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1. Introduction

Banach [7] contraction principle is a powerful tool for solving
many problems in applied mathematics and sciences. It has
been improved and extended in many ways. Most of the fixed
point theorems in nonlinear analysis usually start with Banach
[7] contraction principle. A huge amount of literature is
witnessed on applications, generalizations and extensions of
this principle carried out by several authors in different
directions like weakening the hypothesis and considering
different mappings. Fixed point theory is an essential tool in
the study of various varieties of problems in control theory,
economic theory, nonlinear analysis and global analysis. In
particular, Geraghty[11] proved in 1973 an interesting
generalization of Banach [7] contraction principle. In 1989,
Bakktin [6] introduced the concept of a b - metric space as a
generalization of a metric space. In 1993, Czerwik[9]
extended many results related to the b - metric space. In 1994,
Matthews [17] introduced the concept of partial metric space
in which the self distance of any point of space may not be
zero. In 1996, O'Neill [26] generalized the concept of partial
metric space by admitting negative distances. In 2013, Shukla
[32] generalized both the concepts of b - metric and partial
metric space by introducing the notation of partial b - metric
spaces. Many authors [14, 33, 20, 30, 35] recently studied the
existence of fixed points of self maps in different types of
metric spaces. Some authors [4, 18, 22, 28, 29] obtained
some fixed point theorems in b - metric spaces. Mustafa [22]
gave a generalization of Banach contraction principle in
complete ordered partial b - metric space. The notion of a
coupled fixed point was introduced and studied by Opoitsev
[25] and then by Guo and Lakshmikantham [12]. In 2006
Bhaskar and Lakshmikantham [5] introduced the notion of
mixed monotone property and proved coupled fixed point
theorems. They also studied and proved the following

classical coupled fixed point theorems for mappings by using
this property under contractive type conditions.

In this paper we prove the existence and uniqueness of
coupled fixed points for contractive mappings controlled by a
generalized contractive type condition on a complete partially
ordered partial b- metric space under Geraghty - type
contraction using monotone property instead of mixed
monotone property. In fact, we show that coupled fixed point
theorems on a complete partially ordered partial b - metric
space with coefficient of partial b - metric space S>1 by
using monotone property under Geraghty - type contraction.
A supporting example is also given. An open problem is
given at the end of the paper.

2.Page Size and Layout

2.1 (S.Shukla[32]) Let X be a non empty set and let S$>1
be a given real number. A function p: X x X —[0,0) is

called a partial b - metric if for all X,Y,z € X the following
conditions are satisfied.

() x=1y ifandonlyif p(x,x) = p(x,y) = p(y,y)

(i) p(x,x) < p(x,y)

(i) p(x,y) = p(y,x)

(iv) p(x,y) < s{p(x,2)+p(z,y)}- p(z,z) The pair
(X, p) is called a partial b - metric space. The number
S >1 is called a coefficient of (X, p).

2.2 (Mustafa et.al 22) A sequence {X_} in a partial b - metric
space (X, p) is said to be:
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I.(i) convergent if there exists a point X € X such that
lim p(x,,%) = p(x,x)
N—o0

(i) a Cauchy sequence if lim  p(X,,X,) exists and is
n

,M—00
finite
1. a partial b - metric space (X, p) is said to be complete if
every Cauchy sequence {X } in X converges to a point
X e X such that

lim  p(x,,x,)=lim p(x,,x) = p(x,X).
n,m—oo nN—o0

2.3 (E.Karapinar and B.Samet [15]) Let (X,<) be a
partially ordered set. A sequence {X.} € X is said to be non

decreasing, if X, <X ,,VneN

n+1

2.4 (Z.Mustafa[22]) A triple (X, <, p) is called an ordered
partial b - metric space if (X,<) is a partially ordered set
and P is a partial b - metric on X . For definiteness sake

Sastry et.al [29](Definition 2.1) defined the triple (X,<, p)
as partially ordered partial b - metric space. A partially
ordered partial metric space (X,<, p) is said to be complete

if every Cauchy sequence in X is convergent.

2.5 (T.G.Bhaskar and V.Lakshmikantham [5])Let (X,<) be

a partially ordered set and F : X x X — X be a mapping.
Then Fis said to have the mixed monotone property if
F(X,y) is monotone non - decreasing in X and is
monotone non - increasing in Y i.e., for any

X, ye X, X, X, e X, X <X,
= F(x,Y)<F(X,y) (25.1)

and ¥;,Y, € X, ¥, <Y,
= F(X,y¥)=F(xY,) (25.2)

2.6 (Kadelburg et.al [13])Let (X,<) be a partially ordered
set. For X,ye X, X2y = y<X.
Let f,g: X — X be mappings. f is said to be g - non
decreasing (resp., g - non increasing) if,
gx<gy = X< fy(resp, fy < X). If gis an identity

mapping, then f is said to be non decreasing (resp., non
increasing).

