating from 0 to t, we obtain 
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By the change of variable, 
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Hence there exists a constant M such that  m t M for all 

t J , and therefore 

    t m t M   for all t J . 

Now from the definition of  it follows that  
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For allu  . This shows that the set   is bounded in  . 

As a result the conclusion (ii) of Theorem 2.2 does not hold. 

Hence the conclusion (i) holds consequently the initial value 

problem (1.1)-(1.3) has a solution x on ,r T . This 

completes the proof. 
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