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Abstract: Double Sine –Gordon Equation is a type of a nonlinear equation which appears in the problem of the nonlinear interacting 

potential between the nearest neighbours of the the quartic type. The soliton solutions are obtained for the different range of the 

parameter values. 
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1. Introduction 
 

Nonlinear theories which admit of soliton – like solution 

have found increasing application in physics in recent years 

.In particular the Double Sine –Gordon Equation appears in 

the problem of diatomic lattice with quartic nonlinear 

interatomic potential. There are some questions about the 

validity of the solutions with regard to the parameters of 

Double Sine –Gordon Equation [1-7] . 

 

2. Double Sine –Gordon Equation 
 

The Double Sine –Gordon Equation is given by 

d2𝜃

dx2
−  4∆σ sin θ + 2σ2 sin 2θ = 0  1  

The soliton- like solution of the equation (1) corresponds to 

the path of the separatrix connecting the unstable saddle 

points[8]. 

 

3. Solution of Equation 
 

The equivalent autonomous system for equation(1) are 
dθ

dx
= η                                                -(2) 

 
dη

dx
= 4σΔsinθ − 2𝜎2sin2𝜃                         -(3) 

 

For the above system, thecritical points are (0,±𝑛𝜋) (where 

n = 0,1,2,3,..) and ( 0, ±𝑐𝑜𝑠−1 ∆

𝜎
) . By the linear stability 

analysis, it can be shown that (0,±𝑛𝜋) ( n = 0,1,2,3,.) are 

centres and ( 0, ±𝑐𝑜𝑠−1 ∆

𝜎
) and ( 0, 2𝑛𝜋 ± 𝑐𝑜𝑠−1 ∆

𝜎
)are the 

saddle points[9] . The soliton like solutions lie on the 

separatix which connects the saddle points i.e.( 0, 𝑐𝑜𝑠−1 ∆

𝜎
) 

and ( 0, 2𝑛𝜋 ± 𝑐𝑜𝑠−1 ∆

𝜎
) 

From equation (2) and (3), We obtain  

 ηdη =   4σ∆sinθ −  2σ2 sin2θ dθ 

1

2
𝜂2 + 𝐶 =  −4𝜎∆𝑐𝑜𝑠𝜃 + 𝜎2 𝑐𝑜𝑠2𝜃-             (4) 

C can be obtained from the condition that the separatrix 

should asymptotically approach the saddle points for 

x→ ±∞ 

2𝑐 = −∆2 −
𝜎2

2
                                  (5)  

Substituting the value from equation (5) in equation (4), we 

obtain  

𝜂 = ±2(∆ − 𝜎𝑐𝑜𝑠𝜃)                           (6) 

 

Integrating equations(6), We obtain  

X= ±
1

2
 

dθ

(∆−σcos θ)
 + X0                               (7) 

 

When ∆2< 𝜎2,The integration of the equation (7) can be 

written as [10] 

 X − X0 = ± 
1

2

1

 σ2−∆2
 ln

 σ2−∆2  tan
θ

2
− σ−∆ 

 σ2−∆2  tan
θ

2
+ σ−∆ 

            - (8) 

After simplification equations (8) can be written as 

θ = ±2tan−1   
σ − ∆

σ + ∆
coth σ2 − ∆2  x − x0     −  9  

From equations (9),we obtain two solutions for phase 

𝜃𝐈
± = mπ ± tan−1   

σ − ∆

σ + ∆
coth σ2 − ∆2  x − x0   −  10  

Where ,m= 0,1,2,3……. , (+) and ( - ) correspond to the kink 

and antkink solution respectively. 

When ∆2> 𝜎2,The integration of the equation (7) can be 

written as [10] 

X − X0 = ± 
1

2
 

2

 ∆2 − σ2
𝑡𝑎𝑛−1  

 ∆ + 𝜎 𝑡𝑎𝑛
𝜃

2

 ∆2 − σ2
  −  11  

After simplification equation (11) can be written as 

θ = ±2tan−1   
σ − ∆

σ + ∆
tanh σ2 − ∆2  x − x0   −  12  

From equation (12), we obtain two solutions for phase 

𝜃± = mπ ±2tan−1   
σ − ∆

σ + ∆
tanh σ2 − ∆2  x − x0   −  13  

Where ,m= 0,1,2,3……. , (+) and ( - ) correspond to the kink 

and antkink solution respectively. 

 

4. Discussion and Conclusion 
 

In the present work, we obtain two solution for the Double 

Sine –Gordon equation (1) for the range of parameter values 

∆2< 𝜎2 𝑎𝑛𝑑 ∆2> 𝜎2 . For the problem of the diatomic 

lattice with quartic nearest neighbours interatomic 

potential[6], the solutions (10) corresponds to the soliton 

solutions in the gap region of the linear spectrum whereas 

the solutions (13)corresponds to the soliton solutions for the 

frequencies below and above the gap. However in literature 

[7,11]. The solution (13) is quoted as the gap soliton 
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solutions . The two solutions to reduce the same solutions 

for the frequency corresponding to ∆= 0 ( at which the 

maximum linear damping occurs) 
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