2.7 (Kadelburg et.al [13] Definition 2.1) Let (X,<) be a
partially ordered set and let F:XxX — X and
g: X — X be two mappings. The mapping F is said to
have the @ - monotone property if F is monotone

g - non decreasing in both of its arguments, that is, for any
X,yeX,

X, % € X, g% 0%, = F(x,¥Y)<F(X,Y) 27.1)
And

VY. €X, gy <ay, = F(Xy)<F(XY,) (72
hold.

2.8 (T.G.Bhaskar and V.Lakshmikantham [5]) Let X be a non
empty set and F: XxX —> X, g: X —> X be two

mappings. An element (X, y) € X x X is said to be

(i) a coupled fixed point of the mapping F if F(X,Yy) =X
and F(y,X)=y

(i) a coupled coincidence point of the mappings g and F
if F(x,y)=0x and F(y,X)=gy and in this case
(gx, gy) is called a coupled point of coincidence.

(iii) a common coupled fixed point of the mappings g and
Fif F(x,y)=gx=xand F(y,X)=gy=Y

2.9 (Choudhury, B.S etal. [10]) Let (X,d) be a metric
space and let F: X xX — X and g: X — X be two
mappings. Then @, F aresaidtobecompatibleif
lim d(gF(X,,Y,), F(9%,,0y,)) =0 and

lim d(gF(y,,x,), F(ay,,0x,)) =0 hold, whenever

{x,} and {y,} are sequencesin X such that
lim F(x,,y,)= lim gx, and
n—w n—o0

lim F(y,,x,)= lim gy,

nN—oo

2.10 (Kadelburg et.al [13]) Define
®={0/6:[0,0)x[0,0) —[0,1)} which satisfies the
following conditions:

(i) 6(q,1)=06(t,q) vq,t[0,)

(it) for any two sequences {q,} and {t,} of non negative
real numbers, €(q,,t,) >1 =q,,t, >0

2.11 (Kadelburg et.al [13] Theorem 3.1) Let (X,<,d) be a
complete partially ordered metric space and let
F:XxX —> X and g: X — X be two mappings such

that F has the g - monotone property. Suppose the
following hold:

(i) g is continuous and g(X) is closed.
(i) F(XxX)c g(X) and g and F are compatible.
(iii) There exists X, Y, € X such that gX, < F(X,,Y,)

and gy, < F(Yy, %))
(iv) there exists @ €® such that for all X,Yy,u,ve X

satisfying gX<gu and Qy<gQgv or QgX=gu and
gy =gv,
d(F(x,y),F(u,v))<0(d(gx,gu),d(gy,gv))  max

{(d(gx, gu),d(gy, gv))} (2.11.1) holds
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(v)(a) F is continuous (or) (b) if, for an increasing sequence
{x,} in X, x, >xeX a nN—>oo, then X, <X

vYneN

Then there exist U,ve X such that gu=F(u,v) and
gv=F(v,u), that is g and F
coincidence point.

have a coupled

2.12 {Main Result}In this section we continue our study of
extending the concepts proved by Kadelburg et.al[13] for

partially ordered partial b - metric space (X,<, p). We

study the existence and uniqueness of common coupled fixed
point theorems for Geraghty - type contraction mappings
using monotone property in partially ordered partial b -
metric spaces. We begin this section with the following
definition.

2.13{Definition} (Sastry et.al.[29]) Suppose (X,<) is a
partially ordered set and p is a partial b - metric as in
definition 1.1 with coefficients >1. Then we say that the
triplet (X,<, p) is a partially ordered partial b - metric
space. A partially ordered partial b - metric space (X,<, p)

is said to be complete if every Cauchy sequence in X is
convergent.

2.14 {Definition} We adopt the same definition given by
Kadelburg.etal[13] for ®. Let (X,<, p) be a partially
ordered partial b - metric space, with coefficient
s>1.Define ® ={0/0:[0,00)x[0,0) —[0,1) and s
is the coefficient (X,<, p)} which satisfies the following
conditions:

(i) 6(q,t)=06(t,q) Va,t[0,0)

(if) for any two sequences {q,} and {t,} of non negative
real numbers,

6(,.t,) >1 =q,t, >0.

Now we state the following useful lemmas, whose proofs can
be found in Sastry. et. al [29].

2.15{Lemma} Let (X, <, p) be a complete partially ordered
partial b - metric space.

Let {Xx,} be a sequence in X such that
lim p(x,,X,,;) =0. Suppose lim X =X and lim
n—oo n—o0 n—o0

X, =Y. Then lim p(x,,X) = limp(x,,y) = p(X,y)
and hence X=Y

2.16{Lemma} (i) p(X,y) =0 =>x=Yy
(i) lim (x,,X)=0 = p(X,X) =0 and hence X, — X

as N — o0

2.17{Theorem} Let (X,<,p) be a complete partially
ordered partial b - metric space with coefficient S>1 and let
F:XxX —> X and g: X — X be two mappings such
that F has the g - monotone property. Suppose the

following hold:
(i) g is continuous and g(X) is closed.

(i) F(XxX)cg(X) and g and F are compatible.
(iii) there exist X,, Y, € X such that gx, < F(X,,Y,) and

Yo < F (Yo, %)
(iv) there exists @ €® such that for all X,y,u,ve X
satisfying gX<gu and gy<gv or gX=gu and
gy > gv, Thatis (gX, gy) is comparable with (gu, gv)
(see definition 2.21)

sp(F(x, y), F(u,v)) <6(p(gx, gu), p(gy, 9v))

{(p(gx, gu), p(gy, gv))} (2.17.0)
holds
(v)(a) F is continuous (or) (b) if, for an increasing sequence

{x,} in X, x, >xeX a n—>oo, then X, <X
vneN

max

Then there exist U,ve X such that gu=F(u,v) and
gv=F(v,u), that is g and F
coincidence point.

Proof: Let X,, Y, € X beasin (iii). We have by (ii)

F(XxX)cg(X)

-3 X, Y, € X suchthat gx, = F(X,,Y,) and

ay, = F(yo' Xo)

Then we can construct sequences {X, } and {y,} in X
suchthat gx. = F(X,,Y,.,) and gy, = F (Y., X, )
for n=1,2,...

If gx, =0X,,=F(X,,,Y, ) and

ay, =9y,,=F(y,,,X ;) forsome ne N then

have a coupled

(9%, 4,9y, ,) isacoupled coincidence point of g and F

.. we will assume that for each ne N, gx_ # gx, , or

ay, # gy,_, holds.
By (iii), g%, <F (X, Y,) = g% and

9o < F (Yo, %) = QY
.. the g - monotone property of F =

9% =F (X, ¥o) <F (3, o) <F (%, ¥1) = 9%, and
M, =F (¥, %) < Fy %) <F (¥, %) = 9y,

.". by mathematical induction, gX,_, < gX, and

ay,, <0y,VvneN (217.1)

But by our assumption gX, = gX,_; or gy, # QY,,

" OX,, <OX, and gy, , <Qgy,VneN

Volume 4 Issue 6, June 2015
WWW.ijsr.net

Paper ID: SUB155344

Licensed Under Creative Commons Attribution CC BY

779




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

Now by (2.17.0),

SP(9X,, 9%,.1) = SP(F (X, 1, Vo 1) F (X, ¥,))
< O(p(9%, 1, 9%,) P(9Y,4s OY,)
max(p(gX, 1, 9%,), P(9Y, 1, 9Y,) (2.17.2)

and
SP(9Y,» Y1) = SP(F(Yoas Xo0)s F (Va0 X))
< 0(p(9Y,.1,9Y,), P(OX, 5, 9%,)
max(p(gy,_, 9Y,): P(9X, 1, 9X,)
=0 , , 1

(P(9X,1» 9%,), P(QY,4s QY,) 2173

maX{( p(gxn—l’ an), p(gyn—l7 gyn )}
From (2.17.2) and (2.17.3), we get

max{(p(9X,, 9%,.1), P(9Y,: OYpia)}

<'s max{(p(gX,, 9%,..), P(9Yn, 9Ynia)}
<O(p(g%, 4. 9%,), P(9Y, 1, 9Y,)
max{(p(gX, 1, 9%,), P(9Y, 1, 9Y,)}

< max{(p(gX, 4, 9%,), P(9Y, 1, 9Y,)} VNeEN
(2.17.4)

Lot 3, = Max{(P(G, 1, 0%,), PGV 1 OV}
Then by (2.17.4), the sequence {J, } is decreasing.
It follows that sequence {J, } is convergent.
~.3some J >0 suchthat lim J, =J.

n—oo
We claim that J = 0. Let us assume that J > 0 we have from
(2.17.4)

Jna _ Max{(P(9X,: 9%n.1): P(QYn: BYnia)}
Jo o max{(p(9%, 1, 9%,) P(9Yn 1, OYn)}
< O(p(9%, 4, 9%,), P(QYq1 BY))
<1 (clearly by lemma 2.16 (i) J,, #0)
Allowing N — o0,
we get, lim - &(p(gx, 1, 9%,), P(QYy-1, 9Y,)) =1
.". By definition 2.14 (ii) , we have
lim p(gx, ;,x,) =0 and
lim p(gy, 1, 9Y,)) =0 (2175)

colim 3, =1lim (p(gx, 4, 9%,), P(9Y, 4, 9Y,)) =0,
a contradiction.

o 3 =lim (P(9%, 1%, P(QY, 1 OY,)) =0 (2176)

Let us show that the sequences {gX,} and {gy,} are
Cauchy sequences.
If possible let {gx.} or {gy,} fails to be a Cauchy

sequence, Then either lim p (gx.,,9x,) =0 or
m,n—o0

Jim p (gy,,, 9y,) %0

~.max{ lim p (gx,,gx,). lim p(gy,.9y,)}#0
m, n—oo m, n—oo

..306> 0 for which we can find sub sequences {m, } and

{n, } of positive integers with n, >m, >k a

max {p (9, , 9%, ), P (QYr, » QY,, ) 20.

Further we can choose N, to be the smallest positive integer

a {m}and {n}

stistymax {p (9%, , 0%, ). P (0¥, 0, )} > dand

max {p (ngk 1 gxnkfl)’ p (gymk ’ gynkfl)}< b
Now we explore the properties of these squences

which we use insequel.

1lim (max {p (gx;, 9%, ). P (Q¥, - 9y, )}) =0

I
(o)

<s’ liminf (max {p (9, 4, 9%, 1), P (9, 1, G, 1)})
<s? limsup(max {p (9%, 1, 9%, 1) P (WYim, 1> 9o, 1)})

k—»o0

<s°0

1.
o<sliminf(max {p (9%, , 9%, 1), P (Y,  Ys, +)})

<s Iirp iyp(max {p (9%, 9%, 1), P (QYrm, + OY,, 1)} <8O
Now sp (9%, .1, 9%, ) =

P ((F(Xs » Y ) F (X5 40 Yo, 1))

< O(P(9Xy » 9%, 1), P(DYim, + OYr, 1))

(max {p(9x,, , 9%, 1), P(QYr, » Y, 4)3)

< max {p(9x,, , 9%, 1), P(AYr, » Oy 1)} (217.7)
Similarly Sp (9Yy, .1, 9y, ) <

max{p(QYs, : Ys, 1), P(9%,, 9%, 1) (217.8)
.. from (2.17.7) and (2.17.8) we have

smax{p (9Xy, .1: 9%, ), P (Y, 11, 9Y, )} <

max{ p(9X, , 9%, 1), P(QY, » OY,, 1)} < 0 (2.17.9)
Now, P (9%, 9%, ) < s(P (9%, , 9%y, 1)

+ P (PXy 110 9%, )) = P (9%, 100 9% 11)

< s(p (9%, s Oy ia) + P (9%, 100 9%, )

<SP (9%, » OXy, 1) + O (by (2.17.9))
Similarly,
P (WY, 9Y5) < SP (Y 110 Y, ) + 0 (by (217.9))

Lo max {p (9%, , 9%, ), P (QYm, - 9Y, )}
S Smax {p (gxkarll gxmk)’ p (gymk+1’ gymk )}4-‘0
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Allowing K — oo and using (2.17.5)
o< max {p (9%, 9%, ) P (QYn, .Y, )} < 0
. Jim (max {p (9, 0%, ), P (9, Y, ) exists

and equal to O
Therefore (1) follows.

Also we have P (g, , 9%, ) < s(p (9, , 0%, 4) +
P (9%, 1, 9%, ) — P (9%, 4, 9%, 1)

< s(S(P (9%, » OXiy 1) + P (9Xpy 1 0%, 1)) -
P (9%, 1) BXy, 1)) + SP (9%, 4, 0%, )

< 87P (9% s OXy 1) + S7P (9% 1 0%, 1)+
sp (9%, 1, 9%, )

similarly p (9Yy, ,9Y, ) < S°P (@Y » WY 1) +
$*P (QYim, 1) Yo, 1) + SP (QYp, 1 GV )

L o< max {p (9%, 9%, )s P (Y, » O )}

< s'max {p (9%, » Py 1)s P (Y, QY 1)} +
s’max {p (9%, -1 Py 1) P (Y, 1 WY 1)} +

smax {p (9, 9%, ), P (9Y,, . 9, 1)}

Allowing K — oo and using (2.17.5)
we have 0<

s” liminf

(max {p (9%, 1, 9%, 1)s P (Y 1, Yy, 4)}) (2.17.10)
On the other hand,

P (9Xp, 10 %, 1) < S(P (9%, 1, 9%, )

+ P (9%, 9%, 1)) - P (9%, 9%, )

S(P (9%, 1, % ) + P (9%, 5 X, 1))

SP (9%, 459X, ) + SO

Similarly P (9Y, -1, Yo, 1) < SP (Y, 11 GYp ) +50
o max {p (9%, 4, 9%, 1) P (Y 10 9Y 1)}

< smax {p (9Xy, 41 X ) P (Y 1) QY )J+50

(2.17.11)
Allowing K — oo and using (2.17.5)

limsup

k—o0
(max {p (9Xy, 1+ 9%, 1) P (9Y, 1, 9Y,, 1)}) <SO

(2.17.12)
.. From (2.17.10) and (2.17.12)

0<s’ liminf
(max {p (9%, -1, 9%, 1), P (9Ym, 42 Yo, 1))
< s®limsup

K—o0

(max {p (9%, 1» 9%, 4)s P (QYp, 52 9Y,, 4)}) <570

<
<

Therefore (1) follows.

Finally we have, p (9, ,9X,) < s(p (9%, .9, 4) +
P (9%, 1, 9%,,))

< S0+ Sp (9%, 4. 9%, ))

Similarly p (QY, ,9Y, ) < S(P (9Yy, QYo 1) +

P (9Yn, 4, 9Ys )

< S0+ Sp (9Y,, 1, 9Y,, )

o< max {p (9, , 9%, ), P (Y, .9y, )} <
smax {p (9%, » 9%, 1): P (QYm Y 1)} +

smax {p (9%, 1, 9%, ). P (9Y,, 1. Y, )}

< so+ smax {p (9X, 4, 9%, ). P (9Y,, 4, 9, )}
Allowing kK — oo and using (2.17.5)
o<sliminf(max {p (9x,,, 9%, 1): P (9, Ys, 1)})

<slimsup(max {p (9%, , 9%, ). P (QY, , Yy 1)}) <50

k—»o0
Therefore (111) follows.
Now from (2.17.0)

SP (9%, » 9%, ) = SP (F (X, 40 Yoy 1) F (X, 4, ¥y, )
< O(P(PXe, 10 9%, 1) P(FYim, 40 Y, 1)
(max{p(gxmk -1 gxnk —1)’ p(gymk -1 gynl< —l)})

< max{p(9Xy, 1, 9%, 1) P(QYr, 1, OY,, 1)} (2.17.13)
Similarly

SP (9Yi, » 9Yn, ) = SP (F (Vi 15Xy 1)s F (Yo 10 %, 1))
< O(P(9Y, 15 Yo, 1)s P(IXy, 4, 9%, )
max({p (I(Ym, 1, Y, 1)s I(Xp 459X, 4)})

< max{P(QYy, 11 Y, 1) P(OXy, 1, 0%, ) (2.17.14)
.. from (2.17.13) and (2.17.14) we have

so <smax{p (9X,, , 9%, ), P (9Yr, » Y, )}

< max{P(gX,, 1, 9%, 1), P(OYr, 1+ O, 1)

=t (2.17.15)

where t, = max{p(9Xy, 4, 9%, 1) P(AYr, 1) Y, 1)
. SO<t, foreveryk

But by(Il), Iirgligf (t)< Iir:Ls:Jp (t,) <so

Hence SO< Iiininf (t.) <limsup (t,) <so
—0

tn; (t,)=so .

From (2.17.0), (2.17.15),

so<smax{p (9, ,9x, ), P (9Yn, » 9Y, )}
< O(P(9%X, 10 9%, 1)y P(QYi, 1) DY, 1)

(max{p(gX,, -1, 9%, 1) P(DYm, 45 GYn 1)D) St
Allowing K — o0, then
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SO<50 lim O(p(QXy, 1. 9%, 1) P(FYm, 11 BV, 1))
<0

= lim 6(p(9%y, 1, 9%, 1), P(Yim, 12 Yp, 1)) =1
- l!m p(gxmkil,gxnkfl):() and

lim p(gy,, 1,9y, 4)=0

s limt, =

k—o0
llm(max{ p(gxmk -1 gxnk—l)’ p(gymk—l! gynk_l)}) - O !
which is a contradiction.
.. sequences {gx.},{ay,} are Cauchy sequences.

~oby (217.5), lim p (9x,,9%,)=0 and lim

,N—0

P (9Ym, 9Y,) =0

Since g(X) isclosed 3X, Y such that {gX,} — gX and
{9y} > gyasn—oo

< lim - p (gx,, gx) =0=p (g% gx) and lim

p (9Y,,9y) =0=p (9y,gy) (2.17.16)

We have gX.,, = F(X,,Y,) and gy,., =F(y,,X,) and
Let 2.17 (v) (a) holds = F is continuous

l'll! OX ., = !1@0 F (X,,Y,)=F (X y) and also

n+l
lim gx,., = ox
nN—oo
.. By lemma 2.15 and (2.17.5), we have gx = F(X,y)
Similarly gy =lim gy,., =limF (y,,X,)=F(y,X)
N—o0 N—o0
.. X and gy are coupled points of coincidence of F in

X.
Suppose 2.5 (V)(b) holds.

Since {gx,} and {Qy, } are increasing sequences

(by (2.17.1))

and since we have {gX.} — gxand {gy,} — gy as
N — oo, from (b)

gx, < gxand gy, < gyforeach ne N

Now by triangle inequality and (2.17.0),

P(F (X y), gX) <s{p(F(X,Y), 9%,,1) +

P(9X,,15 9X)}— P(OXy10 9%,a)

<s{p(F (X, Y), 9%,.1) + P(9%,.1, 9X)}

=s{p(F(X, ¥), F(X,, ¥,)) + P(9X,,1, 9X)}

< O(p(gx, 9x,), p(QY, 9Y,))

(max{p(gx, gx,), P(GY, 9Y,)}) + SP(9X,.1, 9X)
Allowing N —> 0, by (217.16) p( F(X,y), gx )=0
Therefore by lemma2.15

gx = F (X, y) and similarly gy = F(y,Xx).

Hence gX and gy are coupled points of coincidence of F
in X .

2.18 Let (X, <, p) be a complete partially ordered partial

b - metric space with coefficient S$>1 and let

F:XxX — X be a mapping such that F has the
monotone property. Suppose the following hold:

(i) there exist X, Y, € X such that X, < F(X,,Y,) and

yO < F(yO’ XO)

(ii) there exists @€ ® such that for all X,y,u,ve X
satisfying X<U and y<Voru<Xand V<Y,
sp(F(x,y), F(u,v)) <0(p(x,u), p(y,V)) max
{(p(x,u), p(y,V))} (2.18.1)

holds

(iii)(@) F is continuous (or)

(b) if, for an increasing sequence {X } in X , X, &> xe X
as N —o0,then X, <X VneN
Then there exist X,y € X suchthat X = F(X,y) and
y=F(y,X),thatis F has a coupled fixed point.

Proof: Putting g =1 where | is an identity map on X,
then result follows from Theorem 2.17.

2.19 Let (X,<, p) be a complete partially ordered partial

b - metric space with coefficient S>1 and let
F:XxX —>X and g: X — X be two mappings such

that F has the ¢
following holds:
(i) g is continuous and g(X)is closed.

(i) F(XxX)cg(X) and g and F are compatible.
(iii) there exist X,, Y, € X such that gX, < F(X,,Y,) and

Yo < F (Yo, %)
(iv) there exists Kk €[0,1) such that for all X,Y,u,ve X

- monotone property. Suppose the

satisfying gX<gu and Qgy<gQgv or gQu<gx and
gv=agy,

sp(F(x, y), F(u,v)) <k max{(p(gx, gu), p(gy, av))}
(2.19.1)

holds

(v)(@) F is continuous (or)

(b) if, for an increasing sequence {X.} in X,
X, > Xe X as N—o00,then X, <X VneN

Then there exists U,V e X such that gu=F(u,v) and
gv=F(v,u), that is g and F
coincidence point.

Proof: Taking &(t,t,)=k Vt,t, €[0,0), then result
follows from Theorem 2.17.

have a coupled
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2.20 Let (X, <, p) be a complete partially ordered partial
b - metric space with coefficient S>1
F: X x X — X be a mapping such that

(i) F has the monotone property.

(ii) there exist X,, Y, € X such that

Xo < F (X, Yp) and Yy < F(Yy, %)

(iii) there exists kK €[0,1) such that for all X,Y,u,ve X
satisfying X<U and y<Voru<Xand V<Y,
sp(F(x, y), F(u,v)) <k max {(p(x,u), p(y,v))}
holds

(v)(a) F is continuous (or)

(b) if, for an increasing sequence {X.} in X,

and let

X, —>Xe X as N—oo,then X, <X VneN

Then there exist X,y € X such that x=F(X,y) and
y=F(y,X),thatis g and F have a coupled coincidence
point.

Proof: Takingd(t,t,) =k Vt,t, €[0,00), and Putting
g =1 where | is an identity map on X, then result follows

from Theorem 2.17.
Now, we obtain a sufficient condition for the uniqueness of
coupled fixed point. For this we need the following definition.

2.21{Definition} Suppose (X, y) and (U,v) € X x X .

We write (X,¥) <(u,Vv) if Xx<u and y<V.

Similarly (X,y)>(u,Vv) if X>U and y<V.

If (X,y)<(u,v) or (X,y)>(u,v) then we say that
(X,y) and (u,v) are comparable in X x X . We observe
that < is a partial order in X x X .

2.22 {Now we state and prove our second main result.}
In this result we obtain a sufficient condition for the existence
and uniqueness of common coupled fixed point.

{Theorem}: Let (X,<, p) be a complete partially ordered
partial b - metric space with coefficient S>1 and let
F:XxX —> X and g: X — X be two mappings such
that F has the g - monotone property. Suppose the

following holds:
(i) g is continuous and g(X)is closed.

(i) F(XxX)cg(X) and g and F are compatible.
(iii) there exist X,, Y, € X such that gX, < F(X,,Y,) and

Yo < F (Y1 %)
(iv) there exists @ €® such that for all X,Yy,u,ve X
satisfying gX<gu and Qy<gv or QgX=gu
gy=g9v,

sp(F(x,y), F(u,v)) <0(p(gx, gu), p(gy,gv)) max
{(p(gx,qu), p(ay,gv))} (222.1)

holds
(v)(a) F is continuous (or)

and

(b) if, for an increasing sequence {X.} in X, X, &> xe X
as N —>oo, then X, <X VneN

Then there exist U,ve X such that gu=F(u,v) and
gv=F(v,u), that is g and F

coincidence point.
(vi)Further suppose for every (X,y) and (U,V) in X x X,

there exist (W, z) such that (gw, gz) is comparable with
(9x,9y). (gu,gv)
Then g and F have a unique common coupled fixed point.

Proof: We have by theorem 2.5 the set of coupled
coincidence points is non-empty. Suppose (X, y) and (U, V)

have a coupled

are coupled coincidence points of the mappings
F:XxX—>X and g: X—>X, Then,
gx=F(x,y), gy=F(y,x) and gu=F(u,v),

gv=F(v,u). By assumption, there exists (W,z) in
X x X such that (gx,gy) and (gu,gv) are comparable
with (gw, gz) .

We may assume

(9x, gy) < (gw, 92)
so that gX < gw and gy < 0z (2.22.2)

Letw {0}=wand Z,=2.
Write  gw, = F(w,, z,)

without loss of generality that

and 0z, =F(z,,w,). Thus
inductively we can define sequences {gw,} and {9z} as
F(W,1,2,4) 9z, = F (2,4, W, ,)

aw, = and

n

YneN

Now gx = F(X,y) < F(w,,z,) =gw,

(since F is g — monotonic, from (2.22.2))
Sogx<gw,

Similarly gy = F(y,Xx) <F(z,,w,) =0z,
(Since F is g — monotonic, from (2.22.2))

Sogy < gz,

Hence inductively gXx < gw, and gy < gz, VneN
“o (W, 07,,0) 2 (9%, 0Y)

.. by applying (2.22.1) for gx and gW,,, we have,
Sp(gx7 an+1) = Sp(F(X7 y)1 F(Wn’ Zn))
<0(p(gx, gw, ), P(gy, 9z,)) max

{p(gx, gw,), p(gy.9z,)}

and

sp(ay, 9z,,1) = sp(F (Y, x), F(z,,w,))
<0(p(ay, 9z,), P(gx, gw,)) max
{p(ay. gz,), p(gx, gw,)}

=0(p(gx, gw,), p(gy, gz,)) max
{p(gx,gw,), p(ay, 9z,)}

. max{ p(gx, gw,,), pP(gy, 92,,,)}
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< smax{p(gx, gw,,), P(9Y, 97,..)}

<0(p(gx, gw,), p(gy. 9z,)) max

{p(ox. ow,), p(ay. 92,)}

<max {p(gx, gw, ), p(ay, 92,)} (2.22.3)

Let J, =max{p(gx,gw,), p(ay, 9z,)} so that
sequence {Jn} is decreasing and converges to J (say)
Solimd =1

n—w

Let us suppose J > 0. Then by (2.22.3)
max{ p(gx, gW,.,), P(9Y, 92,.4)}
max{p(gx, gw,), p(ay, 9z,)}
<0(p(9y, 9z,), P(9X, gW,)) <1

Allowing N — o0, we have,

lim&(p(gy, 9z,), p(gx, gw,)) =1 (222.4)
= lim p(gx,gw,)=0and lim p(gy,gz,)=0
<+ limmax {p(gx, gw;), p(gy, 92,)}=0

which is a contradiction.

< J = limmax {p(gx, gw,), p(gy, 97,)}=0
p(gx, gw,) =0

and hence lim and
n—o0

lim p(gy,gz,) =0 (2.22.5)
so that gW, — gX and gz, — gy as N —>

(by lemma 2.16 (ii))
Similarly lim p(gu,gw,) =0 and

lim p(gv,0z,)=0 (2.10.6)

so that gw, — gu and gz, —> gV as N —> 0

(by lemma 2.16 (ii))

Now p(gx,gu)

< s{p(gx, gw,) + p(gw,, gu)} - p(gw,, gw,)

< s{p(gx, gw,) + p(gw,, gu)}

Similarly p(gy,gv) < s{p(9y,9z,)+ p(9z,, guv}
.. from (2.22.3), (2.22.4)

p(gx,gu) =0, p(gy,gv) =0

.. by lemma 2.16 (i)

gXx=gu and gy = gv

Hence we conclude that if (X, Yy) and (u,V) are coupled
coincidence points of the mappings F : X x X — X and
g: X — X having a comparable point, then

gXx=gu and gy = gV (2.22.7)

Further let

I =gx=F(x,y) and m=gy =F(y,X) (2.22.8)
Then gl =g(gx) =gF(X,Yy) and

gm = g(ay) = gF(y,x) (2.22.9)

But by the definitions of sequences {gw,} and {0z} we
have,
sodim F(w,,z) = lim gw,,, = lim gw,

n—w n—o0 n—o0
=gx=F(X,Yy) (2.22.10)
and
lim F(z,,w,) =lim gz, =lim gz,

n—o0 nN—o0

n—o

=gy =F(y,x) (222.11)

Since g and F are compatible, we have

lim p(gF(w,,z,),F(gw,,9z,)) =0 and

lim p(gF(z,,w,), F(9z,,9w,)) =0

. p(gF(x,y), F(gx,gy)) =0

= gF(x,y) =F(gx, gy) (by lemma 2.16, from (2.22.10)
and by (i), (v)(a) of hypothesis)

~ gl=gF(x,y)=F(gx,gy) =F(l,m) and

. p(gF(y, x), F(gy,gx)) =0

= gF(y,x) = F(gy,gx)

(by lemma 2.16, from (2.22.11) and by (i), (v)(a) of
hypothesis)

- gm=gF(y,x) = F(gy,gx) = F(m,1)

Suppose condition V(b) of hypothesis holds

Since gw, — gX and gz, —> gy as N —>o0

= gw, <0gx and gz, < gy

.. by (2.17.0),

sp(F(gx, gy), F(gw,. 9z,)

< 0(p(9x, gw,), p(9y, 92,))

max{(p(gx, gw,), p(9y. 9z,))}

< max {(p(gx, gw,), P(QY, 9Z,))} =0 as n -0
. p(F(gx,9y),F(gw,,9z,))=0as n—x

= lim F(gw,, 6z,) = F(gx, gy)

Similarly p(F(gy, 9x), F(9z,,gw,)) =0 as n >0
= lim F(gz,, gw,) = F(gy, 9x)

. P(gF(x,y), F(gx,gy)) =0

Again by the above discussion,
gl = gF(xy) = F(gx,gy) = F(l,m)and
gm = gF(y,x) = F(gy,gx) = F(m,1)

= (I, m) is acoupled coincidence point.

Now, by hypothesis (Vi) , (gX, gy) and (gl,gm) have a
comparable point

.. by (2.22.7) and (2.22.8) gl =gx =1 and

gm=gy=m (2.22.12)

S Ih=gl=F(,m) and m=gm=F(m,l)

Hence, (I, m) is a common coupled fixed point of g and F .
Suppose (I, 1) is a common coupled fixed point of g and F .
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Again, by hypothesis (vi), (gl,gm) and (gr,gt) have a

comparable pointin X x X .
Hence, by (2.22.7),

I=gl=gr=r and m=gl=gt=t (2.22.13)

.. by (2.22.12) and (2.22.13) we conclude that | =t and
m=t.

Thus (r,t)=(1,m)

Hence g and F have a unique common coupled fixed
point.

Condition (Vi) of theorem 2.22 holds if g(X)xg(X) isa
lattice under the partial order defined in 2.21

2.23 corollary: In addition to the hypothesis of corollary 2.20
assume that

(vi)for every (X,y) and (u,v) in X x X, there exists
(w,z) such that(gw, gz) is comparable with (gX, gy)

and (gu, gv).
Then g and F has a unique common coupled fixed point.
Now we give an example in support of theorem 2.17

2.24 example: Let X =[0,1] with usual ordering.

Define p(X, y) = (max{x, y})* Vx,ye X.
Clearly, (X,<, p) is a partially ordered partial b - metric

space with coefficient S =2 (Mukheimer. A [21])
Define F: X x X — X by

F(x,y):%xy if Vx,ye X
Define €:[0,0)x[0,0) —[0,1) by
Infl+(u+v)}
u+v
Oifu=0=v
Define g(t) =t
For X,y,U,ve X,
gx<gu and gy <gv = Xx* <u” and y*> <V?

~ 2p(F (%, ), F(UV)) = 2max{F (X, Y), F (U, V)})*
=2max({§ xy}ﬂ{%uv}Z)

o(Uv) = if u>0o0rv>0

R
= E{uv} (2.24.1)
Now
A(p(gx, gu), p(gy, gv)) max{p(gx, gu), p(gy, gv)}
= O(max{x?,u?}, max{y?,v*})
(max{x*,u’}, max{y?,v’})
= 0(u®,v®) max (u®,v?)
{In{1+(u +V )}} max (U2,v?)

U+

{In{1+(u +V )}} )
U +V
Let us consider f(X)=x—2In(1+ x)

when u? <v?

f’(x)zl—Z(L):X—_]'SO for x e X =[0,1]
1+x° x+1
. T isdecreasingand f(0)=0
sofor x=0= f(x)< f(0)=0
. X<2In(1+Xx) (2.24.2)
Since U e X =[0,1]
= u?(U*+Vv?) < (U*+Vv?) and
(U +Vv?) < 2In{L+(U? +Vv*)} (from (2.24.2))
" u2(u2+v2) 2Infl+ (u® +v*)}
{uv} < {In{1+(u +V )}}( V)

when u? <v? (2.24.3)

l{uv}2 < {In{1+2(li J;v )}} (u?)

Similarly —
2

when v <U?

o 2p(F(x y), F(u,v)) < &(p(gx, gu), p(ay, gv))
max{p(gx, gu), p(gy, gv)}

o sp(F(x,y),F(u,v)) < &(p(gx, gu), p(ay,gv))

max{p(gx, gu), p(gy, g9v)}
.". the condition (2.17.0) holds.

() Clearly g(X)=x>VxeX s
g(X) =[0,1] is closed.
(ii) Let sequences {X.}, {Y,} € X be such that

continuous and

lim gx, =lim F(x,,y,) =a (say)and
lim gy, =lim F(y,,X,) =b (say)

. .1
= lim (x,)*= lim =x.y. and
n—w n—w 2

im (y,)° = lim ~x,y,
= a=b=0
= limx, =0 and I|myn =0

N—o0

1
Now g(F(X,,Y,)) = g(Exnyn) = (Exnyn)z and

F(gxn’ gyn) :%(Xnyn)2

= P(A(F (X, ¥a)), F (9%, 9Y,)) =
(XY 2 00} =2 (5,

- lim p(g(F(x,, ¥,)), F(9%,, 9y,)) =0

similarly, lim p(g(F(y,,x,)), F(9¥,,9%,)) =0
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.. g and F are compatible.
Further F(X x X) = [O,%] c[0,1]=g(X)

(iii) Taking X, =0,Y, =0 =
F (X, Yo) =0=0%, F (Yo, %) =0=gy,

(iv) F is continuous.

.. F satisfies the hypothesis of theorem 2.17
Now F(0,0)=9g0=0and F(0,0)=g0=0
Hence (0, 0) is a coupled coincidence point of
gand F in X

{Open Problem}: Are the theorems 2.17, 2.22 and their
corollaries true if the contractive condition defined
independent of the coefficient S of complete partially

ordered partial b - metric space (X,<, p)
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